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- Goal: disprove the observability inequality
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- \p first eigenvalue of —9?2 + (nx)? with Dirichlet conditions on
(=1,1); v, the associated eigenfunction

* Vo(x)e" is an eigenfunction of —87 — x?92 with eigenvalue A,
- Approximation of —92 + (nx)? on (—1,1) by itself on R: we expect
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- Observability inequality with f(t,x,y) = 3= anVa(x)e™ =t
heuristics A\, =n and [v,vy, =1:
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Theorem
Let H= {350 ane™, Y |as|* < +oo} and DY a,e™ =y nane™.
Let w be a strict open set of the unit circle.

The equation 0if + Df = 1,u is never null-controllable.

Observability inequality f(t,y) = 3 a,e~"e™:
/l ‘Z @ W ’ dy < C/ Z ’
T — J0T]xw

ape~"e™| dtdy

It is the approximate observability inequality of the Grushin equation!
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False thanks to Runge’s theorem (take f, — 1/z uniformly on every
compact subset of C\ e’R) O
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Observability inequality of the Grushin equation
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- Solution:

- e~2T in the LHS: not a problem
- Treat x as a parameter

- Prove
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K(z) =3 ,-07(M2z" admits an analytic extension to C\ [1,400).

+ slightly relax the conditions on v and get some continuity with
respect to v
- prove that v,(x)[¢|P" = v(n) (spectral analysis)
- with f(2) =3 a,z™
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Proof.
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- mumble... quasi-mode e=2’/2 mumble... stationary phase
theorem mumble mumble: forall 0 < 6 < 3:

4 3/2,—a
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- for v4(x): Agmon’s inequality O
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That's all folks!
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