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Probabilistic well-posedness in H® for s € (0,1/2)

e Consider the Cauchy problem for the cubic defocusing wave equation

(02 — A)u+u>=0, (u(0),5u(0)) = (ug,u1) € H5(T3). (1)

e We have seen that (1) is well-posed (at least locally in time) in
H5(T3), s > 1/2. Moreover, for s € (0,1/2) the Cauchy problem (1)
is ill-posed in H5(T3).

e One may however ask whether some sort of well-posedness for (1)
survives for s < 1/2 (a priori even the existence is not known). It
turns out that this is indeed the case, if we accept to "randomise”
the initial data. This means that we will endow H5(T3), s € (0,1/2)
with suitable non degenerate probability measures and we will show
that the Cauchy problem (1) is well-posed in a suitable sense for initial
data (ug,u1) on a set of a full measure.



Description of the measures describing the initial data

Starting from (ug,u1) € H® given by their Fourier series

ui(r) = a; + > (bnyj cos(n - x) + ¢, ;sin(n - :13)), j=20,1,

nGZf
we define u;“’ by

wf (@) = aj(@)aj + X (Bnj@bnj cOS(n- 2) + 0 (@ensin(n - o)),
nEZf
where (a;(w), By j(w),7n(W)), n € 73, j = 0,1 is a sequence of real
random variables on a probability space (€2, p, F). We assume that the
random variables (aj, Bn,j; Yn,j) 73 j=0,1 are independent identically
distributed real random variables with a joint distribution 6 satisfying
@)
dec >0, V~€eR, / e’*dl(x) < eV’ (2)
— OO

Typical examples satisfying (2) are the standard gaussians and the
Bernoulli measures.



Description of the measures (sequel)

e For fixed (ug,uq) € H®, the map

we Qr— (ug,uy) € H® (3)

is @ measurable map from (2, F) to H% endowed with the Borel sigma
algebra since the partial sums from a Cauchy sequence in LQ(Q;”HS).
e Thus the map (3) endows the space H5(T3) with a probability
measure. Let us denote this measure by e, ,,)- Then

VA CH, Hugupy(A) = plw € Q2 1 (u§,uf) € A).

e Denote by M?® the set of measures obtained following this construc-
tion :

M= ) Abuguy)t-
(ug,uq)EHS



Probabilistic Strichartz estimates

Theorem 1
Let us fix s € (0,1) and let p € M?®. Then for every T > 0 and

p1 € [1,00), po € [2, ],

HS(t)(vO?vl)HLpl([O,T];LpQ(T?’)) < 00, u — almost surely.

e Recall that S(t)(vg,v1) denotes the solution of the linear wave equa-
tion with data (’UQ,?Jl).



Comments

e T he probabilistic Strichartz estimate, applied for po = oo displays
an improvement of 3/2 derivatives with respect to the Sobolev em-
bedding which is stronger than the improvement obtained by the (de-
terministic) Strichartz estimates, we already discussed.

e [ he proof of the probabilistic Strichartz estimate exploits the ran-
dom oscillations of the initial data while the proof of the deterministic
Strichartz estimates exploits in a crucial manner the time oscillations
of S(t).

e In the proof of the probabilistic Strichartz estimates, we simply ne-
glect these times oscillations.

e In some other situations, as for instance the work on invariant
measures for Benjamin-Ono or the derivative nonlinear Schrodinger
equations etc. one exploits the regularisation effects coming both
from the random and the time oscillations.

e The "art” is to understand how to make " collaborate” in the best
way the random oscillations of the data and the time oscillations
induced by the free evolution.



Random or time oscillations 7

e Let d(¢) a flow and a measure of type

e_F(“’)du,

where du is invariant under ®(t).
e For A a set, we typically face with the estimate of

/ e~ (W) gy, —/ e (W, .
A P(t)(A)
e Method 1. Write
i/ e_F(wdu‘ = i/ e F(W gy
dt Jo(t)(A) t=tg  dt JO(t)(P(tp)(A)) t=0

and exploit the random oscillations of the initial data.
e Method 2. Write

—F(u) _F(u) g, ' —F(®(r)(w)
/Ae du /CD(t)(A)e du /A/O&F(CD(T)(u))e drdu

and exploit the time oscillations of the solution (Strichartz, X% and
SO on ...).



Theorem 2 (existence and uniqueness)

Let us fix s € [0,1) and u € M*5. Then, there exists a full u measure
set X C H5(T3) such that for every (vg,v1) € £, there exists a unique
global solution v of of the non linear wave equation

(02 — D)v+v3 =0, (v(0),8v(0)) = (vg,v1)
satisfying

(v(t), Brw(1)) € (S(8)(vo,v1), 8S(1)(vo, v1)) + C(Ry; HY(T?) x LA(T)).

Furthermore, if we denote by

®(t) (v, v1) = (v(t), Ov(t))
the flow thus defined, the set X is invariant by the map ®(t), namely

PA)N(Z) =3, VieR

e Remark. Thanks to Cameron-Martin, we can also sate global exis-
tence results for datum which is a low regularity random perturbation
(noise 7) of a regular object.



Proof of the existence and unigqueness result

Lemma 3
Consider the problem

(07 — D)o+ (f +v)3 =0. (4)

There exists a constant C such that for every time interval I = |[a,b]
of size 1, every N\ > 1, every

(vo,v1, f) € HY x L? x L3(I, L°)
satisfying
|voll g1 + [lvill 2 + ||f||%3(I’L6) <A

there exists a unique solution on the time interval [a,a + C~1A=2] of
(4) with initial data

v(a,z) = vg(x), Ow(a,xz) =v1(x).

e [ he proof is very similar to the proof of the classical local well-
posedness result.



Proof of the existence and uniqueness result (sequel)

e Let s > 0. We search the solution v under the form

v(t) = S(t)(vo,v1) + w(t)

e [ hen w solves

(02 — A)w~+ (S(t)(vg,v1) +w)> =0, wli=0=0, &w |;=o=0. (5)

e T hanks to the probabilistic Strichartz estimates, we have that u-
almost surely,

g(t) = ||S(1) (v0, v1) 13613y € Linc(Re),
F(&) = IS (v0, 1) | o3y € Lioc(Re).

e The local existence for (5) follows from local existence result of the
previous slide and the first estimate in (6).

e \We also deduce from the local existence result that as long as the
H! x L? norm of (w,8w) remains bounded, the solution w of (5)
exists.

(6)



Proof of the existence and uniqueness result (sequel)

e Set
1 1
E(w(t)) = 5/T3 ((&510)2 -+ |V;Ew|2 -+ §w4>da:.
Using the equation solved by w, we now compute
d
gg(w(t)) = /11‘3 (&gwa?w + V0w - Vzw + dpw w3) dx
— /11‘3 Orw (875210 — Aw + w3>d:13

— /T O (w3 _ (S(H)(vg,v1) + w)3> dz.

10



Proof of the existence and uniqueness result (sequel)

e Now, using the Cauchy-Schwarz inequality, we write

d 1/2
Ce®) < O(E®)) " w® = (5o, v1) + )l 273y
e Using the HOlder inequality, we can estimate right hand-side by
1/2
o(e(w))” (nsuxvo,vl)Hi@m) + ||s<t><vo,v1>||Loo<T3)Hw2||Lz<Ts>)
e But

2]l p2zay < C ()

and consequently, we get the key bound

D (w®) < (@) (s + 10 (@) ?)
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Proof of the existence and uniqueness result (sequel)

e [ herefore, according to the Gronwall inequality and

g(t) = [[S(t)(vo, v1) 136 (p3y € Lioc(Ry), p— as.
£(£) = 1St (v0, vl poo(13y € Libe(Re), p— a.s.
we deduce that w exists globally in time.

e T his completes the proof of the existence and uniqueness.
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The invariant set

e Define the sets

© = {(vo,v1) € H* 1 |S(8) (v, v1) 3613y € Lioc(Re),
1S(#) (w0, v1)l oo 13y € Line(Re) |
and
=04+ H.

e Then X is of full 4 measure for every u € H?, since so is ©.
e [ he set > is invariant under the dynamics.

13



Remarks

e Following Bourgain, in some very specific situations we can also
globalise using invariant measures.

e For singular stochastic PDE similar schemes are used to pass from
local to global solutions.
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Quasi-invariant measures

joint work with Tadahiro Oh

the starting point being ideas from previous works with
Nicolas Burqg and Nicolas Visciglia
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The linear equation

e Consider the linear Klein-Gordon equation

8752u —Au+u=0, u(0,z) =ug(x), Ku(0,z)=uq(x), (7)

where ug and uq are real valued and u : Rx T¢ — R, d > 1. The
solutions of (7) are generated by the map S(t¢), defined as follows

(1) (uo, u1) = cos(tv/T = A (o) + Y= ),
where
cos(tv'l — A)(ug) = Y cos(t{n))ug(n) e™*,
nezd
sin(tv/1 — A) _ sin(t(n))uA Y i
T~ (u1) —ngd ) 1(n) :

where (n) = (1 4+ |n|?)1/2 = (1 +n?+ - —|—n§)1/2.

16



The linear equation in Sobolev spaces

e For a function f on T given by its Fourier series
fx)y= > f(n)e™?,
nezZd
we define the Sobolev norm H3(T%) of f as
1117 = 32 () [F()]%.
nezd
e It follows directly from the definition that the operator

S(t) = (S(t),8:5(t)),
where

S (t)(upg,uq1) = —vV1—Asin(tv1 — A)(ug) + cos(tv1l — A)(uq)
is bounded on HS x H5~1, §(0) =1d and S(t+ 7) = S(¢) o 5(7).
Remark. In the proof of the boundedness on HS x H5~1 we only
use the boundedness of cos(t|n|) and sin(¢jn|). One may use the
oscillations of cos(t|n|) and sin(¢|n|) for |n| > 1 in order to get more
involved LP, p > 2 properties of the map S(t) (Strichartz estimates).

17



Invariant spaces of the linear evolution

cos(n - x) 0
ll:( 0 )’l2:<COS(n-x)>’

Then by definition for real number «, 3, we can write

Set

S(t)(aly + Blo) = (acos(t(n)) + B{n)~ " sin(t(n)))l;
+ (—a(n) sin(t(n)) + B cos(t(n)))l>

Hence in the plane spanned by l1,l>, the map S(t) is represented by

A=< cos(t(n)) <n>_1sin(t(n>)>
—(n) sin(t(n)) cos(t{n)) '

We have that det(A) = 1 and that for every s, the quadratic form
is preserved by S(t).

18



Invariant spaces of the linear evolution (sequel)

Let us equip the line spanned by [1 with the gaussian measure
s+1 <n>28—|—2x2
<732_ e 2 dx,
T
the line spanned by l» with the gaussian measure
(n)s _ (m)?52?

e 2 dx.
V2T
Denote by p the natural product measure in the plane spanned by [y
and l». Then thanks to the previous discussion, we have

Proposition 4
The measure p is invariant under S(t).

A similar analysis holds concerning the plane spanned by

sin(n - x) 0
( 0 )’(Siﬂ(n-x))’

19



The nonlinear equation

e Consider next the nonlinear Klein-Gordon equation
3752u—Au—|—u—|—u3=O, (8)

where u: R x T¢ — R, d > 1.
e We rewrite (8) as the first order system

ou=nv, Ow=A~Au—u-—us. (9)
e One can rewrite (9) as a Hamiltonian system
OF OF
hu=—, Ow=——,
v du

where
_1 2 >, 2y, 1 4
E(u,v)—i/qrd(u + |[Vu|© +v )—I_Z/Tdu :
e Therefore E(u,v) is a first integral for (9).

20



The global well-posedness for d < 3

e In view of the Hamiltonian structure and the properties of the linear
equation, a natural phase space for

ou=v, Ow=A~0Au—u—us. (10)
is H5(T) = HS(T) x HS~1(T%).
Theorem 5 (classical)
Let d < 3. Then (10) is globally well-posed in H5(T%), s > 1. More

precisely, for every (ug,vg) € H5(T?) there is a unique solution of (10)
in C(R; H5(T%)).

e Denote by ®(t) : H5(T?%) — H5(T%) the resulting flow in Theorem 5.
e In this lecture, we are interested in the statistical description
of the flow ®(t).

21



Formal definition of the gaussian measures

o Let ug 4 be the measure formally defined as

_1 2
reg = 73 A ot gy

Y

or

~ 1 ~

[[ 27} e 3m2 Dl —5in 2 o)
S,a,mn

neZad

where u, and v, denote the Fourier transforms of v and v respectively.

dTindon, ,

e Recall that : (n) = (1 + |n\2)%.
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Rigorous definition of the gaussian measures

® Lisd IS the induced probability measure under the map

w — (u*(x),v"(z))

with

. h .

uw(m) — Z gn(w) ezn-x) ’Uw(m) — Z n(w)ezn-a} . (11)
(n)sti (n)*
nezd nezd
eIn (11), (gn)nEZd' (hn)nEZd are two sequences of " standard” complex
gaussian random variables, such that g, = 9—,, hn = h_, and such
that {gn, hn} are independent, modulo the central symmetry.

e The partial sums of the series in (11) are a Cauchy sequence in
L2(2; HO(T)) for every o < s+ 1 —% and therefore one can see g 4

d

as a probability measure on H? for a fixed o < s+ 1 — 5-

Remark. For the same range of o, the triplet (”HS"'l(Td), HO(TD, Ms,d)
forms an abstract Wiener space.
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Invariance under the free evolution

We (essentially) have already established that :

Proposition 6

The measures g 4 is invariant under S(t).

Question : How much this property survives for the nonlinear flow ?

24



Statement of the results

e By the global well-posedness result, we also have that the flow ®(t)
is defined ps 2 almost surely, provided s > 1.

Theorem 7
Let s > 2 be an even integer. Then ug o is quasi-invariant under ®(t).

e In 1d one can show the quasi-invariance of usq for s > 0 with a
much simpler proof.
e [ he result of Theorem 7 holds also for the cubic wave equation

8752u—Au—|—u3=O.

25



Comments

e [ he proof crucially exploits the " dispersion” for any s. More pre-
cisely, it is likely that Hs 2 IS not quasi-invariant under the flow of

ou =v, Ow=—u-— u3.

e We expect that the same result should hold for any s > 0 (for
s € (0,1] one should use a probabilistic global well-posedness in the
sense of Burg-Tz.).

e \We have some hope to extend the results tod =3 ...

e Main remaining issue : What can be said about the resulting den-
Sities 7

From now on we only consider d = 2 and we denote
ps2 sSimply by ps.

26



Related results 1 (Cameron-Martin 1944 )

Theorem 8 ( CM in the context of the measure us)
For a fixed (h1,hy) € H?, o < s, the transport of us under the shift

(uy,u2) — (u,u2) + (hy, ho),

s absolutely continuous with respect to us if and only if

(h1,ho) € HETL

Proof. Denote by (-,-) the scalar product in Hs1T1(T?).
Let first h = (h1,ho) € H5TL. If w = (u1,us) € H5TI(T?) then
2 2 2
lu+ A2 o1 = lullZer1 + 11201 + 2(u, h).
T herefore, at least " formally” the transported measure is

_1yn112
e 5l H’}-[5+1 e—(u,h)d’us(u).

27



Proof of the Cameron-Martin theorem

e \We are therefore reduced to check that us almost surely the scalar
product (u, h) is finite.

e Let us now observe that the proof of the fact that the scalar product
(u, h) is us almost surely finite reduces to check that for (¢,) € 12(Z2),

Y cgn(w) <oco as in w
neZ?

which holds thanks to an orthogonality property resulting from the
independence.

o Let now h ¢ H5T1. Then there exists g € H5T1 such that (g, h) = .
e Define A:={w : (w,g) < oo}. Then as above us(A) = 1.

e Denote by ps the image measure of us under the map u — u + h.
Then

ps(A) = us(B), B={w-—h,we A}.

Hence for every u € B, (u,g) = co. Therefore B C A¢ and us(B) = 0.
This in turn implies that ps(A) = 0.
This completes the proof.

28



"Comparing” our result Cameron-Martin’s theorem

e For (u,v) € H?, we classically have

®(t) (u,v) = 5(t)((u,0) + (h1,h2)),

where (hi,hs) = (h1(u,v), ho(u,v)) € H°TL (one smoothing and not
more).

o If 0 < s then 04+ 1 < s+ 1 and therefore our result displays a
remarkable property of the vector field generating ®(t).

29



Related results 2 (Ramer 1974)

e For o < s, let us consider a diffeo ® on H°(T?) of the form

®(u,v) = (u,v) + F(u,v),
where F : HO(T?) — H5T1(T?). Suppose that
DF(u,v) : HSTHT?) - #5T1(T?)

is Hilbert-Schmidt.

e Ramer (1974) : under the above assumption us is quasi-invariant
under &.

e Typical example :

F(u,v) =e(1 — A)" 1702, 0%), §>0, ¢| < 1,

il.e. 2-smoothing is needed.
e [ he Ramer’s result would apply in the context of

8152u—|—(—A)0‘u—|—u—|—u3=0, a > 2.

e [ herefore our result seems to go much beyond Ramer’'s framework
because for the wave equation there is only 1-smoothing.
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Related results 3. (A.B. Cruzeiro 1983 )

e In her work Ana Bela Cruzeiro considers a general equation of the
form

oru = X (u),

where X is a vector field on H?, o < s.

e A.B. Cruzeiro 1983 : the resulting flow has us as a quasi-invariant
measure provided that several assumptions are satisfied, the most
important being

/J ediV(X(u))d,us(u) < o0. (12)

e Very roughly speaking, our work consists in verifying in practice a
condition of type (12).
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T he approximated model

e Ve consider the approximated models

ou=nv, Ov=~2Au—u—ry((ryu)3), N — oo, (13)

where mp denotes the Dirichlet projector on Fourier modes < N, i.e.

(ryu)(z) = Y a(n)e™?.

n|<N
e [ he quantity

En(u,v) = %/11‘2 (u2 + |Vu|2 + v2) + %/TQ(W]\;UJ)4
is conserved under the flow of (13).
e \We can therefore obtain that as is the case of the non-truncated
model, the Cauchy problem for (13) is still globally well-posed in
HS(T?2), s > 1.
e For shortness, in the sequel we denote myu by upy and wyv by vy.
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The generalised energies

e Taking into account the definition of the gaussian measure ug, it is
natural to study the expression

1d
LY ORI O] e

where (u,v) is a solution of
ou=nv, Ow=~0u—u—7ay((ryu)3). (14)

e For that purpose, we observe that if (u,v) is a solution of (14) then

D, o O)ers = A3 [L(om)? 4 [ uy)?)
= [P0 (3.

2dt
where J =1 — A. Of course, if s =0, the term in the r.h.s is

1
-0 [ud]

and we recover the conservation of E(up,vy).
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The generalised energies (sequel)

e For s > 2, an even integer, using the Leibniz rule, we can write
2 3\ 2
/TQ(J ‘on) (—uyry) = —3/11_‘2 J2vun JPupn ui+
> Ca, By /11“2 TSN 0%UnOPunduy,

||+ Bl |v]=s
max(|al,|8],|v])<s

where ¢, g, are unessential constants.

e Let us analyse the quantity

2
—3/E2 Tooy Joup u?; .

34



A need of a renormalisation

e Recalling that dwuy = vy, we can write

- 3/1112 J5on Jiun udr = —gat[/TQ(JSuN)QuJQV} —I—S/TQ(JSuN)QvNuN
= o[ [, Pol(Pun)I Poluf]

+ 3/]T2 P_o[(J°un)?] Psolvn uy]

—~ g&:[/TQ(JSUN)Q /1r2 uk| + 3/1TQ(JSUN)2 /1r2 UN UN,

where P#O is the projection on the non zero frequencies.
e [ he last two terms on the right-hand side are problematic because

lim Eus[/TQ(JSwNu)Q] = 0.

N—00
Therefore, we need to use a suitable renormalisation !
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The renormalised energies

e Define on by

1
—F / Tornu)?] = ~log N .
In|<N

e [ hen, we have
_gat[/qrz(JSuN)Q/uzzv} —I—S/TQ(JSuN)Q/vNuN
— —gat[</1PQ(JSUN)2 —0N> /11“2 ujz\,] ‘|‘3(/T2(<]SUN)2 —JN)/vNuN.

e [ he term
S 2
/1r2(J uy)® —on
iIs now a '""good” term because there is C such that for every p > 2
and every N > 1

H/IFQ(JST‘-NU)Q_UN| <C\p.

LP(dps(uw))
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The renormalised energies (sequel)

e In view of the above discussion, it is now natural to define the
modified energy Eg n(u,v) by

1 1 3 3
Byn(u,v) = 2 [0+ 2 [ 2+ 2 [(rw2e? = Zon [o?

and we have that if that if (u,v) is a solution of the truncated problem
then

0B (un, ) = 3 [ Poeol(Fun)?I P zofon uyl+
Z COﬂaBa’Y /11‘2 JS’UN 8O‘uN85uN87uN—I—

la|+|B|+|v|=s
max(|al,|B],|v])<s

3(/TQ(JSUN)2 —0N> /11‘2 vyuy. (15)

e Now all terms in the right hand-side of (15) are suitable for a
perturbative analysis.
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The key estimate

Theorem 9

Let s > 2 be an even integer and let us denote by ®n(t) the flow of

ou=v, Ow=~0Au—u—an((ryu)d).

Then for every »r > O there is a constant C' such that for every p > 2
and every N > 1,

(/EN(u,v)gr

S|

B N (ry D () (u, v>>|t:o\pdus<u, ») <cp
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On the proof of the quasi-invariance

e Recall that

1 1 3 3
Byn(u,v) = 2 [0 + 2 [ (2 42 [(rw2e? = Zon [ o?

e By classical arguments from QFT, we can define

lim (gf(JSWNU)Q(WNu)Q — SUN/(WNu)2>

N—00
in LP(dus(u,v)), p < oo.
e Denote this limit by R(u). Essentially speaking, once we have the
key estimate, we study the quasi-invariance of

1E(u,v)§fr G_R(u) dps(u,v)
by soft analysis techniques.
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On the proof of the quasi-invariance (sequel)

e Let us be a little more precise. Denote by x(t) the measure evolution
of a set having zero measure with respect to

Lpguwy<re T dps(u, v) .

e Essentially speaking, using the key estimate and the Liouville argu-
ment, we obtain that x(¢) satisfy the estimate

i(t) < Cp(a()' 77, #(0) =0. (16)
Integrating the last estimate leads to z(t) < (Ct)P. Taking the limit
p — oo, we infer that z(¢) =0 for 0 <t < 1/C. Since C is an absolute
constant, we can iterate the argument and show that xz(¢) is vanishing.
e Observe that this argument would not work if in (16), we have p?,
a > 1 instead of p.
e In order to make the previous reasoning rigorous, we need to use
some more or less standard approximation arguments.
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On the proof of the key proposition

e \We have that

OEs N(mTNPN(t)(u,v))|i=0 = Q1(u,v) + Q2(u,v) + Qz(u,v),
where
Q1(u,v) = 3/[[‘2 P_o[(J5mNu)?] Posolmyv maul,
Qo(u,v) = > Cav, B,y /11“2 TS N0 0% NudP e nud Yy,

la|+|B|+|v|=s
max(|al,|B,|v])<s

Q3(u,v) = 3(/1TQ(J87TNU)2 — 0N> /11‘2 TNV TNU.
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Estimate of Q3(u,v)

e For r > 0, we define s, as

dpsr(u,v) = g\ (uw)<r dus(u,v) .

e [ he goal is to show that

1Q3(w, V) 1p (dps y (u,0)) < CP

with a constant C independent of N and p. Since

‘/11“‘2 7TN’U7TN’U/‘ < ||7TNu||L2 ||7TN’U||L2 < EN(u,v),

we obtain that

1Q3(u,v) HLp(d,us,f,«(u,v)) < Cy

JS 2_ |
fral ) = o LP(dpis,r (u.0))

< Cy /TQ(JST('NU)Q —oN

L2 (dps (u,v))
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Estimate of Q3(u,v) (sequel)

e On the other hand

gn(w)|2 —1
T B ol =
H /TQ( Nu) N Lr(dpus(u,v)) nEZZQ 1+ |n|2 LP(2)
In|<N
and by using Wiener chaos estimates, we have
2 _ 1 2_1
H 3 IQn;L(w)I g ‘ < H 3 Ignl(w)\ . ‘ <0p
ez LT Inle lize@) vez2 1A nle L)
In|<N In|<N

which provides the needed bound for Q3(u,v).
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On the estimate of Q1 (u,v)

e [ he bound for

Q1(u,0) =3 | Pol(J*myw)?] Psolmyv myul

iIs the most delicate part of the analysis and relies on subtle multi-
linear arguments.
e Basically, we are allowed to have outputs as

1ull o2y, 0 <3

with a loss /p and E(u,v).

e A naive HOlder inequality approach clearly fails.

e A purely probabilistic argument based on Wiener chaos estimates
fails because the output power of p is too large.

e [ he basic strategy is to perform a multi-scale analysis redistributing
properly the derivative losses by never having more then quadratic
weight of the contribution of the Wiener chaos estimate.
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On the estimate of Q1 (u,v) (sequel)

e \When analysing the 4-linear expression

Q1(u,v) = 3/1112 P_col(J°mNw) 2] Posolmyv myal,
we suppose that
JST('NU, JST('NU, TNV, TNU

are |localised at frequencies Ni, No, N3, N4 respectively.

1
e We first consider the case when N4 = (max(Nj, N»))TI00. In this
case we exchange some regularity of J°mpau with this of myu and we
perform the naive linear analysis.
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On the estimate of Q1(u,v) (sequel)

e [ herefore, in the analysis of
Q1(u,v) =3 [ | Pol(J*myu)?] Prolmyv myl,
1
we can suppose that Ng <« (max(Ny,N»))100. In this case, we have
that
max(Nl,NQ) ~ max(N-, ] = 1,2,3,4).

e By symmetry, we can suppose that N; = max(N1, N»).

e \We next consider the case N3 K Nll_“, a = a(s)-small. In this case,
we perform a bi-linear Wiener chaos estimate and we have some gain
of regularity in the localisation of P#O[(szNu)Q].
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On the estimate of Q1(u,v) (sequel)

e Finally, we consider the case
1
Nl ~ maX(N'a ] — 1727374)7 N4 < (maX(NlaNQ))ma N3 Z N]]_-_a

In this case, we perform a tri-linear Wiener chaos estimate and we
have enough gain of regularity in the localisation of

P_col(Jomyw)2]mnv.

e [ his essentially explains the argument leading to the key estimate.
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