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high-frequency eigenvalue problem for Stokes operator

Q C RY be a smooth bounded, open domain and the eigenvalue
problem can be written as

— Aug 4+ VP, = Ny, inQ
h div uy = 0,in Q (1)

uk‘aQ = 0.

ug € H2(Q) NV, ||lug||2 = 1, the RY—valued normalized
eigenfunction where

V ={uec (H}(Q)?:divu=0}
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high-frequency eigenvalue problem for Stokes operator

Several facts:

@ uy forms a orthonormal basis of
H={ue (L3(Q)?: divu=0,u-vlsq =0}

M: (L?())¢ — H canonical orthogonal projector
o The pressure P, € L2(Q)/r in the sense that [, Px = 0.
o [IVuillfz = M, lukllwe < CAZ NIV Pz < CL NPl <
CA2.
o u; — 0 weakly in L%() since for any ¢ € (L?(Q))¢

k—o00 k—o0

lim /Q uk(x) - p(x)dx = lim /Q uk(x) - Mp(x)dx = 0.
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high-frequency eigenvalue problem for Stokes operator

Natural question: What can we say about the high frequency limit?
Semi-Classical reduction: Take hx = A, ! and gx = A ' Py, drop
the sub-index, we have the following h—dependence system

(quasi-mode)

—hWAu—u+hVg="f,inQ
hdivu=0,in Q (2)
ue H*(Q) NV

with the following conditions:
lull iz = 1, [AVull2 = O(1), [|W*V2ul|2 = O(1),

1hVqll 2 = O(1), f € H, |[f]|2 = o(h).
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Interior

One way to capture the high-frequency limit behaviour is
semi-classical defect measure. We will use it to describe the
singularity.

In the interior, we use the usual h—pseudo-differential calculus for
symbols a € CZ°(T*Q).

Proposition

There exists a Hermitian matrix-valued positive definite Radon
measure p; on T*Q and a subsequence (hy, uy) such that

lim (a(x, hx Dx)uk|uk) 12(q) :/ o tr (adp;)
T*

k—o0

for any a € C°(T*Q).
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near the boundary: coordinate system

Near a point xp € 912, we consider a geodesic coordinate system
Q={(y,x):0<y<e,x eRI 1}

with the metric on TQ and T*Q respectively

5= (o mpw) )&= (0 apim) )

In this coordinate, we can write the operator h>A + 1 acting on
u= (UH’ UL) as

WA +1 = WP —N(y, X', hDy)+1+hM(y, X', hD,)+hMi(y, x') hd,,

W Ag+1 = h0;—N(y,x', hDy)+1+hMy(y,x', hD,)+hNi(y, x') h,
I
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near the boundary: geometric objects

The principal symbol p(x, &) = [£|?> — 1 is scalar and can be written
as
p(y,X’, 7776,) = T]2 + ’6,@*1(}/) -1
near the boundary. We denote r(y,x’, &) =1— |£’|§_1(y).
Several geometric objects:

e PTQ: rank d vector bundle whose sections are the vector
fields tangent to 9Q and 2 T*Q be its dual bundle.

e Canonical map: j : T*Q —? T*Qcan be written in our
coordinate system as j(y,x",n,&) = (y,x',yn,&).

@ characteristic manifold and its projection:
Car(P) = {(x.€) € TR p(x, &) = 0},Z = j(Car(P)).
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near the boundary: geometric objects

Usual decomposition of T*0$2 corresponding to the values of
= r|y:oi T*OQ=EUHUG

e £E={n<0}
e H={rn>0}
og:{r():O}

Denote r; = 0y r|,—o. We can further distinguish sets of certain
order of cantact in G :G? := G>t UG>,

G>E = {(x,€) 1 (X, &) = 0,£n (X, &) > 0}

G = {(X,€) : (X, &) =0, Hl, () = 0,%) < k; H::)—H(rl) # 0}
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near the boundary: geometric objects

We say that 02 has no infinite order of contact if

g=Jg~

k>2

Under this assumption, for any given pg €? T*Q, the unique
generalized characteristic ray passing pg exists and this defines a
flow (s, -) on ®T*Q (Melrose-Sjostrand flow)
Briefly speaking, generalized characteristic rays are
e bicharacteristics of p = |£|2 — 1 in the interior T*Q or while
touching certain point in G>t.
@ broken bicharacteristics while touching certain point in H.

o gliding rays of the form exp(sH_,,)(p) in G\ G>+.
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tangential symbol

Consider functions of the form a = a; + ag with a; € C°(Q x R)
which can be viewed as a symbol in S°, and ag € C°(U x R9~1)
can be viewed as a symbol in S. We quantize a via the formula
(in local coordinate)

Opy(a)f(y.X) =gy [ €7 il ()

]_ I-(X/_Z/)gl
" W /]RQ(d—l) e ag(y, X, )f(y,2)dZ'd¢.

The class of operators Opy,(a) is uniquely defined up to some
operators with norms of order O(h). For such a function a, we
associated k(a) € CO(Z) by setting x(a) = a(j1(p)).



high-frequency eigenvalue problem for Stokes operator
Introduction Semi-classical defect measure

Application to Stabilization

The definition of the measure when we are working near the
boundary is guaranteed thanks to

Proposition

There exists a Hermitian matrix-valued positive definite Radon
measure and a subsequence (uy, hy) such that

Jim (Opp, (a)ur|uk) iz = (. (a))-

Attention: To make the measure be well-defined, we need verify
that if a9 € C2°(U x RY71) vanishing near Z (i.e. ag is supported
in the elliptic region for all y small)implies that

(Opp, (a0) uk|uk) 2 — 0.

This can be ensued by the analysis of boundary value problem in
the elliptic region.
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main result

The main result is as follows:

Theorem (C.Sun 2017)

Assume that €2 is a smooth, bounded domain with no infinite order
of contact on the boundary. Suppose i is the semi-classical defect
measure associated to the pair (uy, hi) where (uy) is a sequence of
solutions to the quasi-mode problem (2) (with h = hy, f = f
there) which are weakly convergence to 0 in L?(Q). Suppose that

|fkll2(q) = o(h«). Then the support of y is invariant under the
Melrose-Sjéstrand flow.
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Application

Consider the following hyperbolic counterpart of Stokes equation:

O2u—Au+Vp=0,(t,x)€[0, T] x Q
u(t,.)|oa =0 (3)
(u(0),0¢u(0)) = (uo,v0) € V x H

We are interested in the stabilization of this system when adding a
damping term a(x)0;u:

O2u — Au+ Vp+ a(x)0:u=0,(t,x) €0, T] x Q
u(t, oo =0 (4)
(u(0), 0+u(0)) = (up,v0) € V x H
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Application
Define the energy
E[u](t) = ;/(\Btu]2+ IV u|?)dx
It satisfies & = — [, a(x)[0:u|?dx < 0.

Theorem (C.Sun,F.W.Chaves—SiIva, 2017)

Suppose Q C RY be a bounded open set with no infinite order of
contact. Suppose a € C(Q) is a non-negative function and its
support satisfies geometric control condition. Then there exist
some uniform constants Cy, «, such that for any uy € V, the
corresponding solution u(t) to (4) decays exponentially in time in
the following sense:

Elu](t) < GoE[u](0)e~°t, ¥t > 0. (5)
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Part 1lI: Sketch of the Proof

Let i be a semi-classical defect measure associated to certain
subsequence of u(h). We will analyse the propagation property
along a generalized ray in several geometric situations:

In the interior

@ Near a point in £
@ Near a point in H
°

Near a point in G
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a priori information

Denote go = q|,—o and we have

Lemma

190l 17250y = O(h™1).

Proof.

First we note that h?Ag =0 in Q and

1AV qll2(q) = O(1), [|hql|2(@) = O(1). From trace theorem and
IVall2@@) = O(h™") we have llqoll 1r2a0) = O(h~). [

Lemma
hanu|3Q = (h&),.uH,O), and Hhanu|3QHL2(BQ) = O(l)
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a priori information

Sketch of the proof:

The first assertion follows from h div u = 0 and Dirichlet boundary
condition. For the second assertion, we apply a multiplier method.
From the geometric assumption, we can find a vector field

L € CY(Q)) such that L|sq = v. In the global coordinate system,

we write
d
L=> 1
j
J=1 8XJ

Multiplying to the equation, we have

/ Lu-fdx:/ Lu-(—h?Au — u+ hVq)dx.
Q Q

L]
.
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a priori information

Sketch of the proof.
Integrating by part and using the equation, the output of the right

hand side is ;
/ |hOnul?de 4+ O(1)
2 Joa
while the left hand side is o(1). O

After extracting to subsequences, we have hNVq — 0 weakly in
L2(Q), thus from Rellich theorem, we have hq — 0, strongly in
HY/2(Q) and hqo — 0, strongly in L?(0R).
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We may assume that hVq — r, weakly in L?(2), and Rellich
theorem implies that hg — P, strongly in L?(Q), and thus VP = r,
with the property fQ P = 0. Now we claim that AP = 0. in .
Indeed, take any ¢ € C5°(R),

/VP-szIim/th-chzO.
Q h—0 Jo

Now since the sequence (h>V?u) is bounded in L2, then up to a
subsequence, WV2y — W, weakly in L2. From Rellich theorem,
the sequence (h?u) converges strongly in L2. The strong limit
must be 0 since v — 0 weakly in L2. Thus W = 0 and this implies
that VP = 0. Finally, we must have P = 0. The last assertion
follows from trace theorem and Rellich theorem. Ol
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Information about g

Let us introduce some notations: for y € C*(R,) with
Xls>1 = 1,xl(0,1/2) =0,
° )\(y’xl’g/) = ‘gllg_l(y)

_yA _yA
o e n =Opyle 7 x(3))
The relevant information of the scale % for the pressure g can be
given by the following

° Op, (x (3))a=e "ao+0p2 ,(h)

° Op; (x (3)) h,q = Opy (x (3) N) e T a0+ Op2 (h)
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Information about g

From the parametrix above, we can deduce a quantified
non-concentration estimate as following

Lemma

For 0 < yg < €9, we have
€0 )\ 76)/70
[vom (1 (3) a2 (e )
Yo x

where the constant Cs, only depends on d¢ and independent for
small yg, h.

This Lemma will play an important role in our analysis.



Interior propagation

Elliptic Region

Hyperbolic Region: Heuristic
Sketch of the Proof D i

Outline

© Sketch of the Proof
@ Interior propagation




Interior propagation

Elliptic Region

Hyperbolic Region: Heuristic
Sketch of the Proof Diffractive case

Gliding case

Interior propagation

In the interior, we have the precise invariance of defect measure.
This is a consequence that the pressure can only have impact on
the measure of (uy) on the boundary. First we asserts that the
singularity can only concentrate on the characteristic set.

Proposition

Take a; € C°(Q x RY), equal to 0 near Car(P), then we have

(Opp, (ai)uk|uk) 2 — 0.
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Interior propagation

b(x, 5)

we have

is well-defined. Then from symbolic calculus,

Opp, (a7) = Bh (—hgA — 1) + Op2_, 12 (hy).
We now calculate

(B (—hp A = D)uge|u) 2 =(Br, fluk) 2 — (Bh bV qi uk) 2
=o(1) + ([cV, Bh,]qi|uk) 2
—(heV B, qi|uk) 2
=o(1),

where in the last line we have used the symbolic calculus,
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Interior propagation

Proposition

For any a € C°(Q x RY),we have

9 (a0 6(t)) =0

where ¢(t) be the Hamiltonian flow corresponding to the symbol
p=¢f -1
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Interior propagation

We may assume that the symbol a(x, &) vanish near £ = 0. Denote
A = Opp(a), P = —h?A — 1 and we apply equation to calculate

([P, Alulu)yz = +(AulPu)z h(APu|u)L2

h(AU\f— hVq)2 — E(A(f hvq)|u).2

— —f(Au|th)L2 + - (Athl u)r2 + o(1)

= L ([A, hdiv Julq)i2 + - ([A, h¥]glu)z + o(1)

= (Oph(Va) ~ulq) 2 — /(Oph(Va)ql )iz +0(1)
= i(u|Opp(Va)q).2 — i(Opp(Va)qlu).2 + o(1).
e
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Interior propagation

From hVg = O;2(1), we know that micro-locally away from £ =0,
g = O;2(1). On the other hand, "2A(Op,(Va)q) = O;2(h) and
this implies that Op,(Va)q = 0,2(1) since the symbol of

h? AOp,,(Va) vanishes away near £ = 0 as well as x near the
boundary. This completes the proof.
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Elliptic Region

Near a point pg € & = {r(x’,&") =1 — \(0,x,¢&') < 0}, we have

Proposition

ule = 0. If we denote v be the semi-classical defect measure of
the sequence (hxOnuk|oq, hk), then v1g = 0.

Instead of giving rigorous proof, we only consider a particular case
that the equation is homogeneous (i.e.f = 0) and the metric is
flat: Q = {(y,X/) y > 0}. Write u = (U”7 UJ_), v = hayU”’y:o,
Denote the semi-classical Fourier transform

1 ix' ¢!
Fu(f)(y, &) = (27rh)d—1/e 2 fy,x")dx'

w = ]:h(u)lyzo, R = ]:h(v) and 9 = ]:h(qo).
I
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By taking semi-classical Fourier transform in x" of (2),

L Y€
- h28§W|| +2hk ® (5y:0 + (’fl|2 - l)WH + Ifle yh 61y20 = 07

,@
— RORwi + (12~ Dwi — |¢]e™ " 01,20 = 0.

where 11 = /[€|2 — 1. It can be solves explicitly

_ 1 w i€'0(E) e i _ v
"= - ((u(u—lf’l)+2e )

_ ey (e ae
o2 (u(u—|€’|)+e )
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Elliptic region

Observe that

<

e_“T e_y\f’
w(p—1€']) |€’I)

_ €] 1 e h —e h

-l (u(\f’!—ﬂ)_2)+ W€~ 1)

>0,

This means the system (v, qo) = (u1y>0,u11y>0) is elliptic.
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Hyperbolic Region: Heuristic

We again consider the flat metric on half space. Denote
H={0 < [¢' <1},
and w? =1 — |¢/|?. We want to solve

l¢']
— RPw) — wlw + €8 =0,y >0,

g’
— WRw, — wPw, — |0 =0,y >0, (8)
ho,w, + i’ - W) = 0,
where w = (w), w1 ) = Fp(u),0 = Fr(qo) It is easy to verify that
the solution can be written as
‘§’| iw iw
W” = i§’9e7yT + Oé+eTy +a_e hy?

yl€'| iwy iwy

wi = —[¢|fe” " + Bren +Be b
I
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Hyperbolic Region: Heuristic

Boundary condition gives:

€t + o) = —ig'|E']0,
g0+ iway —a) =v,
ﬁ+ + 8- =16,

iw(By — B-) = —|¢']?0.

where v = Fj,(h0y uly—o).

(10)
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We can determine the amplitudes
ay = % <‘i|5/9—i(g/e+ ))
0 - _% (If’l&’ <§ o ))
BYELSP
<|§ |+ 5/’2)

[\)\n—t I\J\
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We write Ay = (a4, 5+),A- = (a—,5-), and

iwy iwy

wy i=Areh ,w_:=A_e &,
can be interpreted as incoming wave and out-coming wave, thus

vl

&
o+ wy + w_.

w = (i€, —[¢'])fe”
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Notice also that if the singularity along the incoming (out-coming)
wave is zero, i.e.Ay = 0(A_ = 0), then we have 6(¢') = 0,,
v(f)=0,and A_ =0(A; =0).

These observations will motive the rigorous proof of the singularity
propagation in the hyperbolic region.
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Strategy of the proof

Near a point in Uk>2 Gk we will follow the argument of V.lvrii(in
the diffractive case) and Melrose-Sjostrand(in other situations).
We assume that some point pg in a generalized ray (or gliding ray)
does not in the supp(x) and we want to deduce that along such a
ray, after some short time, it will not intersect with supp(u). The
strategy is to construct some test-operators A and calculate the
quantity +3([P, A] + (R — R*)Au|u)q in two ways. One way is
symbolic calculus, the other way is the equation satisfied by wu.
The output of this procedure is an inequality where the left hand
side is a quantity of the form ||Bul|2, and the right hand side is of

the form | (AulhVq) 2| + | }(AhV glu).2| + o(1).
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Strategy of the proof

Compared with the quasi-mode problem of Laplace operator, there
are two additional new terms involving pressure for the same
problem of Stokes operator.
To overcome this difficulty, we pick a bump function
v € C((—2,2)) which equals 1 on (—1,1). We take
Xe(y, x, hDy) with principal symbol
Xy %,€) = Xl x. ) (V24 . We caleulate
1

1
ANV a|u) 2 = ([A hV]g|u) 2

:%([A, hV1a|Opj(xe)u).2 (12)

1
+E([A’ hV1q|Ops(x — xe)u) 2
=:lp + 1y
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Diffractive case

Geometrically, /¢ is related to the micro-localization close enough
to r = 0. We have

lim sup HhDyOPh(Xe)UHLgy < Ce?,
0 :

h—

Y0 2 % 2
A 10pa(xe)ullizdy < =5+ 1Dy Opn(xe)ulliz

Essentially, the first inequality comes from the fact that on the
charactersitic 7> = r < e. The second one is a simple consequence
of the first one.
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Diffractive case

Take 6 € (0,1/2), and choose yo = he~?, we estimate
Yo €0 1
< [+ [ LI0A BV IalOph(x )izl
0 Yo h
1 _c
< C5 (1D, Opy(xe)ulliz , + O(h) + Ce™ 7,

here we have used the fact that g = OLg,y(l), micro-locally far
from ¢ = 0 since the L2 norm of g and hVq becomes comparable
there. The term e < comes from the concentration property of
pressure. In summary we have

limsup |Ip.| < C(e1=% + e_e%).
h—0
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Strategy of the proof

We need geometric argument to deal with //, .. Since on the
support of x — X, we have r > e¢. We need to prove that each ray

entering the set S := {r > e} N {y < e} Nsupp (x) must be
well-controlled in the sense that

@ it can be connected by a generalized ray issued in a
neighborhood of pg.

@ it can only touch some point p € H U GX and we have already
established the propagation property for points in G¥.

Once this geometric property is justified, we have

limsup |/l =0
h—0

for any fixed € > 0.
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Diffractive case

In this section we will establish

Proposition

Suppose p € G>, po be a phase point with

y(po) >0, g—;(po) > %g—;(p). Denote v_ = [po, p] be a backward
ray issued from pg to p (the trajectory under the canonical
projection is tangent to the boundary at p). Suppose po ¢suppjs.

Then we have p ¢suppy.
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Diffractive case

For @/(y,x,€),j =0,1 tangentlal symbols we denote AJ be with
principal symbol 2 and A, = A + A hD,, with the symbol
a = a% + a'n. Assume further that
A} = Ap, A,l,* = A},,Ag* = A?I — [hD,y, Al]
We then have the integrating by part formula
2

S(PhulApu)q = (ALhDyulhDyu)aa+R > (Ci(hDy Y ulu)a+0(h),
j=0

>IN

where C; has principal symbol ¢;(y, x,§) and

ZJ 0 q(y,x & = {p,a} + 2aSps, where ps is the sub-principal
symbol of p, namely 23 ps is the principal symbol of the operator
1 *

+(R* = R).
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Diffractive case

Take a small neighborhood Iy of pg such that INpNsuppu = @.
Take a small neighborhood Wy € Q x R4~ such
thatg—;(y,x,ﬁ) > o > 0. By shrinking W, if necessary, we assume
that each point (y, x, &) € W with r(y, x,£) > 0 can be
connected by a (possibly broken) ray issued from g with at most
one reflection or tangency at 9Q2. What we want to prove is the
following statement:
For any x € C(Q x RI71) with suppy C Wp, small enough, we
have

X(y,x, hDy)u = 0;2(1), h — 0.
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We make a special choice of ag, a1 with the following properties:

3(y,X7"775) = ao(y,x,é) + 31(}/7)(75)77’ aj € CSO(WO)

with the following property:
0 a1(0,x,&) = —t(x,&)?, for some t € C°(T*0Q),

e For some M >0, when p =% — r(y,x,£) = 0, we have

{pa a} + 3M|§‘ = _w(nyv 7775)2 +§0(y7 X, f)(n _L1/2(y7 X, 5))7
a=s? where s € C®(Q x (RY\ {0}))x) € C(Q xR7\ {0})
and ¢ € C°(Wp). Moreover, r|supp o > 0.
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Now we take x € C2°(Wp) with x =1, in a neighborhood of
suppaiU supp az. Let v = x(y, x, hDy)u and use the equation:

(Pnv|Anv)a =(0ps(x)fAnv)a — (Opn(x)hV qlAnv)e
+([Ph, Opp(X)]u|AnOpp(X) U)a-

Notice that {p, x} = 0 on suppa; and f = o;2(h),hdivu = 0, thus

S(PvlAnv)a = o(1) + 2 3(0p4(x). h¥1alAs0P4(x)u)o

>IN

(13)
3(Ops(x)qllhdiv , AyOp,(x)]u)e

:~\l\>
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On the other hand, using integrating by part formula we have

2
> (G(hD, Y vIv) =o(1) = (ALhD,v|hD,V)aq
j=0
+23(0py (). V1 AOB 00 Y
_%g(oph(x)q\[hdiv , AOD, ()] u)e.
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The relation
2

S g + a(MIg| - 2Sps) — p(n — rt/?) = —y?

j=0
and Garding inequality implies that
~R((y, x, hDx)(hDy — Q1)vlo(y. x, hDx)V)a
+R((M|Dx| = 2Sps(y, x, hDx))v|Apv)a + (G(y, x, hDy) Ppv|v)a
2
+|Wov + W1hDy v[[f2a) + R [ Y G(hDyYulu
Jj=0 Q
<o(1) + Chl[v|fz(q),
(15)
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where ¢ € C2°(Wp) and r|supp ¢ > 0, ¢ = 1 in a neighborhood of
suppe. C§+ be the operator constructed in the hyperbolic region
with principal symbol r1/2. This is possible since from the
construction of test functions, r > 62|¢|2 on the support of ¢.
Taking M > 0 so that M|¢| — 23ps > 0 and Combining (15),(14),
we can control the positive terms —(A}hD,v|hDyv)sq and

[Wov + W1hDyv|[72 gy by [(G(y, x, hDx)Pyv|v)al,

R(6(y, x, hD.)(ADy — @4)vlip(y, x, hD)V)al,

23([Oph(x): hV14|AkOD4(X)u)al, and

£3(0px(x)ql[hdiv , AnOpx(x)]u)al
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Namely, we have
— (ARhDy v[hDyv)aq + [[Wov + W1hDy v[32q)
<o(1) + Chl|v||Z(q) + CI(G(y, x, hDx)Pyv|v)al
+ [R(6(y. x, AD)(hD, = @4)vIely, x, hD)V)al

(16)

+|=S([Opp(x), hV]1q|ArOp4(x)u)a

>IN >IN

I(Opp(x)ql[hdiv , AsOps(x)]u)a
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The last two commutator terms on the right hand side are the only
new terms compared to the analysis of the Laplacian quasi-mode
problem (—h2A — 1)u = 0;2(h). Therefore, we only need
concentrated on the commutator terms. Pick a bump function

v € C((—2,2)) which equals 1 on (—1,1). We take

Xe(V, x, hDy) with principal symbol

Xe(Vs x,8) = x(y, x, &) (@) , for any € > 0 small enough
and be fixed for the moment. We write

+(10p,(x). A9 1alAn)a = (10p4(x), KV 10l 40Py (x:)u)e

1
+E([Oph(X)> hv]q|AhOph(X - XE)U)Q
::lh,e + Hh,e

(17)
I
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For the term /I ., we observe that on the support of x — x.,
Ir(y,x,€)| > €. Assume that there exists another p; € G>* and a
bicharactersitic interval issued from p1, lies over W, and with end
point (y, x, £4/r,&),r > €, we claim that y > ce. Indeed, after the
tangency at p1, we rewrite the equation of bicharacterstic curve as
(with notation p; = (y(0) = 0, x(0); n(0) = 0,£(0)))

dy dn  Or
=41~ = 5 > 0o,
dt dt Oy

n(0) = 0,7(T) > \/e. This implies that T > /e/C
12
2 .
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Therefore, all the rays issued from g which will enter the set
Se={r>¢€y <ce}Nsupp (x — xc) can be only broken
bicharacteristics before entering it. Therefore, if we further
decompose /I, ¢ according to S, this part will be killed when we let
h — 0 first. The rest y > ce can be handled in the same way by
using concentration property of the pressure. € > 0 can be chosen
arbitrarily small, therefore

_ 1
lim sup E([Oph(X)ahv]C”AhV)Q =0.
h—0

For the other commutator term
123(0py(x)gl[hdiv , AnOpy(x)]u)al, the argument is similar.
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Following the argument of Melrose-Sjostrand, the propagation
theorem can be deduce from induction and the following proeprty:

Proposition

For any k > 2, the following statement is true:
For any py € G¥, there exists a neighborhood Vj of py in T*0Q,
and 0, > 0,0y, > 0,0, <K i, depending on V), such that for any

po € G>~ U U G| N Vi, if near 0o
3<j<k
{(y,x12,¢) : 0 <y <% (2,¢) € L7(6,6°)} N supp (u) = 0 for
some 0 < & < Ok, then exp(sH_y,)(po) & supp(u) for any
s € [0,049).
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Pick po € G € T*0Q\ {0}, and a small neighborhood

U c T* o\ {0} of pg. Let L C U be a co-dimension 1
hypersurface containing pg in T*0€2 and transversal to the vector
field H_,,. For small positive numbers §,7 > 0, define

LE(5,7) = {exp(tH_»)(p) € U : p € L, dist (p, po) < 6,0 < +t <7},
and
FE0,7) = {(y,x,€) 1 0 <y < 6%, (x,€) € L5(6,7)},

F(6,7) = FT(6,7)UF—(6,7).
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We only present the proof of Proposition 13 for k = 2. Assume
that in the neighborhood of pg € G~ where we are working
—Co < 9yr < —co < 0. Notice that there exists C; > 0 such that
for 6o > 0,79 > 0 small enough, and for any § < &g, 7 < 79, We
have [r(y, x, &) < $C262[¢|? for all (y, x,€) € F(6, 7).

Now we set up the tool box due to Melrose-Sjostrand: with the
same constant C;, we define the sets

VEG, ) ={(y, x,n,€) : 0 <y <6%/2,(x,€) € L*(5,7)}
U{(y, x,m,€) : 6%/2 < y < 6%,(x,€) € L=(6,7), In| < Guol¢[},
W*(6,7) ={(y,x,n,€) : 0 < y < 62/2,(x,€) € L7(6,7)}
U{(y,x,m,€) 1 82/2 < y < 8%, (x,€) € LF(6,7), In| < 2Gi0[¢]}
V(§,7):=VT(6T)UV(571), WS T)=WT(67)UuW(4,7).
T



Interior propagation
Elliptic Region
Hyperbolic Region: Heuristic

Sketch of the Proof Diffractive case
Gliding case

\] (X,7 g/)




Interior propagation

Elliptic Region

Hyperbolic Region: Heuristic
Sketch of the Proof Diffractive case

Gliding case

Lemma

Given pg € G, there exists 6o > 0,79 > 0 such that if

dist(p, po) < 62 for some & > 0, then dist((s, p),Y(s, po) < C62
for |s| < 0od. In particular, ~(s, p) € W(, o) for all |s| < 796.

Proof.

For any two curves ~1(s) = (y(s ) n(s), x(s),&(s)) and

12(s) = (y(S) ii(s), %(s), £(s)). ¥ = 2n,71 = O(1), we have

y(s) < Cs%. Let d(s) = |x(s) — X(s)* + |&(s) — &(s) P,

d(s) < Cd(s) + Cly(s) — 7(s)|v/d. These implies d(s) < C16? for
all |s| < 0¢d.

Ol
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First we record several property of test functions:
Denote | = [0, ¢€p). There exist 0 > 0,00 > 0,79 > 0 small enough
with § < ¢ and smooth functions
as € C(I x U), g5, hs € C(2 x R x RY~1\ {0}) for any
0 < 6 < Jg with the following properties:
@ a; > 0, suppas C F(d,00) U F(6,02) .
o as(0,exp(tH—_r,(po))) # 0,¥0 < t < do.
@ as > 0 on suppay if 0 < ¢ < § and independent of y for
0<y<é?/2
@ g5+ hy = —(Hp + k)a(;.
e in W(d,7), gs > 0 and g5 > 0 when a5 # 0.
e supphs C | x L7(8,6%) x R, and suppgsUsupphs Csuppas,
g5, hs are independent of 7 for 0 < y < §2/2.
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Denote bs := g(sl/2 € C°(W(d,7)). Note that by no means that
bs is smooth and with compact support. We need split it into two
parts as following:

Let ¢y € C°(R) such that ¢1 = 1if 0 <y < & and ¢ = 0 if
y> 2

Let ¢p € C®°(Q x R?\ {0}) with compact support in x, &,
variables, such that ¢> > 0 and ¢» = 0 whenever y < % or

In| > 2C16[¢].

Indeed, we can choose W(x,n, &), non-negative, smooth and with
compact support, such that ¥ =0 when |n| > 2C;6(¢| and V =1
when || < 3 G6[¢].
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Now let ¢o(y,x,n,€)? = (1 — ¢1(y)?)W(x,7,£). We observe that
W*(3,7) nsupp (1 - 67 — 63)
52 s 3
- (%Xﬂ?,g)ZSY§5,|77|>§C15|§|» .
We finally put b := ¢jbs,j = 1,2. Note that bs; € C°(F (9, 71))

is a tangential symbol and bs € C°(W(6,7)) is a usual symbol
with compact support in T*CQ.
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Denote ¢’ < 4, small enough and to be chosen later, and denote
the operator
1

Z(R = RY) Ay
i JAs,

1
N 5 = — P A ’

b= 1P, Ay +
with principal symbol

ng: = _(Hp =+ k)aé‘l = g5 —+ h(;/,
Define the operators

B j = Opp(bs j),j = 1,2, Ns3 = Op,((1 — 6] — ¢3)ns').
Write
hy'j = &2 hs', Hy j = Opy(hs ), j = 1,2.

We remark that hs 1, by 1 are both tangential symbols while
hs' 2, bs » are interior symbols vanishing near the boundary.
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Observe also that Ns 3 is interior pseudo-differential operator with
symbol vanishing near the boundary as well as on p~1(0), thanks
to the fact that in W(&',7), |r(y,x,&)| < $C26|¢%.. Thus

Ny su = o2 (1) as h — 0. Moreover, Hy ju = o2 (1) is clear
from the assumptlon on the support of p.

Now set

My j = 67Ny j = B5 By j = Hyjrj = 1,2

From symbolic calculus, we have My 1 = O;2_,,2(h) is a tangential
operator. Moreover, My » = Oj2_,;2(h) is an interior operator.
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Finally, we have obtained
2
N5 = N 3 + Z(BngBa’J + Hs j) + Op2_y2(h).
j=1
Combining all the analysis above the integrating by part formula
for self-adoint tangential operator A:
1

h(APu\u)Q + O(h).

1 1
(1P, AL+ (R~ R*)A)ulu)a = 3 (AulPu)a —
we have
2 1 1
> 1By jullf. < o(1) + 5 |([hdiv, Ay]ulg)al + - [([As, hV]glu)al
j=1
(18)
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To finish the proof, we need show that the right hand side of (18)
is o(1) as h— 0.

We perform a similar decomposition: pick ax € C2°(R) such that
X(s)=1if0<s<1iandx(s)=0iss>1 Let

Xe(y,x,€) = x(e'r(y, x,£)). Denote

1 .
Ihe =+ |([hdiv , As]Opp(Xe)ulg)al ,

I = 7 ([Adiv . As)(1 = Opy(x)ulaal.
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The treatment of /,  is exactly the same as in the diffractive case.
The treatment of /I, . is relied on the geometric lemma:

Lemma

If in addition, —Cy < g—;(p) < —cg < 0 for all p € W(bo,70). Then
for 6,7 > 0 small enough (§ < &), the following property holds:
There exists a sufficiently small constant 6’ < & such that for any
€>0,e<<d,e <<, and forany p = (y,x,n,€) € W(&',7) with
r(y,x,&) > €,y(p) <, the real backward bicharacteristic y(t, p) is
always contained in W(0, ) for all 0 < t < 7. Moreover, at each
time t such that y(vy(t,p)) = 0, we must have r 2 € at this point.
In other words. Every backward generalized bicharactersitc issued
from p is at most broken bicharactersitic.
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Proof.

Assume that the initial point po = (yo, X0, 70, po) satisfies

nol? = |r(y0, %0, &) [* > €.

The dynamics on the phase space is governed by the ODE

‘:ft’ =2 ,% = % with initial condition y(0) = yo > 0,7(0) = no.
Suppose 19 < —y/€ < 0, and tg is the first time such that

y(to) = 0. It is obvious that 7(ty) < 1(0) < —y/e. Suppose now
no > /€ > 0. Let t; > 0 be the first time such that n(t;) = 0, and

thus y1 := y(t1) > yo. Let to > t; be the first time so that

y(t) =0. .
First we have —ng = n(t1) — =/, ‘th]dt < —Coty, and this
implies that t; > |"°| O
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Moreover, i 2
t; t d C
yi— Yo =10t + fgt dt [§ $¥ds > noty — L2 > oL
Now )
t, t d _G B
y(t2) —y(tr) = [} dt [, grds = 5 (82 — 1)’
we have i
2> 21 s 20n—y) ~ [mol?
o — 0> > & > > 5
Finally we have
tr d
n(t2) = [, Gdt < —co(to —t1) < —Co‘czo‘ < —Coc\o@ O
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From the lemma above, the measure of

#[hdiv , As](1 — Opp(xe))u vanishes since all the backward
generalized rays starting from each point in suppas(1 — x.) will
enter the small neighborhood of pg € G%~ by at most reflection at
boundary. This completes the proof of Proposition 13 for k = 2.
For higher order contact, the geometric argument is a little
complicated. We need a change of coordinate and make full use
the fact that the Melrose-Sj6strand flow is transverse to Gk for

k > 3. We skip the details here.
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Induction Step

We briefly explain the induction step:

Definition (k propagation property)

For k > 2, we say that k—propagation property holds, if along
generalized ray (s, po), the following statement is true: For some

o0 > 0, if (-, po)l[0,s0)Nsupp (1) =0 (or (-, p0)|( 0,0 1SUPP
(1) = 0) and y(oo.p0) € |) G (or 7(=00p0) € | &), then

2<j<k 2<j<k
v(00, po) ¢supp (1) (or ¥(—o0, po) &supp (i) )-

The proof is complete once we have proved the k-propagation
property for all kK > 3.
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Induction step

We also introduce the following defition

Definition (k-pre-propagation property)

For k > 2, we say that k-pre-propagation property holds, if the
following statement is true:

For any px € G¥, there exists a neighborhood V of py in T*09Q,
and éx > 0,0, > 0,0, < 0k, depending on V, such that for any

pe |G u | F|nVif
3<j<k

{(y,x:2,() : 0 <y < 6% (2,¢) € L7(6,6% po)} N supp (1) =0

for some 0 < 0 < dk, then exp(sH_,)(po) & supp(u) for any
S E [0,0;45).
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Induction step

Now the induction runs as follows:

@ Deduce k-pre-propagation property by assuming the
(k-1)-propagation property. The argument is similar as we
have done in the case G3.

@ Deduce k-propagation property by assuming (k-1)-propagation
property and k-pre-propagation property. This step is
standard.
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Higher order contact

We first change to a new coordinate system near py in Wk

s x:8) = (v,m,2,(), 2 = (21,7), ¢ = (G, ¢')
with
p=1"—rr=G+yn(z.¢)+ 0(>),
G = ro,
where
ro = rly—o0,n = 0yr|y—o.
This is possible since
dx’gro 75 0, if f 7& 0.
Along the generalized bicharacteristic flow p(s), (z, () satisfies

o = (9, 25). ). G = S0 209,65
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We deduce from this that near py,

d
—£~1>0, as y — 0,
ds

and thus s — z;i(s) is strictly decreasing , and

dé on

—_—

ds y@zl
Suppose now k > 3, we have locally that
gk = {(27 () : Cl = Oaaélrl(za C) = O7VI < k—3,8§1_2r1(z, C) 75 0}
Define

,y — 0.

Y= {(2,0): 95 °n(z,¢) = 0,05 *n(z,) # 0}.
I
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exp(sH-,)

/-\
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Higher order contact

The key fact we will use is the asymptotic behaviour of the flow

d)ffro = exp(sH_,,) when s — 0, we have for any given
(21 = Ok(2), €0), 29, Go) € G,

node (25, Co) = a3(zh, Go)s* 2 + O(sKY)

where a, # 0 can be viewed as a function of points in Gk.
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Thank you for your attention!
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