HYPERSURFACES WITH SMALL EXTRINSIC RADIUS OR LARGE
A1 IN EUCLIDEAN SPACES

ERWANN AUBRY, JEAN-FRANCOIS GROSJEAN, JULIEN ROTH

ABSTRACT. We prove that hypersurfaces of R"*! which are almost extremal for the
Reilly inequality on A; and have LP-bounded mean curvature (p > n) are Hausdorff
close to a sphere, have almost constant mean curvature and have a spectrum which
asymptotically contains the spectrum of the sphere. We prove the same result for
the Hasanis-Koutroufiotis inequality on extrinsic radius. We also prove that when
a supplementary L? bound on the second fundamental is assumed, the almost ex-
tremal manifolds are Lipschitz close to a sphere when ¢ > n, but not necessarily
diffeomorphic to a sphere when g < n.

1. INTRODUCTION

Sphere theorems in positive Ricci curvature are now a classical matter of study. The
canonical sphere (S™, can) is the only manifold with Ric > n—1 which is extremal for
the volume, the radius, the first non zero eigenvalue A\; on functions or the diameter.
Moreover, it was proved in [6, 7, 4] that manifolds with Ric > n—1 and volume close
to Vol (S™, can) are diffeomorphic and Gromov-Hausdorff close to the sphere. This
stability result was extended in [14, 1], where it is proved that manifolds with Ric > n—1
have almost extremal volume if and only if they have almost extremal radius, if and
only if they have almost extremal A,. Almost extremal diameter and almost extremal
A1 are also equivalent when Ric > n—1 (]9, 11]), but, as shown in [2, 13], it does
not force the manifold to be diffeomorphic nor Gromov-Hausdorff close to (S™,can).
In this paper, we study the stability of three optimal geometric inequalities involving
the mean curvature of Euclidean hypersurfaces, and whose equality case characterizes
the Euclidean spheres (see Inequalities (1.1), (1.2) and 1.3 below). More precisely we
study the metric and spectral properties of the hypersurfaces which almost realize the
equality case. It completes the results of [5, 16].

Let X : (M",g) — R""! be a closed, connected, isometrically immersed n-manifold
(n > 2). The first geometric inequality we are interested in is the following

(1.1) IH 2| X = X]l2 > 1

where X := VO%M/ Xdv, Vol M is the volume of (M",g), H is the mean curvature
M
of the immersion X and || - ||, is the renormalized LP-norm on C*°(M) defined by

1£1Ip = varr /M |f|Pdv. Equality holds in (1.1) if and only if X (M) is a sphere of
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radius m and center X (see section 2). From (1.1) we easily infer the Hasanis-

Koutroufiotis inequality on extrinsic radius (i.e. the least radius of the balls of R™**!
which contains X (M))

(1'2) HH”QRext = 1

whose equality case also characterizes the sphere of radius and center X. The

1
1|2
last inequality is the well-known Reilly inequality

(1.3) AL < nllH|3

Here also, the extremal hypersurfaces are the spheres of radius m =, //\%' Let p > 2

and ¢ € (0, 1) be some reals. We will say that M is almost extremal for Inequality (1.1)
when it satisfies the pinching

(Pye) I8l X = X[, <1+e,

We will say that M is almost extremal for Inequality (1.2) when it satisfies the pinching
(Rp.e) [HIlpRext < 14¢

We will say that M is almost extremal for Inequality (1.3) when it satisfies the pinching

(Ape) (1+e)h = nl[H|;

Remark 1.1. It derives from the proof of the three above geometric inequalities, given
in section 2, that Pinching (R,:) or Pinching (A,.) imply Pinching (P,c). For that
reason, Theorems 1.2, 1.7, 1.13 below are stated for hypersuraces satisfying Pinching
(Ppc) but are obviously valid for Pinching (Rpc) or Pinching (Ap.).

Our first result is that, when || H||, is bounded, almost extremal manifolds for one
of the three Inequalities (1.1), (1.2) or (1.3) are Hausdorff close to an Euclidean sphere
of radius THT: HH and have almost constant mean curvature.

Theorem 1.2. Let ¢ > n, p > 2 and A > 0 be some reals. There exist some po-
sitive functions C = C(p,q,n,A) and o = a(q,n) such that if M satisfies (Ppc) and
Vol M||H|y < A, then we have

_ 1 1
1.4 H X —X| - H < Ce® ,
4 X=X 1 e <

and there exist some positive functions C = C(p,q,r,n, A) and = a((g_r)) so that

(1.5) H|H| - HH”QHT < CEBHH”Q for any r € [1,q).

We assume moreover that ¢ > max(4,n). For any r >0 and n > 0, there exists eg =
eo(p,q,n, A,m,m) > 0 such that if M satisfies (Ppe) (for € < eo) and Vol M||H||y < A
thenforanyxES—X—l-m S™, we have

(1.6) )n5)

‘VOI( (#. ;) N X)) Vol (B, ;) 0S)) Vol (Bl
Vol M Vol < Vol §

where B(x,r) is the Euclidean ball with center x and radius r.
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Theorem 1.2 generalizes and improves the main results of [5] and [16], where only
the pinchings (R, ) and (A, ) for p > 4 and ¢ = oo were considered. The control on
the mean curvature (Inequality (1.5)) and Inequality (1.6) are new, even under a L
bound on the mean curvature. Note that (1.6) says not only that M goes near any
point of the sphere S (as was proven in [5, 16]) but also that the density of M near
each point of S is close to Vol M/Vol S.

Remark 1.3. From Inequalities (1.4) and (1.6) we infer that almost extremal hyper-
surfaces for one of the three geometric inequalities (1.1), (1.2) or (1.3) converge in
Hausdorff distance to a metric sphere of R"t1. As shown in Theorem 1.9, there is no
Gromov-Hausdorff convergence if we do not assume a good enough bound on the second
fundamental form.

Remark 1.4. By Theorem 1.2, when Vol M||H ||y < A (q > n), Pinching (Pp) implies
Pinching (Rye) for a constant €' = €'(¢|A,p,q,n). In other words, Pinchings (Pp.)
and (Ryc) are equivalent (in bounded mean curvature) and are both implied by Pinching
(Ape). However, we will see in Theorem 1.9 that Pinching (Pp¢) (or (Rp.)) does not
imply Pinching (A, ().

Remark 1.5. The constant C(p,q,n,A) tends to oo when p — 2 or ¢ — n, but the
same result can be proved with Vol M|[H||j < A replaced by Vol M ||H —||H ||2||;; < A(n),
where A(n) is a universal constant depending only on the dimension n.

Inequality 1.4 follows from the following new pinching result on momenta.

Theorem 1.6. Let ¢ > n be a real. There exists a constant C' = C(q,n) such that for
any isometrically immersed hypersurface M of R™ | we have

X = X”1>2(1+1m>

supl|X — X| — ||X—Y|yg‘ < O(Vol M| H ™)X - X|l2(1 2
M ( i) ( [ X = X||2

where v = ﬁ.

In particular, this gives
IX = X[loc < C(VOLM|H|g)"[IX — X2

Our next result shows that almost extremal hypersurfaces must satisfy strong spec-
tral constraints. We denote 0 = pg < p1 < --- < p; < --- the eigenvalues of the
canonical sphere S™, m; the multiplicity of y; and o = Z m; (note that we have

0<i<k
or = O(n¥) and my, = O(n*)). We also denote 0 = \g(M) < A\(M) < --- < \(M) <
-+ the eigenvalues of M counted with multiplicities.

Theorem 1.7. Let ¢ > max(n,4), p > 2 and A > 0 be some reals. There exist some
positive functions C' = C(p,q,n,A) and o = a(q,n) such that if M satisfies (P,.) and
Vol M||H|y < A then for any k such that 201,C%F < e7, the interval

[(1 — e/miCF) | H |3k, (1 + e y/my %) | H|[3 ]
contains at least my, eigenvalues of M counted with multiplicities.
Moreover, the previous intervals are disjoints and we get

Ni(M) < (1+ sa\/kak) | H||2):(S™) for any i < o — 1,
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and if A, (M) > (1 + e®/mC*) || H ||34u; then
IXN(M) — | H|3M(S™)] < e*/mCF| H|3A:(S™)  for any i < op — 1.
Remark 1.8. In the particular case of extremal hypersurfaces for Pinching (A,c),
Theorem 1.7 implies that
nlH3
1+¢
and so we must have the n+ 1-first eigenvalues close to each other. Compare to positive

Ricci curvature where Ay, close to n implies A1 close to n, but we can have only k
eigenvalues close to n for any k <n—1 (see [1]).

<A(M) < K X1 (M) < (L4 C(n)e*)n||H|)3

Note that Theorem 1.7 does not say that the spectrum of almost extremal hyper-
surfaces for Inequality (1.1) is close to the spectrum of an Euclidean sphere, but only
that the spectrum of the sphere S = X + m -S™ asymptotically appears in the spec-
trum of M. Our next two results show that this inclusion is strict in general (we have
normalized the mean curvature by || H||2 = 1 for sake of simplicity and E(z) stands for
the integral part of x).

Theorem 1.9. For any integers l,p there exists sequence of embedded hypersurfaces
(M) of Rt diffeomorphic to p spheres S™ glued by connected sum along l points, such
that ||H, .o < C(n), |Byl, < C(n), 1] = 1| = 0. [[|H;] = 1]|, = 0, and for any
o € N we have

Ag(Mj) = Ap(z)(S").
In particular, the M; have at least p eigenvalues close to 0 whereas its extrinsic radius
1s close to 1.

Theorem 1.10. There exists sequence of immersed hypersurfaces (M) of R dif-
feomorphic to 2 spheres S* glued by connected sum along 1 great subsphere S™2, such
that ||Hjllo < C(n), |Bjlly < C(n), |||X;] - 1HOO — 0, |||H;] = 1||, = 0, and for any
o € N we have

Ao (M) = Ap(z)(S™9),
where S™? is the sphere S" endowed with the singular metric, pulled-back of the ca-
nonical metric of S* by the map 7 : (y,z,7) € S x S"2 x [0,%] — (y%,z,71) €
St x "2 x [0,5], where S' x S"7% x [0,%] is identified with S" C R* x R""! via
the map ®(y, z,r) = ((Sin )y, (cos r)z). Note that S™% has infinitely many eigenvalues
that are not eigenvalues of S™.

Remark 1.11. Theorem 1.9 shows that Pinching (A, ;) is not implied by Pinching
(Ppc) nor Pinching (Rp.), even under an upper bound on ||B|;,.

Remark 1.12. It also shows that almost extremal manifolds are not necessarily dif-
feomorphic nor Gromov-Hausdorff close to a sphere. We actually prove that the (M)
can be constructed by gluing spheres along great subspheres S¥ with k; < k <n—2 and
with || Bj||n—r < C(k,n) (see the last section of this article).

In [5] and [16] it has been proved that when the L>-norm of the second fundamental
form is bounded above, then almost extremal hypersurfaces are Lipschitz close to a
sphere S of radius m (which implies closeness of the spectra). In view of Theorem

1.9, we can wonder what stands when || B||, is bounded with ¢ > n.
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Theorem 1.13. Let ¢ > n, p > 2 and A > 0 be some reals. There exist some po-
sitive functions C = C(p,q,n,A) and o = (g, n) such that if M satisfies (P,c) and
Vol M||B|ly < A, then the map

1
[[H]|
1

n

77]

2
X

Xe
is a diffeomorphism and satisfies ||dF (u)? — |ul?| < Ce®|u|? for any vector u € TM.

F : M —
[ —

Hl2 |

The structure of the paper is as follows: after preliminaries on the geometric inequal-
ities for hypersurfaces in Section 2, we prove in Section 3 a general bound on extrinsic
radius that depends on integral norms of the mean curvature (see Theorem 1.6). We
prove Inequality (1.4) in Section 4 and Inequality (1.5) in Section 5. Theorem 1.13 is
proven in Section 6. Section 7 is devoted to estimates on the trace on hypersurfaces of
the homogeneous, harmonic polynomials of R"*!. These estimates are used in Section
8 to prove Theorem 1.7 and in section 9 to prove Inequality (1.6). We end the paper
in section 10 by the constructions of Theorems 1.9 and 1.10.

Throughout the paper we adopt the notation that C(p,q,n,A) is function greater
than 1 which depends on p, ¢, n, A. These functions will always be of the form
C = D(p,q, n)AB(q’”). But it eases the exposition to disregard the explicit nature of
these functions. The convenience of this notation is that even though C might change
from line to line in a calculation it still maintains these basic features.

2. PRELIMINARIES

Let X : (M",g) — R""! be a closed, connected, isometrically immersed n-manifold
(n > 2). If v denotes a local normal vector field of M in R"*! the second funda-
mental form of (M™", g) associated to v is B(-,-)=(V%,-) and the mean curvature is
H=(1/n)tr (B), where V° and (-,-) are the Euclidean connection and inner product
on R,

Any function F' on R™! gives rise to a function F' o X on M which, for more
convenience, will be also denoted F' subsequently. An easy computation gives the
formula

(2.1) AF = nHdF(v) + A°F + V%F(v,v),

where A denotes the Laplace-Beltrami operator of (M,g) and AP is the Laplace-
Beltrami operator of R"™!.  Applied to F(z) = z; or F(x) = (x,z), Formula 2.1
gives the following

(2.2) AX; =nHy;, (AX,X)=nH(v,X)
(2.3) %A|X|2 — nH (1, X) —n, / H (v, X)dv = Vol M
M

These formulas are fundamental to control the geometry of hypersurfaces by their mean
curvature.
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2.1. A rough bound on geometry. The integrated Hsiung formula (2.3) and the
Cauchy-Schwarz inequality give the following

H{v, X)dv —
(2.4) SU SR < el X - X, = Il nf | 1X — ull

This inequality ||H||2[|X — X||2 > 1 is optimal since M satisfies
I8 112]| X — X]|, =

if and only if M is a sphere of radius m and center X. Indeed, in this case X — X

and v are everywhere colinear, hence the differential of the function | X — X!Q is zero
on M. Equality (2.3) then implies that H is constant on M equal to | X — X|7 1.

2.2. Hasanis-Koutroufiotis inequality on extrinsic radius. We set R the ex-
trinsic Radius of M, i.e. the least radius of the balls of R”*! which contain M. Then
Inequality (2.4) gives

|Hll2Reat > | H |12l X = Xllz = [1H]l2_1nf X —ullz
(25) ||HH2Rea:t =

1
and when R, = THT

we have equality in (2.4), i.e. M is a sphere of radius T

2.3. Reilly inequality on )\;. We translate M so that X = 0. By the min-max
principle and Equality (2.2), we have

/\1||X||2 Ju (X, AX)dv Hdev_ HUXdU
n 2 S nVol M VolM C VolM

where A; is the first nonzero eigenvalue of M. Combined with Inequality (2.4), we get
the Reilly inequality

(2.6) A1 <

n 2
Vol M /MH dv.

Here also, equality in the Reilly inequality gives equality in 2.4 and so it characterizes

. 1 _ _
the sphere of radius TG = |1 X2 = \/%

3. UPPER BOUND ON THE EXTRINSIC RADIUS

In this section we prove Theorem 1.6.

Proof. We translate M such that X = 0. We set ¢ = || X| — || X||2|. We have |dp?*| <
20?1 hence, using the Sobolev inequality (see [12])

(3.1) I£1l 2, < K (n)(Vol M) (|ldf [l + [[H £]1)



we get for any o > 1
1 _
loll 23 PR < K(n)(Vol M)» (204”90‘@3—% + | He™ 1)
1
< K(n)(Vol M) (2allell36=1 + [ H [lqll | zaq)

1 _
< K(n)(Vol M)w (2alolltaty, + 1 H llgllelloollollEoatyg )

q—1 q—1

1 _
< K(n)(Vol M)w (2a + [ H gl ]l o) o1l Eoats

q—1

_ n(g=1) _ o, gl n — 24
We set v = = and o = ay 57 T 2, where ap11 = va, + %5 and ap = i (i.e.

vP—1 n

ap = ag? + ). The previous inequality gives

v—1 n—1
O‘Pi a q;l + 1 n ap
(Hﬁp”apH)l,pH < (K(n)(VolM)%( P q + HHHq))Vp-s-l(nfl) <||90Hap>up
el el el
Since ¢ > n then v > 1 and L converges to ag + -I'~ and we have

q—n

1

| < (”90Ha0>2ﬁ<2[{(n)(VolM) (II =+ Il ))

lol) U

v

_ (usonao)?@ o) (2K ) (VoL M) (i + 1))

ol
2lleo\? (e a1 e
— Clg.n Vol M)# +||H
(am) (o) ((VoLan (o +11E 1))
ol \ 242 1 o
< C(q, Vol M) (—— + |H
@m(grs) T ((VOL07 (o + 1)

hence we have

nq
Il < Clam) (VoI M) (e + 11)) ™ el

We set v = I lelleo = 1 H |l T ||<p||21+W then we get the result since we have

2(q n)

I¢lloc < Clam) (VoL M) (IH T lpll3™ + 1) ) Iol
1
< Olg,m) (VoL MY 1) (1XI5 + 213 ) el

where we have used that [[H|4|| X2 > 1. We infer the result from the equality
Xl \1/2 . :

llelle = fHXHQ( IXHI) 21 lelloo < ||HHq 1erngHl‘“’, we get immediately the

desired inequality of the Theorem from the above expression of ||¢||2 and the fact that

[H]lgl| X1}z = 1. O

4. PROOF OF INEQUALITY (1.4)

Let M be an isometrically immersed hypersurface of R"*!. We can, up to translation,
assume that |[ 1 Xdv = 0. By the Hélder inequality and Pinching (F,.), we have
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2 2

1—2 2
11Xl < (1 +¢) < A+ ) HIp1 X 2. < A+ ) HIlp1 X[, "I X3, hence

X1 . p e
_ <((14¢e)r2 —-1) L 2r—2¢
X, S @+ -1 <05

On the other hand applying Inequality (3.1) to f =1 we get
(4.1) 1 < K(n)(Vol M) ||H||y

And combining the two above inequalities with Theorem 1.6 and 1 < ||H||2]|X||2 < 1+¢
H C(p, q,n )A v/ 604((1,").
||H||2 > I1H |2

we get (1.4). More precisely we have H|X | —

Remark 4.1. Combining (4.1) with Inequality (1.4) we get
(42) |1 Xllse < C(p,q,n) A" (Vol M)M"
Lemma 4.2. For any 0 < € < 1 if (P,.) is satisfied, then there exist some positive

functions C(p,q,n), a(q,n) and f(q,n) so that the vector field Z = v — HX satisfies

r)

(4.3) 1Zll, < Cpy g m) (1 + APTaD  for any r € [2,0).

Proof. By the Holder inequality we have for any r € [2, q)

a(r— 3) 2(a— ;) 2(q— ;“)
1Z1l- < 1Z11g "2 121157 < (1 + [ X [0l Hlg )T‘q 2>HZH“4 )

2(g—r)

< O+ Xl Hll) T2 2157

By remark 4.1, we have || H|4||X |l < C'(p,q,n)A™ . Then

2(g—r)

1Z]l- < C(p,q,n)A%|| Z]5"*?

Moreover by integrating the Hsiung-Minkowsky formula (2.3) we have
1218 =1 = gy | H ) do+ X1 < =1+ | HIBIX
which, by Inequality (1.4), gives ||Z||3 < C(p, g, n) ABam)calan), O

5. PROOF OF INEQUALITY (1.5)

Since we have 1 = 57 [5, H(X,v)dv < ||[H|2|[(X, v)||2, Inequality (Pp,c) gives us
[ X2 < (1 + &) I(X, ]2, < [H2ll X2 < 1+,

and so

Hv _
[X — (X, v)vf, < V3| Xy, [[X - Wllz = X3 = 151137 < V3e [ X,
2



By Inequalities (1.4), this gives

|22 = 23], < [[H2 = I XPIHI]], + (X P = 1HI5]],

H2
= 11 (1l g = X P+ X7

T Hy C AV/nee 1
< ||H 4( X||,|| X = (X >)
11l (e + XX = g e + g, X+

1
< |HA(V3e|| X X AV/mea
| Hz( 3| Ha(HHHHQHﬁH l2) +CAY"e HH\%>

1
HHH%HI)

< oA | HI3

_ IH>— | H3]l, y/n o
Hence we have |||H| HHHng < T < CAY"e®||H||2. Moreover we have

H|H|—||H\|2Hq < 2||H||, < 2K (n)||H||5(Vol M)#||H]| . Hence by the Holder inequality,
for any r € [1,q) we have

—r a(r=1)
1 = Al ], < (1] = 1l ],) =D (17 = [1H]2]],)

a(g—r)
< C(p, q,7,n) AP@rm) 76— || H ||

6. PROOF OF THE THEOREM 1.13

Let u € TM be a unit vector and put ¢» = | X | where X | is the tangential projection
of X on TM. For ¢ small enough we have from (1.4) |X| > m and then the

application F' is well defined. We have dF'(u) = \|H||12\X| (u— <|XX’|7§>X) (see [5]), hence
for any o > 1

1 (u,X)?
=25 [X]*

L 1 | ’2
[ X2 | 1H 3
Ce” 9112,

< +
[ XPPIHNZ [ HIEX]

(6.1) ldFz(w)]* = 1] <

Now an easy computation using 1.4 shows that |d¢| < |(X,v) B — g| < %Mﬂ +

n. Now using the Sobolev inequality 3.1 and the fact that v, < (Vol M)Y"||H]||s <
(Vol M)V | H||, < (Vol M)Y/™|| B, < AY™ (see 4.1), we have

1%, < K (V010" (20 o Bl + 20m + A ] 15
q—1
< K(n) (2004° (Vo MYY" 4+ A" o) o625,
q—1

And similarly to the proof of the theorem 1.6 we obtain

(Vol M)V AB
%]

[9lloc < Clg;m)( + A7 [19l2
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And using the fact that ||¢|eo||Hll2 < || X||ool|H|l2 < 1+ C and A > v, we get
p(_ 1\’ i

¥l < CA° otz ) 1 that s

[¥l2

#2113

Now since ||[¢]2 = [| X — (X, v) V|2 < V3¢ X||2 and ||H||2|| X ]2 < 1 +¢ we deduce that

[lloo < CA? ca(en) - And reporting this in (6.1) and using (1.4) with the fact that

T
| X| > gy we get ||[dFu(u)|? — 1] < C AP,

Il < 47

7. HOMOGENEOUS, HARMONIC POLYNOMIALS OF DEGREE k

Let H*(R"*1) be the space of homogeneous, harmonic polynomials of degree k on
R"*1. Note that H*(R"!) induces on S" the spaces of eigenfunctions of AS" associated
to the eigenvalues py := k(n + k — 1) with multiplicity my, := (n +Z B 1) nt2k-1

n+k—1
(see [3]).
On the space H*(R"*1), we define the following inner product

(P Qs = gisn /S PQUvea

where dv,, denotes the element volume of the sphere with its standard metric. On
the other hand the inner product on M will be defined by

fgdv
,qg) = for f,g € C°(M).
(ho) = | G5 for fo e C=00)
In this section we give some estimates on harmonic homogeneous polynomials needed
subsequently. We set (Py,--- , Py, ) an arbitrary orthonormal basis of H*(R"!). Re-

mind that for any P € H*(R"*!) and any Y € R"*!, we have dP(X) = kP(X) and
V%P(X,Y) = (k—1)dP(Y).

my,
Lemma 7.1. For any x € R", we have ZPZZ(QJ) = my|z|?.

i=1
Proof. For any z € S", Q,(P) = P%(z) is a quadratic form on H*(R"*!) whose trace
is given by > P?(z). Since for any 2/ € S" and any O € O,,41 such that 2/ = Oz we
have Q. (P) = Q.(P o O) and since P ++ P o O is an isometry of H*(R"*1), we have
Y P ) = tr(Qx) = 350 PP (2") = tr (Qur). Now

mp 1
P2(2)dv — P (x
A CER / lo)dy = my = VolS” / Z_:
and so Y% P?(x) = my. We conclude by homogeneity of the P;. O

As an immediate consequence, we have the following lemma.

Lemma 7.2. For any xz,u € R, we have

mg

Z(dwpi(u))Q — (%‘x|2(k—1)|u’2 L (k2 - %) <u7x>2’x‘2(k—2)> '

i=1
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Proof. Let x € S™ and u € S™ so that (u,z) = 0. Once again the quadratic forms
Qzu(P) = (dggP(u))2 are conjugate (since O,y1 acts transitively on orthonormal

my,

couples) and so z:(d:,;l’%(u))2 does not depend on v € z1 nor on x € S”. By choosing
i=1

an orthonormal basis (u;)1<j<, of 2, we obtain that

mp 1 mp n 1 m .
Z(dez‘(U))Q = EZZ(%R(W’))Z = olsh /Sn > VR
=1 i=1 j=1 i=1

1 < n Mo fL
- PAS" P, =
nVol S™ /n ; n

Now suppose that v € R"*!. Then u = v + (u, )z, where v = u — (u, z)z, and we have

mg mg

D (dP(w)* = Y (daPi(w) + k{u, 2)P(x))”
i=1 =1
= " (duPi(v))* + 2k(u, @) > duP;(v) Pi(@) + g (u, )2k
=1 i=1

= %\vlz + my(u, x>2k2 =my (%Mz + (k:2 — %) <u,x>2) ,
n n n

my,

where we derived the equality in Lemma 7.1 to make Z dy Pi(v)P;(x) disappear. We
i=1

conclude by homogeneity of P;. O

my,

Lemma 7.3. For any x € R"™!, we have Z]VOdPi(:E)P = mpoy k|z|?*=2), where
i=1

ang = (k—1)(k? + ) (n + 2k — 3) < C(n)k?.

Proof. The Bochner equality gives

my mp
0 1P (N2 _ 0p apy_ L A0 p 2
;_1 |VUdP;(z)|* = ;_1 <<dA P;,dP;) 2A \da} )

1 _ _
— —§mk(l€2 + Iuk)AO‘X|2k 2 — mkan,k‘XFk 4
Il

Let H¥(M) = {Po X , P € H*(R"1)} be the space of functions induced on M by
HF(R™1). We will identify P and P o X subsequently. There is no ambiguity since we
have

Lemma 7.4. Let M™ be a compact manifold immersed by X in R"*L and let (Py, ..., Py,)
be a linearly independent set of homogeneous polynoms of degree k on R™ L. Then the
set (PLo X, ..., Py oX) is also linearly independent.

Proof. Any homogeneous polynomial P which is zero on M is zero on the cone R*-M.
Since M is compact there exists a point x € M so that X, ¢ T, M and so RT-M has
non empty interior. Hence P o X = 0 implies P = 0. (|
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Formula (2.1) implies
(7.1) AP = upH?P + (n+ 2k — 2)HdP(Z) + V°dP(Z, Z)
In order to estimate AP, we define two linear maps

Ve HEERTY) — (M)
P — dP(V)

and
(V, Wi s HER™L) — C°(M)
P — VPV, W)

where V,W € I'(M) are vector fields.
If L : HF(R"1) — C>(M) is a linear map, we set

LI = Z IL(P)3,

where (P, - -+, Py,) is an orthonormal basis of (H*(R™ 1), . [|gn)-

Remark 7.5. For any P € H*(R™1), we have ||L(P)|]3 < ||IL || ||P]2.-
We now give some estimates on Z;, (HZ)} and (Z, Z2)}.

Lemma 7.6. We have

mkkz _
@ 12311 < g [ IXEEDIZRa
mkk‘ _
(73 IHZRIP < G [ IXPE D8 2P
* mk’ak,n —
(74) 2. 2317 < e [ 1XPE=2)1z1t

Proof. Let (P1,---,Py,) be an orthonormal basis of H¥(R"*1). By Lemma 7.2 we
have

Iz = anP )z < ek [ xreizean
VO]M M

and

l mk’kQ 2(k—1 2 2 /
||| k||| E H ||2 Vol .7”/ ‘ | | ’ v

By Lemma 7.3, we have

7, Z)5|1 04P(Z, 7 \m’“o"“’”/ X122 7144
11(Z, Z)El ;HV (2,2)|3 Vol M Ml | |Z|*dw,

which ends the proof. O
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Lemma 7.7. Let ¢ > n and A > 0 be some reals. There exist a constants C' = C(q,n)
and B(q,n) such that for any isometrically immersed hypersurface M of R" T which
satisfies Vol M| H|[g < A and any P € HF (M), we have

2 - 2
‘IIHllg’“IIPII%*IIP\ISn < Doy (CAP)* 1| Plg,

where D = ||[H? — || H|3]|, | X||% + | HZ||,| X ]|« + 12113 + || Z]]3.
Proof. For any P € H*(M) we have
IVOPI3 = |[dP(@)]3 + |dPI13

= ||dP(2)||3 + K*|HP||3 + —— (2kHdP(Z)P+PAP)dv

Vol M
and from (7.1) we get

IVOP|2 =||dP(2)|3 + / (PVYdP(Z,Z) + (n+ 4k — 2)HdP(Z)P)dv
M

Vol M
+ (uk + k)| HP|l3

:voiM /M<(Nk + K2 (H? = [ H|B)P? + (n + 4k — 2) HAP(Z)P ) dv

0 2 2 2 2
+ VOlM/M PV dP(Z, Z)dv + (u + K7) [ H 2] Pllz + [|dP(Z)]]2

Now we have

(7.5) |vop

n 2

2= [P R IPIR = G 2 1P

Hence

IH 32 IVOPI3 — [|VOP5, = (e + k) (IHIZFIPIZ — |1PI) + [ HIZ|dP(2)]13
H 2k—2

+L P((Mk + k%) (H? - || H|)3) P + H(n + 4k — 2)dP(Z) + VdP(Z, Z))dv
VolM Ju

Which gives

(7.6)

2
IHIBENPIZ 1Pl <

i - o,

||H||2'f ’
+ k2
IIHH% ? 2 2| p2
H* — ||H|3|P°d
+otar L 1H = IHE PR
Note that, by Lemma 7.1 and Remark 7.5, we have

2 24 ”Puén 2 21 2
Vorar [ = P < G | | Il e

VolM [y

k 2
<m| XNZNH? = [ H 3] 1P lg

(<n + 4k — 2)|(HZ)iP, P)| + | Z2(P) 3 + |(Z, 2)iP, P)| )
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which, combined with (7.6), gives

2k 2
I3 P13 = [1Pllsa | <

(3290 PI3 — ||V,

k+ /<;2
+mkHHH2k 2HXH%HH2 L |3111 1P |30
5 (n+ ) I CHZ)E P2 + 128 17 1P llsn + 112, 2)7 M [ Pl2
p + k
Now, as above, we have
(7.7 1Pl < [SSIPIE 1Pl < \/ it [ X P,

and from Lemma 7.6, we get

HHugk_Z ”PHS” 4k ) H7Z)* P T 2 P 7.7 * P
P (n+4k =2) || (HZ)p 1Pz + 12 17 [1Pllsn + (2, Z2)5 M 1P]]2
< Cn)mi(|H 2 X Nloo)* U X ol HZ 12 + 12113 + 121D P 1130
and
IE 351 P13 — 1Pl | <—|IHIZ2IV°P|3 - | V°P||5.
kTt k
2k—2
(HXHooHH||2) miC(n)D || P||3n
with

D = (|12 = 3] X 12 + | Z] )X e + 1213 + |2]]3)
In particular for k = 1, we have |V°P| constant and so
I3 = [Plise] < maC(m)DI|Pgn

2
Let Bj, = Sup{ [1H ||3’“l|l|f;\|\é;||Pllsn| | P e HFRM)\ {0}}. Then using that VOP €

HFL(R™ 1) and (7.5), we get for 1 <i <k
2k—2
Bi < Bt + mu (| X [loo | H|l2) ™~ C(n) D < C(n) Do (|| X |0 | H 2)
We conclude using Theorem 1.6. O

2k—1

8. PROOF OF THEOREM 1.7

Under the assumption of Theorem 1.7 we can use Lemma 4.2, Theorem 1.6 and
Inequality (1.4) to improve the estimate in Lemma 7.7.

Lemma 8.1. Let ¢ > max(4,n), p > 2 and A > 0 be some reals. There exist some
constants C = C(p,q,n), o = a(q,n) and = [(q,n) such that for any isometrically
immersed hypersurface M of R satisfying (P,:) and Vol M||H |y < A, and for any

P € H¥(M), we have
IEBIPIS — IPN3 | < e®on(CA%) || Pl5. -

This allows to prove the following estimate on AP.
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Lemma 8.2. Let k be an integer such that e®o(CAP)* < 1 and P € HM(M), we
have

|AP = i HIZP||, < e (CA® =2 3P
Proof. From Formula (7.1), we have
IAP — || HIZP 2 < [l (H? = | HI3) P2+ (n+2k = 2)[| HIP(Z) ]2 + || V°dP(Z, Z) |12

If %0, (C AP)?* < 5 we deduce from Lemma 8.1 that |P||3. < 2|H|3*||P|j3. And using
Lemma 7.1 and Inequality (1.4), we have

R
Vol M

i (HZ = | H3)PI3 < 1P 8 /M [H? — |[H |3 X" dv

2pipmy
= Vol M

where the last inequality comes from Inequality 1.5 and the Holder Inequality. By
technical Lemma, of Section 7, we have

2k
IPUZ (11 11201 X ]l oo ) /M(H2 — [ H|3)*dv < (CAP)* e uomys || H || P13

9 myk?

5" Vol M
< e (C AP || HI3| PI3

IV°dP(Z, 2)|3 < 1(Z, Z); 17 I1P]3e < mpcenl| X254 2111 P20
< (CAP) e mypou | H |31 P13

1HdP(Z)I[3 < || Pl (Il (HZ)i[I1* < |12 1X11%72 /M H?|Z|dv

which gives the result. O

Let v > 0 and E} be the space spanned by the eigenfunctions of M associated to an
eigenvalue in the interval [(1—e®\/mpCF — V)| H|3py, (14 /miC* + v) || H 3] If
dim EY < my, then there exists P € H¥(M) \ {0} which is L?-orthogonal to EY. Let
P= Z fi be the decomposition of P in the Hilbert basis given by the eigenfunctions

(2
fi of M associated respectively to A\;. Putting N :={i | f; ¢ E}}, by assumption on
P we have
k 2
(C*ymie® + )| H il PI3 < D (N = [H13m) I fill3 = |1AP — e | HIZP3
iEN
2 ~2k 4.2 2

< O™ mi | H |52 (| P2
which gives a contradiction. We then have dim £} > my. We get the result by letting
v tends to 0.

9. PROOF OF INEQUALITY 1.6

We can assume 1 < 1 and ||H||2 = 1 by a homogeneity argument. Let z € S™ and set
V™(s) = Vol (B(z,s) NS"). Let 8 > 0 small enough so that (1 +7/2)V"((1+28)r) <
(1+n)V™(r) and (1 —n/2)V™((1 —28)r) = (1 —n)V"™(r). Let fi : S® — [0,1] (resp.
f2 + S" — [0,1]) be a smooth function such that f; = 1 on B(z,(1 + B)r) NS"
(resp. fo = 1 on B(z,(1 —2B)r) NS") and f; = 0 outside B(z, (1 + 28)r) NS"
(resp. f2 = 0 outside B(z, (1 — 8)r) N'S™). There exists a family (P}.)r<n such that
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Pi e HF(R™) and A = supgn | fi—>_pcy Pi| < |Ifill32n/18. We extend f; to R™T\ {0}
by fi(X) = fi (IX\) Then we have

1
1| — Pl<h+ L+ 1
18— s [ AP| <Dt B e
where
12 —k
k<N
1 —k pi\2 702
I MO AR
k<N k<N
and

[ [ (G- 7))

On S™ we have |f2 — (3 ,<n PL)?| < A(2supgn | fi| + A) < ||fill3.n/6 and on M we
have

_ X \2
- (3 I | =) - (%Pk(w) | < Ifil3n/o

Hence I7 + I3 < || fil|3.n/3. Now

PiP},
b< o | z I D) LA A -
&
VOlM M |X’ k<N Vo IM M 1<htk <N ’ ‘
< - _||H 2k Pl 2d
VolM/M )3 e~ 1
1 k+k' | | pi pi
Z XFe 1H 5 | PPy | dv
VO]M M1<k;ék’<N‘ X|
2k || pi )2 i||2 ||H‘|k+k/ i pi
+ > IEBNEB - 1B+ Y Sohr | Fibide
k<N 1<k#K' <N M
From (1.4) we have ‘W — ||H |5 < NCNe®||H||5+* . From this and Lemma 8.1,

we have

k4K

; 112 H

b < VOV YD IHIFIFR e Y oo AL+ Y W
k<N k<N 1<k#k'<N

/ PiPjdv ’
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and, by Lemma 8.2, we have

HI2(up — g . PiAPE, — ||H||2u, P,
|13 i uw/ Pépéldvlg/ [PL(AB, — | H 3 Pl
M M

Vol M Vol M
LG LT
M VOIM

<N Pill2l| AP — 1 H (1 pa P ||, + 1P 2| AP — | H 1|30
<

2y/mypunCN e H 3] P12 Pill2

under the condition e*onyC?N < % Since pp — g = n when k # k', we have

1 o ) N . .
ez /M PLPdo| < 2w O e P 2] Pl
hence

L < N2CN® S| H|SF|PiS + e Y ok C || P
k<N k<N

2 S .
+ E\/WTNMNCNEQ o IHIST Pl P2
1<k£k' <N

< Dne® S HIFENPLE+ 2 3 on 0 || P2,
k<N k<N

< S (D (1 + %0, C%) + 0, C%) || Bi[2, < Diye®
k<N

2
lsn

Where we have used the fact that H Z P,éH;n is bounded by a constant. We infer that
k<N

o a o V(=28 _ |IfillEnn
lf 9 < 6D§VV01 Sn < 6D§V 5 then we have

1
2 12| < 112,
140 - v /Snlle | <nllfil. /2

Note that N depends on r and 8 but not on x since O(n + 1) acts transitively on S™.
Eventually, by assumption on f; and fo and by estimate (1.4), we have

Vol (B(z, (14 8)r — Ce*) N X(M))

Ay — < A2 < (1 + /2| Al
<1+ n/%W <@+ n>‘v/;(§2
Vol (Blz, (1 = B)r + Ce) O XAD) o 5125 (1= n/2)1 7ol
Vol M Z g 8
Vo= 28)n) V()

> (0= —<gen 2 0= Migs

And by choosing £ = min (%, %) we get

Vol (B(z,r) N X(M))  V™(r)
Vol M Vol S”

V" (r)
S oIse
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10. SOME EXAMPLES

We set I. = [, 5] for e > 0 and let ¢ : I — (—1,+400) be a function continuous on
I. and smooth on (g, §]. For any 0 < k < n — 2, we consider the map
(DSD . Snfkfl % Sk % Ia N Rn+1 — Rnfk oy Rk+1
z=(y,z,7) > (14 ¢(r))((sinr)y+ (cosr)z)
which is an embedding onto a manifold X, C R, We denote respectively by B(yp)
and H(y) the second fundamental form and the mean curvature of X,. We have

Lemma 10.1. Let x = (y,2,7) € S" 1 xSk x I, ¢ = ®,(z) and (u,v,h) € T, X..
Then we have

nH() = (2 + (1+9)2) 2 [=(1+ 0(r)e"(r) + (1+ 9()? + 20°(r)]

2 2\—1/2
) [t k= 1) cobr + (= {1+ 60)) + Kl o]
[Bq()| =
(14 ()" ¢ ¢ () = (L+)¢”
(1 N (lﬁ’&;)y)l/? max(}l — 7 o cotr‘, ’1 + 1+ tanr’, ‘1 + P 1+ SO)Q D

Proof. Let (u,v,h) € T;:S: and put w = d(®y),(u,v,h) € T, X, where S, = SP=F=1 x
Sk x I.. An easy computation shows that
w = (14 ¢(r))((sinr)u + (cosr)v)
(10.1) + ' (r)((sinr)y + (cosr)z)h + (1 + ¢(r))((cos )y — (sinr)z)h
We set

Ng = —¢/(r)((cos)y — (sin)z) + (1 + ¢(r))((sinr)y + (cosr)2)

N,
and N, = d 7 is a unit normal vector field on X,,. Then we have
(@2 + 1+ 9)2)Y
_1 2 ~
By(p)(w,w) = (VON,w) = (¢ + (1 +¢)?) (VN w)
n+1
(10.2) = (¢ + 1+ 9)2) (Y wW)ar,w)
i=1

where (9;)1<i<nt1 is the canonical basis of R"*1. A straightforward computation shows
that

Z w(NHY8; = — ¢/ (r)((cos r)u — (sinr)v) 4 (1 4+ ¢(r))((sinr)u + (cosr)v)

— " (r)((cosr)y — (sinr)z)h + 2¢'(r)((sinr)y + (cosr)z)h
+ (14 ¢(r))((cosr)y — (sinr)z)h
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Reporting this in (10.2) and using (10.1) we get
1

By (p)((u,v,h), (u,v, h)) = ST o [_4)0’(74)(1 + go(r)) sinr cos r(Jul? — |v]?)

+(1+ 4,0(7"))2(51112 7"|u|2 + cos? r|v|2) — (1 + ap(r))cp"(r)hQ + 2@/2(r)h2 +(1+ go(r))2h2

Now let (u;)1<i<n_k—1 and (v;)1<i<x be orthonormal bases of respectively S?—+~1

and S* at z. We set g = ®%can and § = (0,0, 1), then we have

at y

g(ui,uz) = (1 +o(r ))2 sin®rég;,  g(vi,v5) = (14 @(r))* cos® rég,  glus, v;) =0,
9(6,6) = ¢ + (1 +9)?, 9(ui, §) = g(v5,€) = 0.

Now setting @; = d(@w)w(ui), 0; = d(®y).(u;) and €= d(®y,)z(€), the relation above
allows us to compute the trace and norm

— o B 8, (B ), |BIE &)
[By()] = max (m; T g( L L)
— L _ () = 1+ )"
N CP'Q+(1+<P) <|1 24 (1+ )2 D
of the second fundamental form. 0

To prove Theorem 1.9, we set a < {; and define the function ¢. on I by

(r) / ife<r<a+e,
1/ (n—k—1)
pe(r) = ug(r) ifr>a+e,
b if r > 2a+¢,

where u. is chosen such that . is smooth on (e, §] and strictly concave on (e, 2a + €],
and b. is a constant. We have f.(a +¢) — 0, fl(a+¢) = 0, f/(a+¢) — 0 and so
b — 0 as ¢ — 0. Hence b can be Chosen less than % and u. can be chosen such that
@e tends uniformly on I. and ¢, — 0, ¢” — 0 uniformly on any compact of (e, §].

Note that . satisfies
(n—k—1)(1+¢2)

(10.3) ol = — . ol on (g,a+ ¢l
Moreover we have p.(¢) = 0 and %im oL(t) = +oo = —11€1m<p '(t). Moreover, we can
—E *>€

define on (—b,b.) an application @, so that @.(t) = p-1(t) on [0,b:) and @.(—t) =
Pe(t).

Now let us consider the two applications ®,. and ®_,_ defined as above, and put
M = X, and M7 = X_,,_. Since ¢, satisfies the equation yy” = (n—k—1)(1+(y')?)
with initial data @-(0) = e and @L(0) = 0, it is smooth at 0, hence on (—b,b.),
and so M¥ = MXF U M- is a smooth submanifold of R"*!. Indeed, the function

F.(p1,p2) = |p1]* — |p\2sin2(<ﬁg(\p| — 1)), defined on
U={p=(p1,p2) ER"F @R /p; £0,ps #£0, b +1 < [p| < b+ 1}
is a smooth, local equation of M* at the neighborhood of MF N M> which satisfies
VF.(p1,p2) = 2p1 cos® € — 2pasin’e # 0
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on M N M.
We denote respectively by H. and B., the mean curvature and the second funda-
mental form of MF.

Theorem 10.2. ||H.||,, and ||B.|,_, remain bounded whereas ||[H. — 1|1 — 0 and
1X] - 1HOO — 0 when € — 0.

Remark 10.3. We have || B.||; — 0o when e — 0, for any ¢ > n — k.

Proof. From the lemma 10.1 and the definition of ¢., H. and | B;| converge uniformly
to 1 on any compact of M*\ M} N M. On the neighborhood of M2 N M, we have
n(H.), = nhE(r) and nhE < hfg + his + hg'fe, where

(P2 + (L p)H)71/2 k m
hzi’e(r) = kT T %5 oL tan(r) < T tan o
hEo(r) = (n = 1)(g2 + (1 £ )22
_ +1
(P2 + (1 pe)) (L 0) +207) < T
— Ug

and by differential Equation (10.3) we have

(2 + (1L Ep))

P = |-k - 1) pLeot(r) + (¢ + (1% 9o)?) (1 o)l

L+ e
(02 + (1 £ p)H)7 12 1
< (n— k=) E 2t eor(r) —
n—k—11(¢2+ (1 £ p:)?)~1/2 _
P i RO T 2 () )1+ )
g

n 1
STo0 (? - COW))
n (2 + (1+p.)2) 2
r(1+ @)

n /1 n 2+ e '3
e (d o)) 4 :
1_ bs (7" CO (T) + r(pEl i ©e [80/52 n (1 4 @5)2]3/2

n 1 n 2+0b
< ~ — cot(r)) + =
1—b5<r cot(r) +r%1—b5

L2 + (L) — (L) (1 + ¢2)

dt
Since Pe _ &

r/e dt < r /e d 1 fx dt Inx t
= N 1 - ~ -,
r rJ1 20n—k=1) _1 € Jy ma wJ1 pEg oo Ty WO EC
that hfa is bounded on MF, hence H. is bounded on M.. By the Lebesgue theorem
we have ||H. — 1]|; — 0.
We now bound ||Bc||; with ¢ = n — k. The volume element at the neighbourhood of

M+ N M- is
/
(10.4) dvg. = (1 £ )" (1 + (L)Z)l/2 sin®* 1 (1) cos® (1) dvp g1 dogdr
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where dv,_j_; and dvy, are the canonical volume element of S**~1 and S* respectively.
By Lemma 10.1 and Equation (10.3), we have
1

A
q
(P2 4 (1 £ ¢:)?)2

1+

/
| Be|%dvg, = max(‘l 1 iipe cot r

1+

tanr

) Y

|1 n ‘P? +(n—k—1)(1£p)(1+ ‘P?)Sﬁls/r‘)rdv
P2+ (1 £ ¢c)? o

Noting that ﬁ < min(1,z), it is easy to see that, if we set h. = min(1, |©L|)

1- o cot 7| < 1 e cotr
Vo2 + (19?2 + (1£p.)? Vitam +11 ¢
Pe
1 he cotr

< +
1— e (1 - @6)2

<afiel)
r

Similarly for r € [e,7/5 + €] and € small enough, we have

/

|1 + 1ifps tanr‘
2 + (1 £ )2

< 4(1+ hetanr) < 8(1+ hor) < 8(1+ E)
.

And since ¢L = 0 for r > w/5+ ¢, this inequality is also true for r € (¢, 7/2]. Moreover

‘1 N 2+ (n—k—1)(1+¢.)(1+ wf)%/r‘
©2 + (1 £ )2 ©2 + (1 £ ¢.)?

1 o n(L+¢)(1+¢P) =4
Tltpe (P4 (1)) @2 (TEee)? (92 4 (14 @c)?)?

< 2 . nh (1+ @)1+ ¢?)
S =+ e T(l - 805) 90/52 + (1 + 908)2
2 2nh5 (14 )2
\1i<p5 r (1 — )2
h
<2(2+975)

r

It follows that

h
| B:|%dvy. < C(n,k)(1+ :)qdvge
/
< q -1 1 ()05 L
C(n,k)(r + he)r ( + 1i%)dvn p—1dvgdr
_ 1
< C(n, k)yr t(r+ hs)q<1 + \/(T/E)Q(n—k—l) = 1)dvn_k_1dvkdr
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Now

22(n—k—1) ¢
/ | B:|%dvg, < C(n, k) (/ r1 (1 + ! )dr
M} e V(r/e)?n=k=1) —1
2a+z—: 1 q
+ nekel (4 d
/2<—>T ( ry/(r/e)2n—k=1) — 1) T>
2@

comb([ (1 st [ e e L))

1 2(n—k—-1) _ q Sn—k=1)

-1
Since e @ < 25—”’ + 1 for € small enough we have

-1
q

€ 2Snfk71 2a/e+1
/ |B€‘qdvgs < C(n, k) (1 + / 1 ——ds+ /1 28n_k_16qu>
ME 22(n—k-1) 89 e a
< C(n, k) (141
which remains bounded when ¢ — 0. O

Since (. is constant outside a neighborhood of M N M= (given by a), MF is
a smooth submanifold diffeomorphic to the sum of two spheres S along a (great)
subsphere S* C S™.

If we denote ]\;[ak one connected component of the points of M¥ corresponding to r < 3a,
we get some pieces of hypersurfaces

that can be glued together along pieces of spheres of constant curvature to get a smooth
submanifold M,, diffeomorphic to p spheres S glued each other along [ subspheres S;,
and with curvature satisfying the bounds of Theorem 1.9 (when all the subspheres have

dimension 0) or of Remark 1.12.

Since the surgeries are performed along subsets of capacity zero, the manifold con-
structed have a spectrum close to the spectrum of p disjoints spheres of radius close
to 1 (i.e. close to the spectrum of the standard S™ with all multiplicities multiplied
by p). More precisely, we set 7 € [2¢, 55], and for any subsphere S;, we set N; ;. the
tubular neighborhood of radius 1 of the submanifold S; = M; ; N M_,; in the local
parametrization of M, given by the map ®,,_, associated to the subsphere S;. We have
M. = 5U---UQy . UNypcU---UNp - where €0, - are the connected component
of M\ U;N; 5. The ;. are diffeomorphic to some S;, (which does not depend on ¢
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and 1) open set of S” which are complements of neighborhoods of subspheres of dimen-
sion less than n — 2 and radius 7, endowed with metrics which converge in C' topology
to standard metrics of curvature 1 on S;,. Indeed, . converge to 0 in topology C?

. i,+
on [k, T], where S \/(1 + @.i)% + (¢l ;)% = n since it converges in C* topology on

any compact of [e, 5] and since we have

2

Ti,i

o i+

0> / (1= bis)dt = (1% — &)(1 - by.)
€
i 2 dt
n < / (14 b;.)dt _|_/ = (ré’jlt —e)(1+b;e)
c c \/(é)?(n—k—l) 1
+oo dt
+e

1 \/12(n—k=1) _ 1
+

so rZ, — 1 when € — 0. So the spectrum of U;§2;; . C M. for the Dirichlet problem
converges to the spectrum of I1;5;, C II;S™ for the Dirichlet problem as € tends to 0
(by the min-max principle). Since any subsphere of codimension at least 2 has zero
capacity in S", we have that the spectrum of 11;5; ;, C II;S™ for the Dirichlet problem
converges to the spectrum of II;S™ when 7 tends to 0 (see for instance [8] or adapt
what follows). Since the spectrum of II;S™ is the spectrum of S™ with all multiplicities
multiplied by p, by diagonal extraction we infer the existence of two sequences (g,)
and (7,,) such that £, — 0, 7, — 0 and the spectrum of U;Q; ;. .. C M, for the
Dirichlet problem converges to the spectrum of S™ with all multiplicities multiplied by
D.

Finally, note that A\j(M.) < A(Us€2;,2y,¢) for any I by the Dirichlet principle. On the
other hand, by using functions of the distance to the S; we can easily construct on M.
a function 9. with value in [0, 1], support in U;€; , -, equal to 1 on U;€); 2, - and whose

gradient satisfies |dv.]| 9. S % It readily follows that

4 Vol N; o
e Q|2 < (14 4y YolNion,e
1= w2+ lavelf < 0+ 32) 2

To estimate ) ; Vol N; 2, <, note that N; o, . corresponds to the set of points with rhE
i+

o D the parametrization of M. given by ®,_, at the neighborhood of S;, where, as

r

b 'L,:l: . . 'b
above, r., is given by

7,+
r5,2n
/ \/(1 £ pei)? + (pr)? =27
€

it

<2y — €) < 21 (since we have 1 — . ; > 3). By formula 10.4, we have

hence satisfies 3 (r

Tn
Vol Nizne < C(n)/ (1= o)™ /(1= pei)? + (oL )24t
S

+
Tn
) [ Wk e e+ (L e
3

<CMm)An+e)" "ty < Cn, k)n™ "
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where we have used that ¢.; < 2 and 2¢ < 7. We then have

11— 2|y + ldell3 < Cln, K, Lp)n"
To end the proof of the fact that M., has a spectrum close to that of U;Q;,, ... we

need the following proposition, whose proof is a classical Moser iteration (we use the
Sobolev Inequality 3.1).

Proposition 10.4. For any q > n there exists a constant C(q,n) so that if (M™,g)
is any Riemannian manifold isometrically immersed in R"T! and Ex = (fo,--- , fn)is
the space spanned by the eigenfunctions associated to Ag < --+ < Ay, then for any
f € En we have

[ lloo < Cla,m) (VoL M)V (N + |[H ) 12

where v = %qf”n

Since we already know that Ay (M., ) < Ao(Uii g em) = AB(o/p)(S") for any o
when m — oo, we infer that for any N there exists m = m(N) large enough such that
on M., and for any f € Ey, we have (with ¢ = 2n and since ||H||o < C(n))

[flleo < Clp, N, ) £]2

By the previous estimates, if we set
Lam : f € EN — wam-f € H&<UiQianm75m)

then we have

I3 = 1Le,, (OIF = IF1E = 113N = 92, Ml = I3 (L = C ks L, N i)

and
2 2
IiLen (I8 = oy [, 1o+
<
< mIIE+ (g [ e
1 n
<(1+ h)deH% + <1 + )k, Lp, N, | fl155
for any h > 0. We set h = nm . For m = m(k,l,p, N,n) large enough, L. : Exn —
H (Ui ) 18 injective and for any f € En, we have
ldLe,, (N5 _ 2ok [ldf |13 nah

< (1+C(k,l,p, Nyn)nm? )

+ C(ka lapa Na ’I’L)T]

I Le,., (F)II3 1713 "
By the min-max principle, we infer that for any o < N, we have

n—k n—k

Ao(Me,,) < Ao(Uiipem) < (L+C(k, L,p, N,n)nm? YA (Me,,) + C(k, 1, p, N,n)nm?
Since Ao (UiQinarem) = AB(o/p)(S"), this gives that A\s(Mc,,) = Ag/p)(S") for any
o < N. By diagonal extraction we get the sequence of manifolds ()/;) of Theorem 1.9.
To construct the sequence of Theorem 1.10, we consider the sequence of embedded
submanifolds (M;) of Theorem 1.9 for p =2, k =n—2 and [ = 1. Each element of the
sequence admits a covering of degree d given by y — y¢ in the local charts associated
to the maps ®. We endow these covering with the pulled back metrics. Arguing as
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above, we get that the spectrum of the new sequence converge to the spectrum of two
disjoint copies of

(1]

[12]
[13]
[14]
[15]

[16]

(Sl x S"72 % [0, g], dr? + d?sin? rgs1 + cos? rggn_z).
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