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1. Properties of fBm

A Gaussian process B = {B;,t € [0, T]} is called fractional Brownian motion(fBm) of Hurst
parameter H if it has zero mean and the covariance function

1
Ry(t,s) :== E(B:Bs) = 5(tz‘“’ + 21 — |t — 5|2,

for s, t € [0, T]. The fractional Brownian motion has the following properties:

@ Self-similarity: for any constant a > 0, the processes {a~/'B.;,t > 0} and {B;,t > 0} has
the same probability distribution.

9 Stationary increments: Byys — Bs ~ B, s, t > 0.
From these properties, it follows that for every a > 0

E(|B: — Bs|*) = E(|B1|*) |t — s|*"".

As a consequence of the Kolmogorov continuity theorem, we deduce that there exists a version

of the fBm B which is a continuous process and whose paths are -Hdlder continuous for every

v < H. The parameter H controls the regularity of the trajectories of fBm.
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1. Stochastic integral with respect to fBm

The fBm with Hurst parameter H # % is not a semimartingale and then the 1t6 approach to the
construction of stochastic integrals with respect to fBm is not valid.

Two main approaches have been used in the literature to define stochastic integrals with respect
to fBm with Hurst parameter H.

@ Pathwise Riemann-Stieltjes stochastic integrals can be defined using Young's integral [16]
in the case H > % When H € (%, %) the rough path analysis introduced by Lyons [11] is
a suitable method to construct pathwise stochastic integrals.

@ A second approach to develop a stochastic calculus with respect to the fBm is based on
the techniques of Malliavin calculus. The divergence operator, which is the adjoint of the
derivative operator, can be regarded as a stochastic integral, which coincides with the
limit of Riemann sums constructed using the Wick product. This idea has been developed
by Decreusefond and Ustiinel [6], Carmona, Coutin and Montseny [4], Alds, Mazet and
Nualart [1, 2], Alds and Nualart, among others. The integral constructed by this method
has zero mean.
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1. Malliavin calculus for fBm

Let B = {B:,t € [0, T]} be a fractional Brownian motion with Hurst parameter H € (0,1)
defined in a complete probability space (2, F, P), where F is generated by B. We denote by H
the Hilbert space associated to B, defined as the closure of the linear space generated by the
indicator functions {1 4,t € [0, T]}, with respect to the inner product

(1[0,1‘]7 1[0,5]>'H = RH(t’ S), s, te [07 T]

The mapping 1g sy — Bt can be extended to a linear isometry between # and the Gaussian
space generated by B. We denote by B(p) = fOT @+dBt the image of an element ¢ € H by this

isometry.
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1. Malliavin calculus for fBm

For a smooth and cylindrical random variable F = f (B(¢1), ..., B(pn)), with ¢; € H and
f € Cg°(R") (f and all its partial derivatives are bounded), the derivative of F is the H-valued
random variable defined by

n

DF — Z %’;(B(wﬂ; oy Blgn))ej.

j=1

For any integer k > 1 and any real number p > 1 we denote by D¥:P the Sobolev space defined
as the the closure of the space of smooth and cylindrical random variables with respect to the
norm

k
IFIZ, = EQFP) + > E(IDFIEq)).
j=1
Similarly, for a given Hilbert space V we can define Sobolev spaces of V-valued random

variables D¥:P(W).
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1. Malliavin calculus for fBm

The divergence operator § is introduced as the adjoint of the derivative operator. More
precisely, an element u € L2(Q;’H) belongs to the domain of §, denoted by Dom 4, if there
exists a constant ¢, depending on u such that

|E((DF, u)3)| < culFll2,

for any smooth random variable F € S. For any u € Dom §, §(u) is the element of L%(Q) given
by the duality relationship
E(6(u)F) = E({DF, u)n),

for any F € D12, We will make use of the property

Fé(u) = 6(Fu) + (DF, u), (1)

which holds if F € D2, u € Dom § and the right-hand side is square integrable.
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1. Malliavin calculus for fBm

The covariance of the fractional Brownian motion can be written as

tAs
RH(tzs) = / KH(t7 U)KH(57 U)dLl,
0

where Ky(t,s) is a square integrable kernel, defined for 0 < s < t < T. In what follows, we
assume that 0 < H < % In this case, this kernel has the following expression

t

H-1 't
1
Ku(t,s) = cp {() ’ (tfs)Hf% —(H - E)SH*% / uH*%(ufs)H*%du
s
Js
1

1 1
. 2 X— — .
with cy = (m) and B(x,y) := /0 t 1(1 —t) Ldt for x,y > 0. Notice

also that L
oK H=3
o =eut-3) (1) -9
ot
From these expressions it follows that the kernel K} satisfies the following two estimates
oK
TH(t5)| < enlt — )3, (2)
ot
and
(Kn(t, )| < d ((tfs) *%+s”*%>, 3)
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1. Malliavin calculus for fBm

Let £ be the linear span of the indicator functions on [0, T]. Consider the linear operator K}
from £ to L%([0, T]) defined by

) ! 9K
Kii(@)(s) = Kn(T, s)p(s) +/ (e(t) = ¢(s)) 5~ (1, s)dt. 4)
Notice that
K (Lpo,)(s) = Ku(t, s)1,¢(s)-

As a consequence CY([0, T]) C H C L?([0, T]).
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1. Malliavin calculus for fBm

It should be noted that the operator K is an isometry between the Hilbert space #H and
L2([0, T]). That is, for every ¢, € H,

(. by = (Ko, Kib) 120, 7)) (5)

In this case the fBm is more irregular than the classical Brownian motion, and some Hdélder

continuity is required for a function to be integrable.
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1. Malliavin calculus for fBm

Consider the following seminorm on the space £

;
lelik =/ (ST = s)2H1 4 $2H-1]ds
0

o ) (6)
+/ (/ so(t)—so(s)(t—s)”—idt) ds.
0 s

We denote by Hy the completion of £ with respect to this seminorm. From the estimates (2)
and (3), there exists a constant ky such that for any ¢ € Hg,

lel3, = 1552 0.7y < krllell (7)

As a consequence, the space H is continuously embedded in H. This implies also that
DY2(Hy) € DY2(H) € Dom 6.
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1. Malliavin calculus for fBm

1_ .
One can show also that H = I%iH(Lz([O, T))) C L%([O7 T]) (see Decreusefond -Ustiinel [6]),
¢
1_
where I%ngo(s) = ﬁ/ (s— t)H_%cp(s)ds is the left-sided fractional operator.
2
0

For H > % consider the Banach space |H| of measurable functions ¢ : [0, T] = R

T T
||‘PH\2H\ = CH/ / Ir — u?"=2|ou|¢r|dudr < co.
o Jo

In this case, we have L2([0, T]) C L%([O, T]) C |[H| C H.
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1. g-variation of a stochastic process

Fix g>1and T >0 and set t := s

1 where n is a positive integer and i = 0,1,2,...,n. We
need the following definition.

Definition

Let X be a given stochastic process defined in the complete probability space (2, F, P). Let
V7 (X) be the random variable defined by

n—1
VI(X) =Y 1a7X,
i=0

where ATX := Xt_n+1 — Xin. We define the g-variation of X as the limit in L1(Q), as n goes to
infinity, of V,J(X) if this limit exists.
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1. %—variation of fBm

Using the self-similarity of fBm and the Ergodic Theorem one can prove that the fBm has a
finite %—variation on any interval [0, T], equals to T ey, where ey = E |:\Bl|%} (see, for

instance, Rogers [15]). More precisely, we have, as n tends to infinity

n—1

1 MQ)
z:ustin+1 — B[ = Tep. (8)
i=0

In fact, the self-similarity property implies that the sequence

n—1
§ B Bun|
By, — Bl
i=0
has the same distribution as
n—1
T 1
— E |Biy1 — BilH,
n
i=0

and by the Ergodic Theorem this converges in L! and almost surely to T ey.
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1. Objective of the talk

This result has been generalized by Guerra and Nualart [9] to the case of divergence integrals
with respect to the fBm with Hurst parameter H € (%, 1). They have proved that

]
1
(x) 1@ eH/ s s,
0

=

Z

as n tends to infinity, where X; = fot us0Bs and ey = E [|Bl\%}

The purpose of this talk is to study the %—variation of divergence processes X = {X;,t € [0, T}
with respect to the fBm with Hurst parameter H < %
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1. LP-estimates for the divergence integral with respect to fBm

Let V be a given Hilbert space. We introduce the following hypothesis for a V-valued stochastic
process u = {u, t € [0, T]}, for some p > 2.

Hypothesis (A.1), Let p > 2. Then, sup |[lus|lip(q;v)y < oo and there exist constants L > 0,
0<s<T

0§a<%and'y>%stuchthat,
[lue — usl|Lp(a;vy < Ls™ %[t —s[7,

forall0 <s<t<T.
For any 0 < a < b < T, we will make use of the notation

lullp,a,p = sup H“SHLP(QV)
a<s<

The following lemma is a crucial ingredient to establish the LP-estimates for the divergence
integral with respect to fBm.

Lemma
Let u={u:,0 <t < T} be a process with values in a Hilbert space V, satisfying assumption

(A.l)p for some p > 2. Then, there exists a positive constant C depending on H, v and p such
that forevery 0 < a< b < T

E (Il nllZiy) < € (I1ull?, (b — 2} + LPa=P*(b — 2} #H) . )
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1. LP-estimates for the divergence integral with respect to fBm

Idea of the proof. Suppose first that a > 0. By equalities (5) and (4) we obtain

E (llulpan)3y) = E (||K,f,(ulla,b])II‘Zz(IO,T];VQ
P

.
oK
= £ { ||k s)ust () + / (eroi(6) = welion(2)) 5 2 (6. 5)ee
S

L2([0,T];V)

Consider the decomposition

T
/ (utl[a’b](t) — usl[a,b](s)) 9K (t S |:/ (th — us (t S)dt:| 1[a b](S)

T
oK oK
+ —/ usatH(f,S)dt} 11,,5(s) + [/ (t S)dt} 1p,4(s)
b a
=h+h+h.
Therefore
3
E (lulslifisy) < €Y A
i=0
where Ay = E |||Kn(T,-)ulp,, b]”L2 (0.7] V):| and for i =1,2,3, A, = E [”I"”FL)Z([O,T];V):|'
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1. LP-estimates for the divergence integral with respect to fBm

Hypothesis (A.2), Letu € DY2(H) be a real-valued stochastic process, which satisfies
Hypothesis (A,l)p with constants L, oy and ~y for a fixed p > 2. We also assume that the

H-valued process {Dus, s € [0, T]} satisfies Hypothesis (A.1), with constants Lp,, a2 and ~y for
the same value of p.

Hypothesis (A.2), means that us and Dus have bounded LP norms in [0, T] and satisfy

IN

e — usllr(ey Lus™ 1]t — 5|7 (11)

[[Dut — Dus||ip@iny < Lpus™ “2[t —s|7, (12)

forall0<s<t<T.
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1. LP-estimates for the divergence integral with respect to fBm

Theorem

Suppose that u € DV2(H) is a stochastic process satisfying Hypothesis (A‘2)p for some p > 2.
Let 0 < a < b < T. Then, there exists a positive constant C depending on H, vy and p such that

b p
E < / usdBs )
a

< (Il + IDuIZ, )b — )M+ (L5a~P1 4 LB, 4 Po2)(b — )P +o)

(13)
If a=0, then

b
E</ usdBs
0

P
) < C((lull?, , + 1Dull?,, )b + (LEb=Po1 4 LB, b=Po2)bPY+PH) | (14)

v
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1. LP-estimates for the divergence integral with respect to fBm

Proof. We have

b
E(/ usdBs
a

The first and the second terms of the above inequality can be estimated applying Lemma 2 to

P
) < Co (E(lulpp l8) + E(IDs(uelpy ()5, -

the processes u and Du, with V =R and V = H, respectively.
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1. %—variation for fBm

Hypothesis (A.3) Let u € DV?(H) be a real-valued stochastic process which is bounded in

L9(Q2) for some q > % and satisfies the Hélder continuity property (11) with p = % that is

e = usll, < Lysofr— s (15)

1
H(Q)

Suppose also that the H-valued process {Dus,s € [0, T]} is bounded in L%(Q; ‘H) and satisfies
the Hélder continuity property (12) with p = %, that is

||[Duy — DLISHL < Lpys™ 2|t —s|7. (16)
LH (H)

Moreover, we assume that the derivative {D:us, s, t € [0, T|} satisfies

sup ||Dsutl|| 1 < Kt™ 93, (17)
0<s<T LA (Q)

for every t € (0, T] and for some constants 0 < a3z < 2H and K > 0.
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1.%—variation for fBm

Consider the indefinite divergence integral of u with respect to the fBm B, given by
t
Xi = / uséBs = 5(U1[0,t])- (18)
0

Theorem

Suppose that u € DV2(H) is a stochastic process satisfying Hypothesis (A.3), and consider the
divergence integral process X given by (18). Then, we have

.
1
x) =D e / \us| P ds,
0

T~

Z

- 1
as n tends to infinity, where ey = E [|Bl| H} .
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1. %—variation for fBm

We need to show that the expression

1

n—1 £ H T 1
F, = E g usdBs| — ey |us|H ds ,
i=0 |71 0

converges to zero as n tends to infinity. Using (1), we can write

n n n
tiv1 tiv1 fiy1
usdBs = (us — ugn)dBs + undBs
th th ' th '
i i

t1+1 (19)
= (us — uen)dBs — (Dugn, 1n wn 1) + ugr (Ber | — Bin).
th
= AT - AP ABT
By the triangular inequality, we obtain

n—1
FsE(D \IA}’" — AT AP = AP E | D, (20)
i=0
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1. %—variation for fBm

where
n—1

T
o= ([t au [uibes
0

i=0

Using the mean value theorem and Hélder inequality, we can write

n—1
E Z ‘|A,.1’" — AR AR |A§’"|%‘
i=0
n—1
< qE( oAz [\A}’" — AP AP AT R
i=0
n—1 H
<c|E Z\A%’"—Af’"ﬁ
i=0
n—1 n—1 1—-H
x | E Z |AL? _p2n a3 | 4 E Z |A>" |7 . (21)
i=0 i=0
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1. %—variation for fBm
Substituting (21) into (20) yields
Fao < CAH(Bn + Co)*=" + Dy,

where

n—1

S ).

i=0

n—1
B, = E Z‘A%VH_A%"""A?J'% ,

i=0

n—1
G, = E Z\Afv"\%
i=0
n—1 T
D, = E Z|A?’"|%—eH/ \usﬁds
=0 0

We first prove that B, and C, are bounded and second we show that A, converges to zero.
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1. %—variation for fBm

Remark that

I % n—1 t;’+1 #
B, = E / usoBs| | +E( D / us6Bs
0 i=1 |/t
= K+ Kj.
Using estimate (14) with p = 5, it follows that
1 1 1o 1 a v
Kp < (Huu'; P+ 10ul] o ) ot (L0 4 L% ) i
70w 707
< C(nfl—i-n% %_1+nif-lz_%_1>.

Therefore, K] is bounded since a1 < v+ H and ap <~ + H.

Each term A?’" can be expressed as
T
2,n 9 n n
A" = Dsuyn s R(s,t/ 1) — (R(s,t]") ) ds.
0
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1. %—variation for fBm

In order to show that the term D, converges to zero as n tends to infinity, we replace n by the
product nm and we let first m tend to infinity. That is, we consider the partition of interval
[0, T] given by 0 = tJ™ < --- <t/ = T and we define

nm—1 n—1
1 1 1
zrm = Y | FIATTBIR — ey Y uenl (¢ — ¢])
i=0 j=0
-1 _(+1)m—1
1 1 J—
Z Z Juggm |7 = ugn | ) | A7 B
(+1)m—1
1 1
+"~’tjf’|"’ Z [ATTB|H — ey(t]yy — t]) :| ‘
i=jm

n—1 (j+1)m—1

Z > gt —tug #1281
s

n—1 (+1)m—1
s s
Y lugl B | AIBIT —en(thy — t)| = 20"+ 25
j= i=jm
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1. %—variation for fBm

lim sup E(Z"™) =0, (22)
n—o0 m>1
and for any n > 1,
lim E(ZQ"’"’) =0. (23)
m— 00

Therefore, it follows from (22) and (23) that

lim lim E(Z™™)=0. (24)

n— o0 m—r oo
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1. %—variation for fBm

Example

Suppose that f : R — R is a twice continuously differentiable function, such that

G+ /()] + [F(x)] <
27_%. Suppose that H < %. Then the process u = {f(B:),t € [0, T]} satisfies
Assumption (A.3) with constants a; = ap = a3 = 0 and v = H. As a consequence, Theorem
4.1 holds for the process X; = fot f(Bs)dBs. Indeed, let us just show condition (15). We can
write, by the mean value theorem,

for some \ <

1F(Be) = F(BS)ll 3 =

)

1
LA (Q)

exp ()\ max Bf) |B: — Bs|
0<t<T

1
R ()

and we conclude using Holder's inequality.
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1. %—variation for d-fBm

Consider a d-dimensional fractional Brownian motion (d > 2)
B={B.telo. Th={(B".B7. . .B") e[0T}

with Hurst parameter H € (0, 1) defined in a complete probability space (2, F, P), where F is
generated by B. That is, the components B(), i =1,...,d, are independent fractional
Brownian motions with Hurst parameter H. We can define the derivative and divergence
operators, D) and 6(), with respect to each component B(), as in Section 2. Denote by
ID),.l’p(’H) the associated Sobolev spaces. We assume that these spaces include functionals

depending on of all the components of B and not only the ith component.
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1. %—variation for d-fBm

Lemma

Let F be a bounded random variable with values in R?. Then, we have
S () ’ 1
Vil'((F,B)) — KF,&)|H ds| v(dE),
R 0

as n tends to infinity, where v is the normal distribution N(0, 1) on RY.

Theorem
Suppose that foreachi=1,...,d, ul) € DY2(H) is a stochastic process satisfying Hypothesis
(A.3). Set us = (ugl), e, ugd)) and consider the divergence integral process

X = {Xe,t € [0, T]} defined by X := > ¢ [ ul"6B. Then, we have

1 1 T 1
v (x) =9 / { / I(u57£>|HdS} v(dg),
R4 0

as n tends to infinity, where v is the normal distribution N(0, ) on RY.
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1. Extended Domain

The space H is too small for some purposes. For instance, it has been proved in
Cheridito-Nualart [5], that the trajectories of the fBm B belongs to H if and only if H > %.
This creates difficulties when defining the divergence §(u) of a stochastic process whose
trajectories do not belong to #, for example, if ur = f(B;) and H < %, because the domain of §
is included in L2(Q; H). To overcome this difficulty, we extend the domain of the divergence
operator. The main ingredient in the definition of this extended domain is the extension of the
inner produce (¢,)3; to the case where ¢ € £ and ¢ € L?([0, T]) for some 3 > ﬁ More

precisely, for ¢ € LA ([0, T]) and o = Zjn;1 bjlp ) € € we set

i T 6R
(o) = ij/ s = (s, 17)ds. (25)
j=1 0

This expression coincides with the inner produce in H if ¢ € H, and it is well defined, because

T oR
< ||4P||Lﬁ([o,T])0<Sl:l<3T (/ \E(S, tj)|°‘ds) < oo.
=t= 0
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1. Extended Domain

We need the following extension of the domain of the divergence operator to processes with
trajectories in LP([0, T], RY), where 8 > ﬁ

Definition

Fix 8 > ﬁ We say that a d-dimensional stochastic process

u=(u®,. . . uld) e L1(Q; LP([0, T], R)) belongs to the extended domain of the divergence
Dom™§, if there exists ¢ > 1 such that

d

|Ew, DF)ag,| = | D E((w?, DVF)3)| < cull oy, (26)
i=1

for every smooth and cylindrical random variable F € Sy, where ¢, is some constant depending

on u. In this case §(u) € LP(2), where p is the conjugate of g, is defined by the duality
relationship

E((u, DF)3) = E(6(u)F),

for every smooth and cylindrical random variable F € Sy.
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1. Fractional Bessel process

Let B be a d-dimensional fractional Brownian motion (d > 2). The process

R ={R:,t € [0, T}, defined by R: = || Bt||, is called the fractional Bessel process of dimension
d and Hurst parameter H. It has been proved in [5] that, for H > %, the fractional Bessel
process R has the following representation

2H—1

d ¢ B(i) (0 ¢ s
R, = —6B)” + H(d -1
t Z/O R + H( )/0 Rs
i=1 .

This representation (27) is similar the one obtained for Bessel processes with respect to
standard Brownian motion (see, for instance, Karatzas and Shreve [12]). Indeed, if W is a
d-Brownian motion and R; = ||W;]||, then

ds. (27)
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1. 1t6 formula

Theorem

Let B a d-dimensional fractional Brownian motion with Hurst parameter H < % Suppose that
F € C?(RY) satisfies the growth condition

max {|F(x>|7 (e

T
where ¢ and )\ are positive constants such that \ <

-vd} < e, (28)

—2H

. Then, foreachi=1,...,d and

F
t € [0, T], the process 1| 4 g—(Bt) € DomF§, and the following formula holds
Xi

F(B)=F +Z

)58 +HZ/ 2 F (B)sH1ds, (29)

where Domf § is the extended domain of the divergence operator in the sense of Definition 3.9
in Hu, Jolis, Tindel [7].
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1. Fractional Bessel process

The next result is a change of variable formula for the fractional Bessel process in the case
H< 1
2

Theorem

. (7)
Let H < %, and let R = {R:, € [0, T]} be the fractional Bessel process. Set ug') = % and
ur = (ugl), ce ugd)), for t € [0, T]. Then, we have the following results:

(i) Foranyt € (0, T], the process {usljy (s),s € [0, T]} belongs to the extended domain
Dom™*d and the representation (27) holds true.

.. 1 2 . i
7 » T, 0 ;
(it) IfH> 3, forany t € [0, T], the process uljy  belongs to L*(2; Hy) and to the domain
of § in LP(Q2) for any p < d.

El Hassan Essaky  Poly-disciplinary Faculty &GS %-variation of the divergence integral 35 /41



36/41

1. Fractional Bessel process

Idea of the proof. i) Let us first prove part (i). Since the function ||x|| is not differentiable at
the origin, the Ité formula (29) cannot be applied and we need to make a suitable

1
approximation. For ¢ > 0, consider the function F.(x) = (||x||? + £2)2, which is smooth and
satisfies some growth condition. Applying 1td’s formula we have

¢ 2H—-1 tQ2H-1pR2
F-(B:) 75+§ / 168()+Hd/ Silds—H/ =5 gs. (30)
(F\’“rf2 z o (RE+e?)2 o (RZ+e?)2
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1. Fractional Bessel process

Taking into account that §(u®1 ) converges to G in LP, and that
6“_”30 E({(u1jp,¢, DF)21y) = E({ulpo,q, DF)#,),
since the components of u are bounded by one, we deduce that
E({ulp,yg, DF)#,) = E(G:F).

This implies that vl ; belongs to the extended domain of the divergence and §(ulp 4) = Gt.
ii) Assume that H > %. We first show that for any i =1,...,d, u() € L2(Q; H). We have

.
E(Id12) < kHE< / (uﬁ’))zl(rs)z”ws”l]ds)
0

T T . s 2
+knE / (/ |u§’)—u§')(t—s)”—2dt> ds
0 s
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1. Fractional Bessel process

Theorem

Suppose that 2dH? > 1. Let R = {R:, t € [0, T|} be the fractional Bessel process. Then, for
=10
i=1,2,...,d, the process ug') = R—t satisfies Hypothesis (A.3).
¢

Idea of the proof : Fix i =1,...,d. The random variable ugi) is bounded and so, it is bounded

in L9(Q) for all g > % The Malliavin derivative D) u() is given by

D ul) = <_Rt_3(BEi))2 + Rt_1> 1p,4(5) = ¢e1[o 4(5)-

El Hassan Essaky  Poly-disciplinary Faculty &GS %-variation of the divergence integral 38 /41



39/41

1. Fractional Bessel process

We now discuss the properties of the process © = {©;, t € [0, T]} defined by

d t Bgl) (’)
et:=2/0 =98,
i=1

)
We have that for every i =1,...,d, utl) = RL satisfies Hypothesis (A3) if 2dH? > 1.
t

Therefore, we have the following corollary.

Corollary

Suppose that 2dH? > 1. Then we have the following

V"%(G)Lﬁ)/,ed UOT (2€)

as n tends to infinity, where v is the normal distribution N(0, ) on RY.

i ds] V(de),
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1. Fractional Bessel process

Proposition
The process © is H-self-similar. J

Let a > 0. By the representation (27) and the self-similarity of fBm, we have

at 2H-1
@at = Rat - H(d — 1)/ ds
Rs
o
£ 2H-1
= "R — H(d - 1)aH/ —du=a"e,,
0 Ru

d e .
where the symbol = means that the distributions of both processes are the same. This proves

that © is H-self-similar.
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1. Open problem : process of eigenvalues of a symmetric matrix-valued process

Open problem : Consider now a family of independent fractional Brownian motion with Hurst
parameter H 6)4, 2( b= {(bj(r),t 2 0),1 <i<j< d}. We define the symmetric matrix fBm

B(t) with Hurst parameter H by: Bj(t) = b; if i < j and Bj(t) = v/2b;i(t). We identify B(t)

d(d+1)
2

as an element of R

Lemma

d(d+1)
For every i = 1,...,d, there exists a function ®; : R~ 2 —— R, which is C* in an open subset

1
2, with |G| = 0, such that \i(t) = ®;(b(t)). (Nualart-Abreu H > % case).

To study :

up = g (b(t)), A(t)fA(0)+Y’+2HZ/ ﬁds.

J#i

Y/ is the divergence integral of u'.
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