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Abstract We present a very natural generalization of the Arakawa—Kaneko zeta
function introduced ten years ago by T. Arakawa and M. Kaneko. We give in par-
ticular a new expression of the special values of this function at integral points in
terms of modified Bell polynomials. By rewriting Ohno’s sum formula, we are able
to deduce a new class of relations between Euler sums and the values of zeta.
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1 Introduction

The Arakawa—Kaneko zeta function was introduced ten years ago by T. Arakawa and
M. Kaneko in [1]. Let us recall that this is the function & defined for any integer
k> 1by

B 1 +00 ts—l Li(l - g
G0 = [ gl — e,

where Li; denotes the kth polylogarithm Lix(z) = Y 2 | E—Z The integral converges
for M(s) > 0 and the function & can be analytically continued an entire function of

M.-A. Coppo (X)) - B. Candelpergher

Laboratoire Jean Alexandre Dieudonné, Nice Sophia Antipolis University, Parc Valrose,
06108 Nice Cedex 2, France

e-mail: Marc-Antoine. COPPO @unice.fr

B. Candelpergher
e-mail: Bernard. CANDELPERGHER @unice.fr

@ Springer


mailto:Marc-Antoine.COPPO@unice.fr
mailto:Bernard.CANDELPERGHER@unice.fr

154 M.-A. Coppo, B. Candelpergher

the whole s-plane. For k = 1, &(s) is nothing else than s¢(s + 1) and for s =1,
& (1) =¢(k+ 1). In [1], Arakawa and Kaneko have expressed the special values of
this function at negative integers with the help of generalized Bernoulli numbers B,gk)
called “poly-Bernoulli numbers”. Introduced by M. Kaneko in [5], these numbers are
defined by the generating function

Lix(1—e7?) & "
Tioer CL B
n=0

In the case where k = 1, one finds again—apart from the sign for Bl(l)—the classical
Bernoulli numbers. Arakawa and Kaneko also provide in [1] (see their Corollary 10)
a rather complex expression of the special values of the function at positive integers
in terms of MZV (multiple zeta value) but, very soon afterwards, a simpler represen-
tation of the values of & at positive integers in terms of MZSV (multiple zeta-star
value) has been obtained by Y. Ohno. More precisely, transforming the original ex-
pression given in [1] by means of a duality theorem, Ohno establishes in [7] that

1 *
Ek—1(m) = > ="k, 1., ],
ning .- Ny ——
ny=ny>-->n,>1 1 m—1

where ¢*(k1, k2, ..., ki) refers to the sum

1
X wE o

n n .._nkﬂl.
nyznp>>ny>1""1 "2 m

Subsequently, this expression has found an important continuation in [8] where Ohno
states and proves his remarkable sum formula

k—2
doctte—m, 1. =20k - (1 -2"F)r k),
m=0 —

which is also the subject of an interesting commentary in [6].
In this article, we introduce a more general function & (s, x) defined for 9(s) > 0
and x > 0 by

1 oo xtLik(l—e_’) i1
LX) = —— T sl dy
) r@)A ¢ T

which is a very natural extension of the Arakawa—Kaneko zeta function in the same
way as the Hurwitz zeta function ¢ (s, x) generalizes the Riemann zeta function; one
has & (s, 1) = & (s) and, in the case where k = 1, the function & (s, x) is nothing else
than the classical s¢(s + 1, x).

Following the same pattern as in [1], we show that this function & (s, x) can be
analytically continued to the whole complex s-plane as an entire function of s, and
we express its special values at negative integral points by means of generalized
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Bernoulli polynomials B,gk) (x) whose values at O are precisely the poly-Bernoulli
numbers (cf. Theorem 2 and Remark 3). In this way, we show that

E(—m,x)=(D"BY(x) (m=0,1,2,...).
Regarding the special values of & (s, x) at positive integers, we obtain the following

representation (cf. Theorem 1)

o0

E(m+1,x) =Z

n=0

n!
n+Dfx(x+1D---(x+n)

Py (RV (x), ..., ™ (1)),

where Py, (x1, ..., X, ) denotes the mth modified Bell polynomial defined by the gen-
erating function

00 m 00
exp(me—>:ZPm(m,...,xm)t’" (%)
m=1 mn m=0

and where
" 1
A () =) ——.
n (x) Z (] +)C)m (**)

J=0

This “Hasse formula” extends the representation already given in [3] in the case
k =1 (cf. Remark 2). Specializing this expression at x = 1, we then deduce a new
expression for the values of the Arakawa—Kaneko function at positive integers (cf.
Corollary 1) from which follows the decomposition

]

* 1 2
E_1m+1)=¢ (k,l,...,1)=2n—kPm(Hn,H,§ ) H™)

m n=1
where H,,, H,ﬁz), ey H,§'”) denote the harmonic numbers (cf. Corollary 2). This leads
us to the rewriting of Ohno’s sum formula in the following form

k—3 oo

S5 L Pu(Hy BO. ) = (=) — (= D2 e (o),
n

m=1n=1

which defines a new class of relations between Euler sums and the values of zeta
(cf. Corollary 3 and Example 3). This class contains in particular (in the simplest
case where k = 4), the famous relation Ziil % = %§(4) whose origin goes back to
Euler and Goldbach (cf. [4]).

2 A generalized Arakawa—Kaneko function

Proposition 1 Let

1 oo —xt s—1
F(s,x):m/(; eV fHr dt
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be a Laplace—Mellin integral with
o0
f@t) = Za,,+1(1 —e "),
n=0

where the coefficients a, are assumed to satisfy the condition |a,| = O(,l—z). The fol-
lowing properties hold.

1. The integral F (s, x) converges for f(s) > 0 and x > 0.
2. If m is a natural number and s = m + 1 then

o]

Fm+1,x)=)_

n=0

nlay 1

(1) (m)
X(X+1)-~.(x+n)Pm(hn (x), ..o s hy ()C)), (1)

where P, and hflm) are respectively given by formulas (x) and ().

Proof By our assumption on a,, there exists a constant C > 0 and an integer N > 1
such that forall t > 0

S _ o 1 — e Hn—1 1 — e tyn—1 Ct
Z|an|(1_e—1)n ISCZ( en) SCZ( en) =]_eit7
n=N

n=N n=1

which ensures the convergence of the integral and justifies the interchange of [

and )
s—1

o +o0 . ant
F(s,x)=) a 1[ e (1 —e” dt.
,; o SRS

Then, formula (1) results from the following Lemma 1. g

Lemma 1 For x > t, one has

+o00 ¢ B\ £t n! o0 ) m
- 1—e" dé = - ,’lm — .
/0 e (lmem) et ds XA D tn) P Z " (x)m

m=1

Proof Fora > 0 and b > 0, let us start from the classical Euler’s relation

_ T@r®)

1
_ a—1 _ b1
B(a,b)—/o u " (1—u) du_il"(a—i—b).

Putting u = e f a=x—rtand b=n+ 1, one deduces

Foo n!
/ e_xg(l - e_g)n eSlde = .
0 x—t)(l+x—1t)---(n+x—1)
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Moreover, one has

n!
x—t)l4+x—t)---(n+x—1)

n! z t -1
Zx(x+l)~~~(x+n) Xl_[(l_k—i—x)

k=0
n! " t
:xu+4)~wx+n)me(_ggm(l_k+x>)

TXat D) ( m(x+k)m>

k=0m=1
! > "
= " X exp Z h('")(x)— .
x(x+1)---(x+n) = m 0
Applying now Proposition 1 with a,,4+1 = m, one has

S (1—e ™" Lig(1—e)
fo=2 n+DF  1—et
n=0

and we immediately obtain the following theorem:

Theorem 1 Consider an integer k > 1. The Laplace—Mellin integral

1 +oo o Lig(1 —e™ i1
s = — M "7 dt
S F@)A T

converges for R(s) > 0 and x > 0. Moreover, one has

[e.]

éﬂsx)=§:——L——/+me”%1—eqytkidL
TG r o r)

In particular, if m is a natural number and s =m + 1, then

e¢]

gk(m+1,x)=nzzo(n+1)kx(x+1)...(x+n)

n!

Py (AV (), ... I (1)), (2)
Remark 1 In the case x = 1, one has

T Ligl—e )
&@J)—Fagf o~ H A =D

1—et

+o00 tY 1
F(s)/ le 1—6 )dt:ék(s).
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Thus, in this case, one finds again the original Arakawa—Kaneko zeta function intro-

duced in [1].

Remark 2 In the case k = 1, one has

+o00
E1(s—1,x) =f e‘”(
0

Lij(l-e7") _ ¢
1

——— = 1=, from which it follows that

ts—2

dt = (s — 1)¢(s, x).

1t
1 —e !

T(s—1)

Thus, in this case, identity (2) is nothing else than the representation for the values of
the Hurwitz zeta function (called Hasse formula) given in [3]

[e.0]

n!
B 1) (m)
(m+l)g(m+2’x)_r§(n+1)x(x+1)~--(x+n)Pm(h" (X), ... b (x)).
Example 1
i n!
Sk(lax):rlX:(:)(n+1)kx(x+])...(x+n)’
i n! =~ 1
2,x) = :
& (2,x) r;)(n+l)kx(x+l)...(x+n);i"f‘x’
00 1 n 1 z u 1
n!
2$k(3,x):r§(n+l)kx(x+1)(x+n)|:(§l+x> +;(l.+)€)2:|’
ad n!
6‘§k(4,X)='§)(n+l)kx(x+l)(x—}—n)
g i+ x pard (@ +x) pard (i +x)2 = (i +x)3

Theorem 2 For all integers k > 1 and real x > 0, the function s — & (s, x) can
be analytically continued to the whole complex s-plane and its values at negative
integers are given by

Ek(—m,x):(—l)mB,%‘)(x) m=0,1,2,...), 3)

where B,gk) (x) is defined by the generating function

_ le(l — efz) e k) Zn

XZ — _

¢ l1—e2 _ZOB” (x)n!'
n=
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Proof We apply the classical method to analytically continue a function defined as a
Mellin transform (cf. [2]). One splits up &k (s, x) as the sum of two integrals:

1 b Lig—e™)
s e EEErem—— dt
5(5, %) F(s)/ N

/+OO xtle(l ) s—ldt
F(s) 1—et '

The second integral converges absolutely for all s € C and x > 0 and cancels at
negative integers (because %(—m) =0form=0,1,2,...). For %Qi(s) > 0, the first
integral may be written as

Z Bff”(x) 1
F(s) n+s’

n=0

from which follows that

*)
: )Bm 2 (=" B (x)

(Jm Ei(s, x) = <Hmr(s)(m+s) ml m G O

Remark 3 From the generating function which defines them, the polynomials B,(lk) (x)
are given by

n
BP0 =) (=" (Z)B;">x"—q,
q=0

where B,gk) = B,(,k) (0) are the poly-Bernoulli number introduced by Kaneko in [5]. In
particular, specializing identity (3) at x = 1, one finds again

& (—m. )= (=1)"BP (1) =) (=1 <’Z)Bék),

q=0

which is nothing else than the expression given by Arakawa and Kaneko (cf. [1],
Theorem 6).

3 New expression of & (m + 1)

Specializing identity (2) at x = 1, one obtains

Corollary 1 For all natural numbers m > 0 and integers k > 1, one has

n
, 1
E(m+1)= § b Py (Hy H®, ..., H™) wzthH,f’”):§:j—m. 4)
j=1
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Example 2

g(1) =k +1);
00 H,
5k(2)=;mi
(H)? X HYP

&(3) = [Z ot |

n=1 n=1

LS ) S8 HaHy? o Hy
fk(“):g[ZW”ZWH T |

n=1 n=1 n=1

(H,)* (H,)*Hy =, (H)?
§(5) = [Z w1 1O Z k1 3ZW

n=1 n=1

H(3) H,§4) :|

+ 82 nk+1 nk+1

n=1

4 Rewriting of Ohno’s sum formula and application to Euler sums

From the comparison of (4) with the expression given by Ohno (cf. [7] Theorem 2,
and [6] Paragraph 2),

1
—tm)=¢*k,1,...., )= —_,
o m)=¢"t 1, 1) )

m—1 nizny>-=ny>1""1

one can immediately deduce the following decomposition

Corollary 2 For all natural numbers m > 0 and integers k > 2,

o
1
{ (kvls"'s Z_k m I’LvH(z) '9Hy5m))' (5)

m

Rewriting now Ohno’s sum formula (cf. [8], Theorem 8)
Z k—m, 1, .. 1) =20k - D(1-2"F)¢ ),

thanks to the preceding decomposition (5), and taking into account that & (k — 1) +
&x—1(1) = k¢ (k), one obtains the following formula which defines a new class of
relations between Euler sums and the zeta values
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Corollary 3 For all integers k > 4,

k—3 oo

PIP

m=1n=1

Py(Hy, H®, ... H™) =[(k—2) — (k= D2 ¢ k). (6)

Example 3

o
H, 5

E — = 7¢(4) (Euler and Goldbach);
n

4
n=1
*H 1| @H)? S HP| S
n n n
— _ [ 5;
D D e b B ol B qC)
n=1 n=1 n=1
00 00 2 00 2)
H, 1 (Hy,) H,
Z_s 2 Z 4 né
n=l1 n=1 n=l1
1S S HHEP Y] 59
te| X T T T | = e
n=1 n=1 n=1
iHn ! i(fmz iﬂ,@
no 2 nd n’d
n=1 n=1 n=1
1 & (H) S HoHY S HY
AP Ik k) Dt ) D
n=l1 n= n=
[ & (H) & (H)HY S (H?P)?
— 6 3
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