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For f : A— B define f, : mag — mp by

f

A

¢act ‘4‘ l¢in ¢inl ‘4‘ Yact  With f*(¢in¢act) = winwact-

Ap —t—— By
f

B

O

Q (1),(3) imply ma is a left regular band: V¢ = . (p) = Y.
Q@ (1),(2),(3) imply £.(¢¢) = £i(9)fi(¥).
@ f.(1a) =1 if and only if f is active.

@ If f is active then the outer square above is cocartesian in C,¢;.
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Example (simplex category A and Segal's category IN)

o [m] LA [n] is active/inert iff ¢ endpoint/distance -preserving.

e m (21,0 )g active/inert iff ny L --- U ny, = n/[n;| = 1Vi.

Example (moment vs restriction categories — Cockett-Lack)

The dual of a restriction category with splitting restriction
idempotents is a moment category with commuting moments.
The dual of the category of finite sets and partial maps is I'.

Definition (wreath product of moment categories, cf. Barr-Wells)

For a moment category C the wreath-product A C has as
@ objects ([n], (Cy, ..., Cy)) with [n] € A and G €C
o maps (¢ : [n] — [n'], f; : C; — C)) for ¢(i — 1) < j < (i)
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@ If C is an augmented moment category, then so is A C

@ ©,=A---1Ais an augmented moment category

Proposition (Makkai-Zawadowski, B)

o Ot embeds fully and densely into the category of n-globular
sets, each object of ©, being identified with the globular
pasting diagram T, of an n-level tree T.

@ ©, may be identified with the Kleisli category of @t

induced by the free-forgetful adjunction between n-globular
sets and strict n-categories.

@ O, fully and densely embeds into nCat.
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Definition (perfect moment categories)

A moment category C is perfect if the inclusion Coce — C admits a
left adjoint (—) such that the unit : 94 : A — A is pointwise inert.

I, A, ©, are perfect moment categories.

@ In I the unit of the reflection is given by the natural injections
n>— n+1.

@ In A the unit of the reflection is given by
[] >— [n+2]:i—i+1.

@ Perfectness of ©, follows from preservation of perfectness
under wreath product.



Perfect moment categories, cocartesian comonads and Joyal duality

Perfect moment categories




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).

Proposition

Each perfect moment category C induces a moment classifier
comonad (L, v, €) on Cuer with




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).

Proposition

Each perfect moment category C induces a moment classifier
comonad (L, v, €) on Cuer with

0o LA=A




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).

Proposition

Each perfect moment category C induces a moment classifier
comonad (L, v, €) on Cuer with

°o LA=A
° VA:LnA:LA—>L2A




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).

Proposition

Each perfect moment category C induces a moment classifier
comonad (L, v, €) on Cuer with

°o LA=A
° VA:LnA:LA—>L2A

@ cp: LA — Ais the unique active retraction of na.




Perfect moment categories, cocartesian comonads and Joyal duality
Perfect moment categories

Lemma (moment classifier)

The active retraction of 74 : A >— A induces a moment w4 on A
such that there is a bijection between general maps f : A— B and
active maps g : A — B with the property that £.(14) = g«(wa).

Proposition

Each perfect moment category C induces a moment classifier
comonad (L, v, €) on Cuer with

o LA=A
° VA:LnA:LA—>L2A
@ cp: LA — Ais the unique active retraction of na.

C may be identified with the coKleisli category K (Cact).
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of members of R exist and still belong to R. A comonad (L, v, ¢€)
is R-cocartesian if the naturality squares of the counit are
cocartesian, € is pointwise in R, and L preserves e-pushouts.

| A

Proposition

The moment classifier comonad on C,¢; is strongly R-cocartesian,
where R is the stable class of active retractions in C,¢;.
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For f: LA —— B in K (C,ct) we get the e-pushout

L(A) L B

N

A—t+ B
af
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The functor L takes it to a cocartesian square

) L(f) €B
[2(A) —F— L(B) -t ;B

L(EA) L(Ef) {‘ ><

L(A) ——+— L(B)
L(ar)

so that we get the factorisation
f =egl(f)va = Yrl(ar).

which is the cofree/cogeneric factorisation of f.
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In the coKleisli category Ki(Cact) the morphism f : LA —— B is
cofree/cogeneric iff €7 (resp. af) is invertible in

f'
L(A) ——

g

W ~+—w
M
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Theorem (cf. classified restriction categories — Cockett-Lack)

Let L be a strongly R-cocartesian comonad on a category A for a
stable class R in A. Then the coKleisli category of L is a perfect
moment category with active=cofree and inert=cogeneric.
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Example (Segal duality)

The dual of the moment classifier comonad on [ is the partial map
classifier n +— n, on the category of finite sets. Therefore

[P 2 (finite sets and partial maps).
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Example (Segal duality)

The dual of the moment classifier comonad on [ is the partial map
classifier n +— n, on the category of finite sets. Therefore

[P 2 (finite sets and partial maps).

\

Example (Joyal duality)

The dual of the moment classifier comonad on A is the (dual)
monad on A so that

AP = A, L[-1].
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