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Citation (A theory of natural equivalences - Eilenberg-Mac Lane '1945)

“In a metamathematical sense, our theory provides concepts applicable to all
branches of abstract mathematics, and so contributes to the current trend
towards uniform treatment of different mathematical disciplines. In particular,
it provides opportunities for the comparison of ... different branches of
mathematics; in this way it may occasionally suggest new results by analogy.”

Purpose of the talk

Starting from Segal's formalism of I'-spaces, establish “structural analogies”
between several simplicial presheaf categories for “operad-like structures”.

Definition (Categories and cohomology theories - Segal '1974)

@ objects of I are finite sets n = {1,2,...,n}, n > 0.
e ¢ € (m,n) given by (4(i) C n)iem sth. (i) N @(j) =0 for i # J.




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)

@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)

v

Proposition (I admits ...)




Active/inert factorisation systems, operads and plus constructions

Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)

v

Proposition (I admits ...)

@ an active/inert factorisation system




Active/inert factorisation systems, operads and plus constructions
Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)

v

Proposition (I admits ...)

@ an active/inert factorisation system

@ a retractive/mono factorisation system (generalised Reedy, BM11)




Active/inert factorisation systems, operads and plus constructions

Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)

v

Proposition (I admits ...)

@ an active/inert factorisation system
@ a retractive/mono factorisation system (generalised Reedy, BM11)
@ a retractive/active mono/inert mono triple factorisation system




Active/inert factorisation systems, operads and plus constructions

Introduction

Definition (active/inert morphisms - Higher Algebra, Lurie L12)

@ ¢:m— nis active iff n=¢(i)Ll--- LI ¢d(m) (partition)
@ ¢: m — nis inert iff ¢(i) singleton for all i € m (inclusion)

@ ¢ : m — nis retractive iff ¢ active with inert section  (degeneracy)

v

Proposition (I admits ...)

@ an active/inert factorisation system
@ a retractive/mono factorisation system (generalised Reedy, BM11)
@ a retractive/active mono/inert mono triple factorisation system

@ active mono=inner face and inert mono=outer face
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°

a dense Segal core Cseg C Cj, spanned by nilobjects and units
(i-e. objects in the fibre of 0 and in the fibre of 1).

Lemma (Reedy property satisfied by many Segal patterns)

If the units of C span a groupoid and C = (Cretr, Crmono), then
¢ : C =T is conservative, and C is a generalised Reedy category.

Definition (homotopy theory for simplicial presheaves on a Segal pattern)

The inclusion Csegz C C;, defines for each representable presheaf a spine
inclusion. We consider the left Bousfield localisation of the Reedy model
structure on simplicial presheaves with respect to spine inclusions.
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Remark (Segal condition, cf. Se74, BF78)

@ Density of Cse; C Cj, means that each object is a canonical colimit
of nilobjects and units or, equivalently, the inert part C;, fully
faithfully embeds into presheaves on Cse,, so-called C-graphs.

@ A simplicial presheaf on C is said to satisfy the Segal condition if it
takes these density colimits to homotopy limits in simplicial sets.

o Segal-fibrancy <= Reedy-fibrancy + Segal condition

Examples (some Segal patterns with their graphs and Segal presheaves)

C A O, Q Wae
Cseg [0] = [1] n-globe | rooted corollas corollas
C-graph graph n-graph coloured coll. | cyclic col. coll.
C-model | (0o, 1)-cat | (oo, n)-cat oo-operad cyclic oo-op.
authors EZ50&R01 J97&R10 MWQ07&CM13 HRY20
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o the objects of Q are dendrices, i.e. finite rooted trees.

e Q(S, T) = SymOp(Q(S.), Q(T.)) where S, is the Q-graph of S and
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inert monos S — T : subdendrix inclusions.
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o

("]

("]

@ 79 :Q —T:S— vertex set of S.

@ a single nilobject : the free-living edge.
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Definition (dendrix category Q2 — Moerdijk-Weiss MW7)

o the objects of Q are dendrices, i.e. finite rooted trees.

e Q(S, T) = SymOp(Q(S.), Q(T.)) where S, is the Q-graph of S and
Q(S.) is the free coloured symmetric operad on S..

inert monos S — T : subdendrix inclusions.

active monos S — T : S-indexed partitions of T into subdendrices.
retractive morphisms S — T : removal of vertices with one input.
Yo :Q —T:5 > vertex set of S.

a single nilobject : the free-living edge.

for each n > 0 a unit : the rooted corolla with n leaves.

density : each dendrix is a canonical colimit of corollas along edges.
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Definition (plus construction '™, cf. Barl8, CHH18, B22, HM24)

@ objects of '™ are I-trees, i.e. active simplices ¢ : [m] — [, sth.
¢(0) =1 and ¢(i) # 0 unless i = m.

@ morphisms of I-trees (f, g) : ([m], #) — ([n], %) are given by
f:[m] — [n] in A and pointwise inert g : ¢ — ¥f inT.

active morphisms are those (f, g) sth. f is active and g is iso.
inert morphisms are those (f, g) such that f is inert.

a vertex of ([m], ¢) is an element of ¢(/) for some i < m.

I is a Segal pattern for yr+ taking a [-tree to its vertex set.
M ¢ Az, G Az & Az, where §. = (finite pointed sets) = [°P.
for any Segal pattern C there is a plus construction C over I'".

Proposition (B22)

" is a Segal subpattern of Q : objects are layered dendrices and
morphisms are layered dendrix morphisms. The Segal cores are identical.
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Example (layered dendrix and corresponding I-tree)

P
S

(0,{1,2,3}}

e
X

({1,2},0)

e
X

({1,2})

L]
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=t D — 3 D — > (W

-

Theorem (cf. L12, Bar18, CHH18, HM24)

The inclusion i : '™ C Q induces a Quillen equivalence (i*, ix) between
the Segal homotopy theories for simplicial presheaves on Q and '".
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Dendroidal Segal pattern

A\
\1.2/ (]
7/

1

(0,{1,2,3}}

({1,2},0)

({1,2})

=t D — 3 D — > (W

Theorem (cf. L12, Bar18, CHH18, HM24)

The inclusion i : '™ C Q induces a Quillen equivalence (i*, ix) between
the Segal homotopy theories for simplicial presheaves on Q and '".
There is a functor '™ — PreOp_, whose realisation/nerve adjunction is a
Quillen equivalence between the completed Segal homotopy theory for
simplicial [ "-presheaves and Lurie's homotopy theory for oo-preoperads.
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@ objects of ©, are n-level trees. ©,(S, T) = nCat(F,(S«), Fa(Ts))
where F,(S;) is the free n-category on the n-graph S..
@ active monos S — T are S-indexed “partitions” of T.
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Definition (higher cell categories ©,, cf. J97, BO7)

@ objects of ©, are n-level trees. ©,(S, T) = nCat(F,(S«), Fa(Ts))
where F,(S;) is the free n-category on the n-graph S..

active monos S — T are S-indexed “partitions” of T.

inert monos S — T are morphisms of n-graphs S, — T..

retractive morphisms S — T are edge removals (downwards).

Yn 1 ©, — [ assigns to an n-level tree the set of its height n vertices.
nilobjects of ©,, are level-tree of height < n. ©, has a single unit U,.

density : each S, is an amalgamated sum of k-globes (Uy)., k < n.

Example (2-graph induced by the “sectors” of a 2-level tree)

e

Tl. —T5> 7’2 —T1> T3

T4 T6 T7
\7‘2 / g
T1 73 =
6
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Definition (unital Segal patterns, their operads and monoids)

o A Segal pattern C is called unital if every object receives an
essentially unique active morphism from a unit.

o a C-operad is a family O(X)xcon(c) with 1y € Oy for units U, and
unital, assoc. maps O(X) x O(¢) — O(Y) for active ¢ : X — Y.

° O(¢) = HUQHX O(91(Ua))-
@ a reduced presheaf has terminal value at nilobjects.

@ a C-monoid is a reduced discrete Segal presheaf on C.

@ a C,-monoid is a reduced simplicial Segal presheaf on C.

Example (C-monoids and C.,-monoids for unital Segal patterns C)

C C-operad C-monoid Coo-monoid
I sym. operad comm. monoid Eoo-space
A | non-sym. operad | assoc. monoid Aco-space
O, n-operad n-monoid E,-space

Q | tree-hyperoperad sym. operad oo-operad
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Proposition (B22)

For unital Segal patterns, the categories of C-operads and of C*-monoids
are equivalent. Segal presheaves on C are homotopical C-operads.

Theorem (cf. BO7, Bat08, Barl8; also BF78, BoM20 for n = o)

@ The homotopy theories of reduced ©,-spaces and of E,-spaces are
equivalent. Group-like ©,-spaces model n-fold loop spaces.

@ Pushforward along v, : ©, — I takes a cofibrant replacement of the

terminal n-operad to an E,-operad. In particular, an E,-operad is
obtained via pushforward along v : ©F — 't.

Definition (wreath product of Segal patterns A, B, cf. B07, B22)
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Proposition (B22)

For unital Segal patterns, the categories of C-operads and of C*-monoids
are equivalent. Segal presheaves on C are homotopical C-operads.

Theorem (cf. BO7, Bat08, Barl8; also BF78, BoM20 for n = o)

@ The homotopy theories of reduced ©,-spaces and of E,-spaces are
equivalent. Group-like ©,-spaces model n-fold loop spaces.

@ Pushforward along v, : ©, — I takes a cofibrant replacement of the
terminal n-operad to an E,-operad. In particular, an E,-operad is
obtained via pushforward along ;" : ©F — I'*.

Definition (wreath product of Segal patterns A, B, cf. B07, B22)
@ Ob(A!B) ={(A,B.)| A € Ob(A), (B, € Ob(B))u.,—na}
o (¢,¢5): (A Ba) — (A, By) where ¢f for each §: Us — ¢1(Ua).
@ ©,=A10, 1 whence ©,., =0,,10,.
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Definition (BV-tensor product for oo-operads BV73, L12, Barl8, BoM20)

There is a leaf functor A : Tt — I and a commutative diagram

r+2r+graft r+

A VA

nr-2.r

inducing a Quillen bifunctor ®py : sP(I'") x sP(I') — sP('")

Theorem (Additivity theorem for E,-operads, cf. L12, Bat18, Barl8)

There is a commutative diagram
+
e$ l e;r = em+n
Ty V Vorin
rart —-srt

implying that E,, ®pgy E, = Epny, for "sufficiently cofibrant” operads.
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@ the objects of U are finite connected “graphs”.

@ inert monos G — H : subgraph inclusions.

@ active monos G — H : G-indexed partitions of H into subgraphs.
@ retractive morphisms G — H : removal of binary vertices.

@ 7y : U — T : G+ vertex set of G.
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@ the objects of U are finite connected “graphs”.
inert monos G — H : subgraph inclusions.
active monos G — H : G-indexed partitions of H into subgraphs.

(]
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@ retractive morphisms G — H : removal of binary vertices.
@ Yy :U—T:G+ vertex set of G.

]

two nilobjects : free-living edge and free-living loop.
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Uy full subcategory of U spanned by inhabited acyclic graphs.
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Definition (graphical category U — Hackney-Robertson-Yau, HRY20)

@ the objects of U are finite connected “graphs”.
inert monos G — H : subgraph inclusions.
active monos G — H : G-indexed partitions of H into subgraphs.

retractive morphisms G — H : removal of binary vertices.

two nilobjects : free-living edge and free-living loop.

o

o

o

@ Yy :U—T:G+ vertex set of G.

o

e for each (n, g) € N? a unit : a rose with n leaves and g loops.
o

Uy full subcategory of U spanned by inhabited acyclic graphs.

Lemma (cf. GK78, HRY20)

Discrete reduced Segal presheaves on U (resp. U) are cyclic (resp.
modular) operads. U is a Segal pattern, U is a graded Segal pattern.




Active/inert factorisation systems, operads and plus constructions
Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)




Active/inert factorisation systems, operads and plus constructions
Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)

o free-living edge corepresents “oriented” edges.




Active/inert factorisation systems, operads and plus constructions
Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
o free-living edge corepresents “oriented” edges.

@ there are non-monic inerts increasing the “genus”.




Active/inert factorisation systems, operads and plus constructions
Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
o free-living edge corepresents “oriented” edges.
@ there are non-monic inerts increasing the “genus”.

@ among the units of U those belonging to Uy are also dense in U.




Active/inert factorisation systems, operads and plus constructions

Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
o free-living edge corepresents “oriented” edges.
@ there are non-monic inerts increasing the “genus”.
@ among the units of U those belonging to Uy are also dense in U.
o “forgetting the root” yields a discrete fibration Q — Ugy..




Active/inert factorisation systems, operads and plus constructions

Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
free-living edge corepresents “oriented” edges.

there are non-monic inerts increasing the “genus”.

o
o
@ among the units of U those belonging to Uy are also dense in U.
o “forgetting the root” yields a discrete fibration Q — Ugy..

°

active part U, is dually equivalent to Borisov-Manin's category of
finite connected graphs and graph contractions.




Active/inert factorisation systems, operads and plus constructions

Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
free-living edge corepresents “oriented” edges.

there are non-monic inerts increasing the “genus”.

o
o
@ among the units of U those belonging to Uy are also dense in U.
o “forgetting the root” yields a discrete fibration Q — Ugy..

°

active part U, is dually equivalent to Borisov-Manin's category of
finite connected graphs and graph contractions.

Proposition (operadic envelopes, cf. GK98, HRY20)




Active/inert factorisation systems, operads and plus constructions

Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
free-living edge corepresents “oriented” edges.

there are non-monic inerts increasing the “genus”.

o
o
@ among the units of U those belonging to Uy are also dense in U.
o “forgetting the root” yields a discrete fibration Q — Ugy..

°

active part U, is dually equivalent to Borisov-Manin's category of
finite connected graphs and graph contractions.

Proposition (operadic envelopes, cf. GK98, HRY20)

e Pushforward along €2 — U, computes the cyclic envelope of a
symmetric operad.




Active/inert factorisation systems, operads and plus constructions

Graphical Segal pattern

Remark (Exceptional features of the graded Segal pattern U, cf. HRY20)
o free-living edge corepresents “oriented” edges.
@ there are non-monic inerts increasing the “genus”.
@ among the units of U those belonging to Uy are also dense in U.
o “forgetting the root” yields a discrete fibration Q — Ugy..

@ active part U, is dually equivalent to Borisov-Manin's category of
finite connected graphs and graph contractions.

Proposition (operadic envelopes, cf. GK98, HRY20)

e Pushforward along €2 — U, computes the cyclic envelope of a
symmetric operad.

@ Pushforward along Ug,. < U computes the modular envelope of a
cyclic operad.
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