The Al-homotopy type of Atiyah—Hitchin schemes I:
the geometry of complex points

CHRISTOPHECAZANAVE

Given a smooth algebraic variety, we construct a family of new algebraic
varieties R,Y indexed by a positive integem, which we baptize the\tiyah—
Hitchin schemesf Y. This paper is the first of a series devoted to the study of the
Al—homotopy type (in the sense of Morel and Voevodsky) of tlsesemes. The
interest of the Atiyah—Hitchin schemes is that we conjexthiat, asn tends to
infinity, the sequence of spacé,Y converges, in a precise sense,ﬂBIEPlY,
the freeP'—loop space generated by

This first paper focuses on the geometry of the scheR@s: the slogan is that
R.Y is a scheme-theoretic “completion” of the unordered coméition space of
n distinct points inA® with labels inY. This makesR,Y analogous—although
in general different—to the May—Milgram model.

55P35, 55R80, 14F42; 57N80

1 Introduction

This is the first of a series of papers devoted to the introduction and theaftsadme in-
teresting families of algebraic varieties which we baptizeAtigah—Hitchin schemes
There is a family of Atiyah—Hitchin schemes attached to any given algebnaétya ;

they are indexed by a positive integerand we denote therR,Y. The fundamental
example at the source of the definition, corresponding to the case Wheihe affine

line minus the origin, is given by the schemes of pointed degrestional functions
(Fn)n=0 (seeexample 2.4—(3for the precise definition of these schemes). The homo-
topy type of the topological spadg,(C) of complex pointed degraerational functions
has been studied by Graeme Segal in his seminal ar8tle Segal proved that “the
sequence of topological spac&g(C) converges, aa tends to infinity, to the double
loop space2?S®”. (The meaning of this last statement is that the natural inclusion
map of F,(C) into the degreen component of the space of continuous pointed maps
map, (P*(C), P}(C))—a space homotopy equivalent ¥ S>*—induces isomorphisms
on then first homotopy groups.) This result has been a large source of inspifatio
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many authors, among which C Boyer, F Cohen, R Cohen, M. Guest, Jiisefls.
Kallel, Y. Kamiyama, F Kirwan, A. Kozlowzki, B. Mann, J. Milgram, M Murayamha
Mostovoy, D. Shimamoto, K. Yamaguchj,[8, 9, 16, 17, 18, 19, 20, 21, 22, 28, 34]. In
particular, one can find in the literature several constructions inspir&dogl's paper
[31] of successive finite-dimensional manifolds approximating certain mappaces.

The objective of this series of articles is twofold. First, we would like a ungyin
framework for the various topological results mentioned above. As a banaver,

we construct a general “machine” which, when fed with a smooth contheaamifold

Y (resp. with a “nice” topological spac®), returns a familyR,,)) of smooth finite-
dimensional manifolds (resp. topological spaces) which are suceeggivoximations

of Q2¥2Y, the double loop space freely generated)by (The construction ofR,,)

is given in this article; that it does approximd®8x2) will be proved in B].)

Our second aim, which is more speculative, explores a new direction efgéeration:
that of AL—homotopy theory, the homotopy theory of schemes developed by Morel
and Voevodsky27]. Indeed, our construction is algebraic: when fed with a smooth
algebraic varietyy, the “machine” returns a family of smooth algebraic varieties, the
Atiyah—Hitchin schemesk,Y. In this series of articles, we will give evidence that
when the algebraic variety is A'—connected then “the sequence of scheRg¥
converges (in the homotopy category}8 ©P"Y, the P1—loop space freely generated
by Y”. (As above, one can give a precise meaning to this statement.)

This first paper is devoted to the analysis of the geometry of the Atiyah—Hitchin
schemes. The slogan is that for every integee 1, R,Y has to be thought of as

a scheme-theoretic “completion” of the unordered configuration spacedigtinct
points in A® with labels inY. (Here by “completion” one should understand that a
generic point of R,Y)(C) belongs to the above configuration space but that there are
also moradegenerateonfigurations.) We illustrate this by describing the geometry of
the complex manifoldR,Y)(C) associated to a complex algebraic varigty

The geometry of RnY)(C) is reminiscent of an other well-known approximation of
the double loop spac@22Y(C): the so-called May—Milgram mode,Y(C) (see
May'’s book R6, construction 2.4]). The spac®&{Y)(C) is closely related to tha-th

term R, (C2Y(C)) in the canonical filtration of2,Y(C). Indeed, we will prove in3]

(see also§, chapitre 5]) that there isstablehomotopy equivalence

E2(RnY)(C) = XFy(C2Y(C))

which is compatible with the Snaith splitting 87X2Y(C). (In the special case of com-
plex rational functions, this stable homotopy equivalence was first grioy& Cohen,
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R Cohen, B Mann and J Milgran7[8].) However,unstablythe two spacesR,Y)(C)
and F,C,Y(C) may differ: for an integed > 1 and forn > 1, (Rn(A? — {0}))(C)
and R,C2(CY — {0}) are homotopy equivalent if and onlydf > 1 (see R Cohen and
D Shimamoto 9] and Totaro B2)).

We leave to the next article8,[4] the study of the (unstable and stable) homotopy type
of the Atiyah—Hitchin schemes and its relatiorf18'SP'Y. Thereis also an interesting
connection with our previous work irb] on the algebraic connected components of
the schemes of pointed rational functiafis which suggests the existence of a version
of the little disks operad and of the group completion theoref&lirhomotopy theory.

Let us give a flavor of the results and techniques contained in the paeel be a
fixed smooth complex algebraic variety andtelbe a positive integer. A point in the
space RnY)(C) is a pair A, B) where:

o A=X"4+a, (X"1 ...+ agis amonic degre@ polynomial with complex
coefficients

* B corresponds to the datum, for each reobf the polynomialA, of a point in
the total space of a certain vector bundjgover Y(C). These vector bundles
J. are “jet-like” bundles ovelY(C) of order the multiplicity of the rootv. For
example, whenv is a simple rootl,, is the zero-dimensional vector bundle over
Y(C); whena has multiplicity two,J, is the tangent bundle of(C) and so on.
(See the introduction ddection 3for a more precise account about this.)

This description leads to a decomposition of the complex maniflgr§(C) as a set
as a disjoint union of complex submanifolds, each one individually well tgtded.
For example, the open stratum (corresponding to the locus where thefirginateA
has all its roots simple) is homeomorphic to the space of unordered comibgisraf n
distinct points inC with labels inY(C). Note that this is exactly the same space which
appears in the definition of FC2Y(C)), the n-th term of the canonical filtration of
the May—Milgram model,Y(C) for 22%X2Y(C). In general, each piece oRgY)(C)

is up to homotopya space of configurations of a certain number of point€ iwith
labels inY(C) (we leave vague here whether the configurations are ordered @eeot,
definition 3.1.).

A full understanding of the geometry of the spa@&,Y)(C) requires also information
about how the different pieces are glued together. We can provide fhisniation
by using the fact that the decomposition G2(Y)(C) satisfies a strong regularity
condition: itis a so-calletVhitney stratification For such stratifications, the work of J
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Mather in the 1970’s (based on the former contribution of R Thom) proddsstable
notion of tubular neighbourhood of one stratum into another adjacemarstravhich
we can be described. Although our description requires a combinatomabfiem
which is a bit intricate, the two main underlying ideas are simple.

* The geometry of the strata ofR(Y)(C) has the following property: if, in a
configuration of points inC with labels it Y(C) (which represents a point
in some stratum), two pointa; # a2 € C have the same label, say =
y2 =y € Y(C), then, as the two points; and o, tend to a common value, say
a € C, then the configuration {(1, y), (a2, Y), (a4, ¥i)] tends to the configuration
[(e, ), (e, V)] (which represents a point in a lower stratum). It turns out that
this information suffices to capture the homotopy type®#Y)(C).

» The stratification of the space of monic complex polynomials associated to the
multiplicity of the roots is closely related to the stratification @,{)(C).
(In fact, it corresponds to the special cage= pt.) Its strata are genuine
configuration spaces of points . And the attaching maps between the strata
can be described by some versions of the structure maps in the little disksloper
on the level of configuration spaces of pointsmbedding a little disk into
another one is analogous to blowing up a multiple root into other roots of lower
multiplicities.

A rough summary of our main resuthgorem 3.4.Bis the following. There is a natural
homotopy equivalence betweeR(Y)(C) and a space denoteil'(Y(C)) obtained by
attaching configuration spaces of little discs@nwith labels in Y(C) togethervia
structure maps in the little discs operad and diagonals on the lab¥(€n

In particular, our description implies that the homotopy type of the topologpeades
(RnY)(C) only depends on the homotopy typeYsC), which is not obvious from the
definition of R,,Y (and which is convenient to use i8]]. Moreover, when the algebraic
variety Y is defined over the field of real numbeRs complex conjugation induces
an involution on both R,Y)(C) and ¥"(Y(C)). Our analysis of the stratification is
compatible with these involutions: we have a homotopy equivalehtg'(C)) =~
(RnY)(C) asz/,—spaces. This suggests that the-homotopy type of the spade,Y
should only depend on th&—homotopy type ol a result which we could not prove
(seequestion 3.6.2

Overview of the article

'Here, Y(C) is identified with the zero sections of the “jet-like” buedll,, .
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» Section 2is devoted to the definition of the Atiyah—Hitchin schemes. Their
functor of points are easily defined and shown to be representable. [Sxsite
properties are established. The algebraic geometry here is elementaiynead
at topologists (in particular, we avoid using the theory of Hilbert schemes). W
also discuss examples we find illuminating.

» Section 3describes completely the stratification of the space of complex points
(RnY)(C) whenY is defined ovelC. In more detalils:

83.1 describes the topology of the strata G2{Y)(C). These are the
configuration spaces of points @ with labels in the “jet-like” bundles
over Y(C) alluded to in the introduction.

83.2is a warm-up: we analyse in details the stratifications7$Y)(C)
and (R3Y)(C). The study of R3Y)(C) requires already all the technical
difficulty contained in the use of the Thom—Mather theory of controlled
tubular neighbourhoods in Whitney stratifications. It is written in order to
motivate and illustrate the general method.

To treat the general case, we first introduce 3n38he required formalism
to handle the combinatorics. This allows us to define 3¥48he functor
¥": Top — Jop for any n and to state our main resuth€orem 3.4.8
there is a natural homotopy equivalence betw&gY()(C) and U"(Y(C)).
The proof is then given in 5.

In 83.6, we study the case when the variefyis defined over the field of
real numberdR. In this case, complex conjugation induces an involution
on both spaced"(Y(C)) and (R,Y)(C) and the homotopy equivalence
(RaY)(C) ~ ¥"(Y(C)) is shown to be compatible with this action.

* Appendix Ais a recollection of the necessary material on stratifications. In
particular, we briefly present the Thom—Mather theory of controlled tubula
neighbourhoods for Whitney stratifications, which is used as an important in
gredient in our description of the homotopy type &,{)(C).
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2 Atiyah—Hitchin schemes

Throughout this section, we work over a fixed base field k, althoughotigreiction
would be valid over a more general base. By an algebraic variety, wvanradinite
type separated k—scheme.

Let Y be a fixed algebraic variety. We introduce the Atiyah—Hitchin schemes attache
to Y, which are our main object of study. These form a famiyY of algebraic
varieties indexed by a positive integer The idea behind the construction that we
give is due to M Atiyah and N Hitchinl], chapter 5], which justifies our terminology.
However, our presentation differs notably from the aforementionetaete for two
reasons. Thefirst one is that we don’t want to use the deep theoilpeftschemes, as
this text is aimed at topologists. The second reason is that we think that eupoiig

is more convenient for the applications we have in mind. The connection &etowe
approach and that of Atiyah and Hitchin is explaineddmark 2.5elow.

Definition 2.1 Let n be a positive integer. For arky-algebraR, let (R,Y)(R) be the
set of pairs A, B) where
o A=X"+a, X"+ ... +ais amonic degree polynomial inR[X]
» Bis ak-scheme morphisB: SpecR[X] fA) — Y- (Inother wordsB is an
element ofY (RIX] yp) ) )

The setR,Y(R) is natural in thek—algebraR; we have thus just defined a functor
RnY: Alg, — Set

from the category ok—algebras to the category of sets.

The following proposition ensures that for reasonable scheyndke above functor
MRnY is indeed the functor of points of a scherRgY .

Proposition 2.2 Let n be a positive integer and be a quasi-projective algebraic
variety—e an open of some projective algebraic variety. Then the funttgY

is representable by a quasi-projective algebraic variety, which wetel@ti¥ and
baptize then-th Atiyah—Hitchin scheme associatedYo

Moreover, ifY is smooth of dimension, then the schem®,Y is also smooth of
dimensiomn(d + 1).
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Nota bene: Even in the case whelY is projective, the schem®&,Y is usually
not projective. For example, one has a canonical isomorpiRsiv ~ Y x Al cf
example 2.4—(1below.

Proof of proposition 2.2 We first check that the functdR,Y is representable. One
has to show that the funct®t,Y is a sheaf in the Zariski topology and that it is covered
by affine open subfunctors.

ThatfR,Y is a sheafin the Zariski topology is a consequence of the following fattR Le
be ak—algebra andf{)ic; be a family of elements such that the opens Sjéc'] cover
SpedR, then for any monic polynomiak € R[X], the schemes SpeR{fi’l][X]/(A)
form an open cover of SpdX] A) -

To check thatRk,Y is covered by affine open subfunctors, we observe the following
facts.

Lemma 2.3 (1) If U is an open subvariety of, then the functofR,U is an open
subfunctor ofR,Y .

(2) If Y is an affine algebraic variety, then the funcf8rY is represented by an
affine algebraic variety.

Proof (1) This follows from the fact that the functor of points bf is an open
subfunctor of the functor of points of.

(2) LetY be a closed subscheme of some affine spdtegiven by the vanishing of
some family of polynomiald?;(Xy, . . ., Xn). For anyk—algebraR and for any
monic polynomialA € R[X] of degreen, an element oR[X] A has a unique
lifting as a polynomial ofR[X]geg<n. The datum ofB € Y(k[X]/(A)) is then
equivalent to the datum of a familyB{, . . ., By) of polynomials inR[X]geg<n
such that the rests of tHg(By, . . ., By) in the Euclidean division by vanish.

This is given by polynomial equations on the coefficients of the polynomials
A, Bi,...,By, which gives the coordinates and the equations of the scheme
representingi,Y. a

We claim that the family of subfunctof®,U when U runs over all the affine open
subschemes oY forms a cover ofR,Y by affine open subfunctors. This follows
directly from the definition and from the fact that in a quasi-projectiveesthyY any
finite set of points in contained in an open subschéme Y (cf [24, Proposition 3.36]
for example).

This proves that the functdR,Y is representable by a scherf® Y. For briefness,
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we postpone the proof that the representing sché&y¥ is quasi-projective until
remark 2.5 where it's deduced from a general result of Grothendieck on thsi-qua
projectivity of Hilbert schemes.

We finish by checking that wheYi is assumed to be smooth th&g,Y is also smooth.
Since smoothness is a local condition, the previous discussion on opens cdR Y
implies that it's enough to treat the case whéns affine. One shows thaR,Y ® k

is non-singular at any pointA(B) € R,Y ® k by checking a Jacobian criterion.
(For this, observe that one can assume thas irreducible, for if A = AjAz is a
coprime decomposition, theR,Y is, locally around A, B), isomorphic to the product
Rn, Y X Rp,Y, with nj = degA for i = 1,2. One can thus assume that= X"; note
then that the “constant terms” & gives a point ofY, sayby € Y(k). The Jacobian
matrix of the equations oR,Y at (X", B) is block triangular, with diagonal entries the
Jacobian matrix of the equations ¥fat by.) O

Nota bene: Note that the proof of the second assertiopiiaposition 2.Zhows that
the canonical projection on the first factor

(AB — A

is smooth. In particular, this means that whérs defined oveC, the map of complex
manifoldsgp: (RnY)(C) — Pok(C) is a submersion.
Example 2.4 Let n be a positive integer.
(1) For every schem¥, one has a canonical isomorphism of schemes
RiY ~ Y x AL,

(2) Let pt = Spedk be the “one point scheme” and let Rble the scheme of monic
degreen polynomials. (PgqJ is thus canonically isomorphic to the affine space
A".) One has a canonical isomorphism of schemes

(3) Recall that we denot&, the scheme of pointed degreerational functions;
Fn is thus the open subscheme Af" := Speday, ..., an_1,bo, ..., bn_1]
complementary to the hypersurface given by the vanishing of the resultant

resin(X" +an_ 1 X"+ - Fag, b X" - ).
One has a canonical isomorphism of schemes

Rn(A — {0}) ~ Fp.
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(4)

Proof

(@)

®3)

(4)

More generally, for every positive integeér> 1, let 79 denote the Hom scheme
of pointed degre@ morphisms fromP?! to P4. (For any fieldK , the setFd(K)
is thus in bijection with ¢ + 1)—tuples of polynomialsA By, . .., Bg) in K[X]
with A monic of degreen, eachB; of degree< n and such that there is no root
common to all polynomials.) One has a canonical isomorphism of schemes

Rn(AY — {0}) ~ F9.
(1) For everyk—algebraR and everya € R, one has a canonical isomor-
phism ofk—algebrasi{X] yx _ q) ~ R.
For everyk—algebraR and for any monic polynomiah, there is only one map
of k—schemes from Spe¥{X] p) to Sped.
For anyk—algebrer and for any monic polynomiad in R[X], (A1 —{0})(RIX] A)
is the set of units oR{X] j ») . SinceA is monic, any elemeri € R[X] j») ad-

mits auniquelifting as a polynomiaB € R[X] of degree strictly less tham. The
pair (A, B) is then an element of,(R). This describes a natural isomorphism
of functorsRp(A! — {0}) ~ F.

The argument is similar to the previous one and is thus omitted. ad

Remark 2.5 (1) Our presentation differs notably from that given by Atiyah and

Hitchin in [1, chapter 5]. So we indicate here the link between the two ap-
proaches.
In general, given a smooth algebraic variétyand a positive integen, the
punctual Hilbert schem¥! is not a desingularization of the symmetric prod-
uct SP(Y). However, Atiyah and Hitchin observed that one can construct a
desingularization of SRY x A') by the following construction. LefR,Y be
the following subfunctor of HilB(Y x Al)

Rn(Y): Alg, — Set

Flat closed sutiR-scheme<Z c (Y x Al)r
with Hilbert polynomialPz = nand such that
Z — (Y x Abg & AL remains a closed
immersion.

The datum of a lengtin closed immersiorZ — Al is equivalent to the datum
of a monic degreea polynomial, and one then has~ Spec R[X]/(A)). The

datum of the immersioiZ — (Y x Al) thus corresponds to the datum of the
morphism SpecR[X]/(A)) — Y. This induces an isomorphism of functors

RY ~ R,Y.
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(2) As promised in the proof groposition 2.2we indicate to the reader why the
algebraic varietieRR Y are quasi-projective. In the point of view of Atiyah and
Hitchin, the functorR,Y is an open subfunctor of the functor of points of the
punctual Hilbert scheme of x Al. By a general result of Grothendieck5,
theoeme 3.2 and §41Hilb"(Y x AY) is quasi-projective thus so R,Y.

3 The homotopy type of the space of complex points

In all Section 3we fix once for all a positive integer n and a smooth algebraic variety
Y defined over the field of complex numb@rsFor briefness, we denof := Y(C)
the topological space of complex points.

Our analysis of the geometry of the complex manifol,¥)(C) follows the idea,
already present in the work of F Cohen, R Cohen, Mann and Milgi@nof cutting
the manifold into disjoint pieces, each one well understood separately. Let

p: (RaY)(C) — Pok(C)
(AB) +— A
be the canonical projection on the first factor. The fibepafver a polynomialA is by
definition Y(C[X] /(A)) . The topology of this space highly depends on the nature of the
C—algebraC[X]/(A). Indeed, ifo; (1 < i < r)denote the distinct complex roots Af
with multiplicity n; > 1, the Chinese remainder theorem induces a homeomorphism

oA =~ [T Y(CIX] jxny) -
i=1

The space¥ (C[X] /(Xni)) appearing above are the total spaces of vector bundles over
Y = Y(C)—these are the “jet-like” bundles alluded to in the introduction. For ex-
ample, it is well-known thah((C[X]/(Xz)) identifies with the tangent bundle of.

Each space (C[X] /(Xni)) deformation retracts onto its zero-sectpn Thus the fiber

©~1(A) has the homotopy type of a productrotopies of) .

It follows from this discussion that the manifol®{Y)(C) naturally decomposess

a set into a disjoint union of submanifolds, whose homotopy type is a simple function
in the homotopy type o). For example, the open submanifold corresponding to the
locus of points A, B) whereA has only simple roots is homeomorphic to the unordered
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space of configuration af distinct points inC with labels in)) denotedC(™ x )" (see
S

definition 3.1.1below for the explanation of the notation). The relevant notion here
is that of stratification (Appendix A gives a brief introduction to this notion.) The
space of monic complex degreepolynomials Pqg|(C) admits a natural stratification
8Pt associated to the multiplicity of the roots, which liftis the canonical submersion
©: (RaY)(C) — Poly(C) to the stratificationS” of (R,Y)(C) which we consider.

In the rest of this section, we give a complete description of the stratific&tiowe
describe the topology of the strata and the attaching data.

3.1 Description of the strata

We start our analysis of the stratificatiéf of the space®®,Y)(C) by describing the
topology of the strata. As we will see, the set of strata is indexed by the pastibio

the integem and each of these has the homotopy type of a space of configuration of
points in C with labels in) := Y(C). Here, the term “configuration space” has to
be taken in a slightly more general sense than usual as we do not infemangbout
whether the configuration is ordered or not (deénition 3.1.1below).

3.1.1 Configuration spaces and partitions of an integer

For every positive integeg > 0, lete denote the sefl,2,...,e}.

Definition 3.1.1 Theunorderedconfiguration space af distinct points inC, denoted
CM  is the space of injective maps fromto C. It comes with a natural action of the
symmetric groupS,, by composition at the source.

For any topological spacg, we use the general terminologgnfiguration space of n
distinct points inC with labels in Zfor a spaceC™ >§Z” for some subgrou C &y.

Definition 3.1.2 (1) A partition of the integen is the datum of a positive integer
and of an equivalence class of surjectiarisn — m according to the following
equivalence relation :

MhSm~n>m < Ja: n—nand3: m—> msuch thatr'oa = Bor.

We denote f] the equivalence class of the surjection

Let II(n) denote the set of partitions of the integerThis set is equipped with
the following partial order: ] = [#'] whenever there exist some representing
elementsr and 7’ of [x] and [r'] and a surjectionp: m — m’ such that
T=pom.
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(2) For every surjectiont: n — m, let also7 denote the class of modulo
composition at the target by an element of the symmetric g®wp In other
terms, one has = 7/ if and only if there exists? € &y, such thatt’ = B o 7.
The setﬁ(n) of classes of surjections is equipped with the partial order
analogous to that ofI(n).

Example 3.1.3 Every integem admits the following two partitions:

» Thegenericpartition, denotedrg], is the class of the identity map4dThis is
the maximal element of the set of partitiofign).

e Thetrivial partition, denoted+], is the class of the unique map fromto 1.
This is the minimal element of the set of partitiorign).

3.1.2 The strata ofPol,(C)

We are now ready to describe the strata of the stratifica#frof the space Pg(C)

of complex monic degrea polynomials associated to the multiplicity of the roots. It
plays a majordle in our analysis for two reasons: first, as we already discusseebefo
the stratificationS of (R,Y)(C) we focus on is a lift of$P'. Secondly, one should
consider this as the particular cagée-= pt. Indeed, through the canonical isomorphism
Rapt ~ Pol, of example 2.4—(2)the stratificationSY=P! corresponds t&P' (which
justifies our notation). As we will see, our strategy is to reduce the study ¢ that

of 8Pt

Definition 3.1.4 Let SP! be the stratification of Pg(C) associated to the algebraic
hypersurface defined by the vanishing of the discriminant éseanple A.1.2—(3)
). Alternatively, the stratificatior8P! is also theorbit type stratification under the
identification Pal(C) ~ C”/Gn (seeproposition—definition A.1.4

Our convention here is to take the strata88f path-connected

Identify the space PgIC) with the symmetric product SFC) := CD/Gn . A polyno-

mial in Pol(C) is equivalent to the set of its roots, which is though of as an orbit of
maps fromn to C under the natural action of the symmetric gragip.

Let q: C" — SP'(C) be the canonical projection. For technical reasons, it is also
useful to analyse the®,—equivariant) stratificatiort® := q~1(SPY) of C". The
description of the strata is the following:
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Proposition—definition 3.1.5 (1) The strataSF;] of the stratifications* of the

(@)

®3)

(4)

(5)

(6)

(7)

spacePoh(C) are indexed by the partitiorig] of the integem. By definition,

the stratunﬂ[‘);] attached to the partitiojr] is composed of the orbits (under the
action of&,,) of mapsx: n — C such that there exists a representing element
7. n— mof [x] and a factorizatiox = ¢ o ™ with ¢ m — C injective.

The strataE™

i Of the stratification€P' of C" are indexed by the partitions
7] of the integem. By definition, one ha&P', = q~1(F",). Note that the
[7] ]
stratification€P' is G,—equivariant in the sense that each stratum is stable under

the action ofS,,.

The partial ordersdf definition A.1.J on the sets of strata &' and EP' are
given by

fhzy = [zl and Bz By < 1217,

m {m] —
Let[x] be a partition of. The connected componen?.%t of the stratunEF;]
are indexed by the classes of surjectians [r]:
B = 11 &
Te[m]
For every class of surjections, the spaceEQt is the subspace d&" of maps
X: n — C such that for every representing elementn — m of 7, there
exists a factorization = p o w with . m — C injective.
For each choice of a representing elemetf 7, the map fron‘E%t to the space
C™ of injective maps fromm to C which associates to everythe (unique) map
@ as above is a homeomorphism.

The symmetric grouf®,, acts on each stratuﬁffr]. Its action exchanges the
connected components as follows

Voe&n o -EX=E"

moo—1

LetT be a class of surjections and tet n — m be a representing element of
7. The subgroup o6, of those permutations such that there exists a (non-
necessarily unique) permutatienc &, satisfying the relationrooc = 7 om
doesn’t depend on the choicemf This group is the stabilizer of the connected
component® and we denote 6.

For every partitioriw] of n and for every elemernt < [r], we have canonical
homeomorphisms

pt ~ t pt
Erifs, — S Erfs

describingﬁ’fr] as a space of configuration of pointsGn
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Example 3.1.6 (1) The stratunﬁ[p;g] is the open subspace of R@L) of polyno-
mials with all their roots simple. The stratuEf:’;g] is here the subspad@™ of

c".
(2) The stratunﬁ’frt] is the space of polynomials with only one root (of oragr
The straturTEfrlg corresponds to the diagonal = - - - = x, of C".

1 1

(3) Whenn = 3, letm;: 3 — 2 be the following surjectlon . The

2
stratumﬁ’frﬂ is the space of polynomials of degree 3 havmg exactly one double
root. One has a homeomorphisﬁjtrl] ~ C@. (Recall that the notatioc®)
denotes the space of configuration of two distinct point€ i
The spaceE~; C C* is composed of the 3—tupleg;(Xz, X3) such thatx; = x,
andx; # x3. One has

Eiry = Exl(m13- ERI (723 Ex),

wherer; j is the transpositioni (j) € &3. The groupSx; is the subgroup 063
generated by the transposition,. Here, it acts trivially orEx;.

Remark 3.1.7 Here is a more intrinsic rephrasing of the homeomorphignaiove.
Let [7] be a partition ofn and Fo([7]) be the following category. The objects of
So([7]) are the surjectiong = my such that fo] = [7]. A morphism between two
objectsmo and is a commutative diagram

1ok

Let EP' be the unique functor froro([7]) to Top such thatEPY (7o) = E% and such
that for every morphismc(, ag): mo — 7§ in Fo([7]), the morphismEPY(«, ag) is

induced by the action of the elemesite S,,. The homeomorphisni’f in proposi-
tion—definition 3.1.5an be reformulated as:

t pt
~ colim Eg(m
eE Lolim, Eo (o).

Proposition 3.1.8 The stratificationssP* and EP' are Whitney-regular (this notion is
explained in §.1.2 of the appendix).
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Proof That the stratificatior$P" is Whitney-regular is the purpose df(]. By propo-
sition A.1.7, the inverse image of a Whitney regular stratification though a submersion
is Whitney regular. The stratificatiofi®® is thus Whitney-regular. One could also
have deduced this directly from general results almbit-type stratifications. ¢f
proposition—definition A.1.4ndproposition A.1.1. m|

3.1.3 The strata of(R,Y)(C)

Recall that the stratificatio” of (R,Y)(C) is by definition the inverse image through
the canonical projectiop: (RnY)(C) — Pok(C) of the stratificationSPt. We
deduce from the previous paragraph a description of the éﬁfﬂtaf 8Y as a function
of the strat fr] of 8Pt and of ).

Let (R,Y)(C) be the canonical fiber product:

(RaY)(C) —= (RaY)(©)
EJ/ ip
cn Poh(C)

q

For some technical reasons that will appear later, we also describe dke atrthe
stratification€Y := (p o @) ~1(SPY) of (RnY)(C).

By definition, the strata 08" and &Y are again indexed by the partitions of the integer
n. For every partition ] of the integem, we set

Sa=0 () and Ely=(pod) .

Note that the strata of " are all stable under the action &,.
The next proposition gives the aforementioned description of the strafy ais
configuration spaces of points @ with labels in a vector bundle ovér.

Proposition 3.1.9 (1) Let [7]: n — m be a partition ofn. The connected
componentE% ofthe stratunEE;] are indexed by classes of surjections [«].
For each representing elementof some classt, one has a=—equivariant
homeomorphism:

EY ~ EP! x l_IlY<C[X]/(XW_1(i))> .

Here, the groums= acts on the product in the left hand side term by permuting
m, via the morphism&z — &y associated to the choice of a representing
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elementr.
Moreover, the straturgY. deformation retract&-—equivariantly on its subspace

n
E2:=EXx VM EX <[] <C[X]/(X|w—1(i)|)> :
i=1

(2) For every patrtitiorir]: n — m, and for every representing elemenbtf [r],
one has a homeomorphism:

™

independent of the choice af.
Moreover, the straturﬁ%] deformation retracts on its subspace

n
§r = Er X VR CER X EY< X/ (.)|))

We encourage the reader to rewrite form@al) in a more intrinsic way, in the spirit
of remark 3.1.7

The regularity properties of the stratificationsppbposition 3.1.&aturally pass tG&P
and &P, Precisely, one has:

Proposition 3.1.10 The stratifications$Y and€&Y are Whitney-regular.

Proof Itis a consequence @iroposition 3.1.&ndproposition A.1.7 ad

Remark 3.1.11 For every partition ] = [n — m] of n, let EE;] be the subspace of
(RaY)(C) of pairs @, B) such that:

* there exists a factorizatioh = A; - - - A, with polynomialsA; monic of respec-
tive degreegr—(i)|, and pairwise coprime;

e BbelongstQ)" CcY (C[X]/(Al)> X xY (C[X]/(An)).

In general,EE;] isn’'t a submanifold of R,Y)(C). Let alsoif;] be the subspace of
(RaY)(C) -

Sk =0 (k)
Here, ifﬂ] is a sub&p—manifold of @]Y)(C), which is the (non-disjoint) union

of Gr—submanifolds:Y for 7 € [r]. One checks thaﬁ[,r] is transverse to the
stratification€", ie that it is transverse to each of its stratum.
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Example 3.1.12 (1) For the generic stratum, one hag ; = §7; and ifﬁrg] =
EY

[mg] -
(2) For the trivial stratum, one has ; = Pok(C) x Y and ifﬁrt] =C"xY.
_ . pt . t
(3) WhenY = pt, for each partitions] of n, i isthe open subspac[:g]g[w]ﬁ;q C
Pok(C) .
(4) For every surjectionr: n — m, one has aS=—equivariant homeomorphism:
nY ~ yPty yn
T :

3.2 The functors ¥? and ¥3

The previous paragraph has given a description of the homotopy tyibe strata of

8Y. In order to complete the description of the stratification, one needs toilsscr
how these spaces are glued together. One way to proceed is to thickeremnyp e
stratum by replacing it by a tubular neighbourhood and to describe alldbgilpe
multi-intersectiora la Cechof these spaces and the maps between them.

Because the formalism becomes tedious, we illustrate in some details the anflysis o
the special case = 2 andn = 3 for the reader’s convenience. All the technical
difficulty is already present in the study of the stratificatiorfofY)(C).

3.2.1 Analysis of the stratification of(R2Y)(C)

The integem = 2 has only two distinct partitionsrfj] - [«{]. The stratificationsY
of (R2Y)(C) thus admits only the two strata
Y o @ 2 Y C[X

S = CPxYEP and g ~Cx Y(CX 2y ) -
Note thatﬁfrt] deformation retracts on its subspage, := C x Y(C).
As subspaces ofR;Y)(C), S, and §5) do not intersect. The stratu@fn] is a
submanifold of R»Y)(C), so we can thicken up without changing its homotopy type
by replacing it by an (open) tubular neighbourhood, §§;ﬁ. (As the other stratum
S is open, it should be thought of as its own tubular neighbourhood.) Tae op
subspace%frg] andT[fn] from an open cover ofR,Y)(C). In particular, the canonical
map

Sttrg] T[Zn]
hocolim G . (RoY)(C)

Y Y
el N Timg
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is a homotopy equivalencef([30, proposition 4.1] for example). Above, the use of a
homotopy colimit rather than an ordinary colimit is motivated by the following lemma,
which we will apply to make explicit the left hand side diagram.

Lemma3.2.1 Let A be asmall category, let al§oandG be two functorsd — Top

and letp: F — G be a natural homotopy homotopy equivalence (that is to say a
natural transformation such that, for each obeet A, the induced map.: F(a) =

G(a) is a homotopy equivalence). Then, the canonical induced map

¢, hocolimF = hocolimG
A A

is a homotopy equivalence.

Reduction to the caseY = pt The spacé‘%rg] N T, is apuncturedi¢ with its zero
section removed) tubular neighbourhoodsf; ; we denote iffy; (1. The baseg!;

of this tube deformation retracts onto its subspsl(c;rg ~ C x Y. By the following
restriction lemmathis retraction induces a deformation retraction of the fqhg onto
its restriction to§,;, which we denotd ;. Moreover, restricting this retraction to the
punctured tube gives a deformation retractionTFﬁrftL[Wg] onto its restrictionTy ;-

overs -

Lemma 3.2.2 (Restriction lemma) Let M be a manifoldS C M be a submanifold
andTg be a tubular neighbourhood 8f Assume moreover th&deformation retracts
onto a submanifol®. Then, up to shrinking, the tubBs deformation retracts onto
its restrictionTg to S’. Moreover, when restricted to the punctured talﬁét, this
retraction gives a deformation retraction ™" onto its restrictioTE%)° overS’.

This lemma is proved in a more general contextdin(seelemma A.2.7.

On the other hand, IeX]E;t] be the submanifold ofR,Y)(C) defined by
5 = {(AB) € (RY)(C), BeY(C) C Y(CXI ) }

(seeemark 3.1.1L There isahomeomorphisﬁiﬁrt] ~ Pob(C)xY. The submanifold

), is transverse t&) ; along their intersectioy, .

Remark 3.2.3 Note that the datum of a tubular neighbourhogflj; of &} inside
Pobk(C) provides a tubular neighbourhod’@t] of §; insideZEﬁrt] such that we have
a homeomorphism
> Tht
T[ﬂ't] ~ T[Tl't] X y
compatible to the above homeomorphism.
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Let T[p;t] be any chosen tubular neighbourhood S{f;t] inside Po}(C) and IetT[%t]
be the corresponding tubular neighbourhoodSpf; inside Ef;t] as above. Up to
shrinking T[p;t], we can assume thé’ﬁt] lies insideT[frt]. By the following result of
unigueness of tubular slices, there exists an isotopy intmg between (shrinkings
of) T[XTJFt] andTFTFtL[ng]'

Lemma 3.2.4 (Uniqueness of tubular slicesf theorem A.2.1p Let M be a mani-
fold, with two submanifold$ andy. intersecting transversely aloi®) := SNY # ().
Let alsoT be a tubular neighbourhood 8&finsideM, T° be the restriction ol over
S andT* be a tubular neighbourhood 8f insideY. such thaiT> c T. Then, there
exists an isotopy insid& between (shrinkings off > andT®.

The previous discussion can be summarized in the following proposition.

Proposition 3.2.5 In the following commutative diagram,

el - Sl

v v

>
T gl

Y
T Il

the horizontal inclusion maps are homotopy equivalences. Moreovegristruction,
we have a homeomorphism of diagrams

~ t 2
Sl Fra XY

)y = pt
T[7r ] T[Wt] xy

e )

~

)y = pt
Tirdtrd = Tirgirg < Y

(Above, the map labelled is induced by a diagonal map — )?.) In particular,
the analysis reduces to the study of the special ¥asept.

The caseY = pt In the previous step, we have made no assumption on the tubu-
lar neighbourhood'[,,;, so we need to describe the diagram of intersections for one
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particular choice of tubes (it follows from the uniqueness of tubular rEighhoods
that the description is in fact essentially independent of that choice) cliice will
be that given by the normal tube (for the euclidean metric). However,ejpgpe the
generalization to the general case, we are going to describe the dialgraersections
associated to &,—equivariant tube ifC?, quotienting by the action o, only at the
very end.

Notations: + We recall from 8.1.1that C® denotes the space of configuration

of two distinct points inC.

* Let D :=D(0,1) C C be the unit disc.

e Let alsoFqu2 be the space of pairsi(, xo) € D? such thatx; +x, = 0, endowed
with its natural action of5,. It is the fiber of normal tube around the diagonal
§ C C?,

« Let finally D@ be the subspace d@? composed of pairsx{,x,) € D? such
thatx; + X2 = 0 andx; # X. Itis the fiber ofpuncturednormal tube around
the diagonab.

In the casen = 2, S% is the configuration spacg® c C?2 andsf?f is the diagonal

0 ~2
C — C-.
We takeTx to be the normat,—equivariant tubular neighbourhood, that is to say:

-TTTt: C x 62 i C2

(% (y1,¥2)) =  (X+YyLX+Y2)
The diagram of intersections is th@ —homeomorphic to:

c®@ C x D?

o

C x D@

The analysis is essentially complete. However, for aesthetical reasensefer to
get rid of the contractible factdd? and to make appear the little 2-disks operfad
(for simplicity, we will often omit the subscript). Indeed, note how the inclusiap
C x D@ — C@ s similar to the structure map ifi, associated to the surjection
2 — 1. There is a zig-zag o6,—equivariant homotopy equivalences of diagrams to:

C2) C(2)

N

€(2) x C(2)
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(above .. denotes the structure map@and pr the canonical projection). The analysis
finishes by quotienting this diagram by the action&f.

Conclusion The previous discussion summarizes as follows.

Definition 3.2.6 For every topological spacg, sety3(Z) := C(2)x 2% [] €(1) x Z,
Sz
V3(Z) = (C)s, x Q) x Z andvy? = () fori > 2. Then

C(2)x Z? C(l) x Z

S2
(3-2) W2(2) := [¢?| := hocolim uxl\) %

(8(2)62 x €(1)) x Z
This defines a functow?: Top — Top.

Theorem 3.2.7 For every tubular neighbourhodq,; of §' , inside(R2Y)(C), let
7. be the Cech\—space

. Y Y Y
.= (%ﬂ 1l T[m]) & Tim ol

(WhereT[fnL[ﬂg] = %Q] N Tk, ) After possibly shrinkingT(\.,, there exists a zig-zag
of homotopy equivalences a@f—spaces betweef? andr. which is natural inY. In
particular, one has a natural homotopy equivalence

T4Y) ~ (R2Y)(C).

3.2.2 Analysis of the stratification of(R3Y)(C)

The casen = 3 is more intricate than the previous one. To fully describe the strati-
fication 8 we will use as a crucial ingredient the Thom—Mather theory of control of
tubular neighbourhoods. All the technical difficulty is already preserg.h

The integem = 3 admits the following three partitions:
[mg] = [ma] = [md] ,

wherer; denotes the surjection-3: 2 defined inexample 3.1.6—(3)Thus the stratifi-

cation8Y of (R3Y)(C) is composed of three strata: the open stra% homeomor-

phic to C® x 13, a submanifold of (complex) codimension ofi ; homeomorphic
S3
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to C@ x Y(CIX] /(XZ)) x ), and a submanifold of (complex) codimension tﬁf@t]
homeomorphic taC x Y(C[X]/(Xg)). Note thatqfrl] deformation retracts onto its

subspaceS, ; ~ C® x Y2 and that'; deformation retracts onto its subspace
$m] ~Cx).

Let T° = {T¥ 3 Tieay Tieg ) be @ system of tubular neighbourhoodsSdf, that is

to say a family of tubular neighbourhoods for each stratum. This set o$ tidbms
an open cover of R3Y)(C) and we are going to give an explicit description of the
associate€CechA—space

T. = H T7ri <~ H T7Ti - :Tﬂ, SR
ie{g,1t} (] i#e{g,Lt} [, i) [7gl,[m1],[m]

-

(Above, multiple subscripts denote multiple intersections; for examﬁ&[m] isa

notation for the spacﬁ[\;g] N T[frt] .) In order to do so, we need to restrict to families of
tubes which are compatible one with the others. The precise notion is ttattwblled
system of tubular neighbourhoodsveloped by JN Mather ir2p] (see also &.2 of
the appendix for a brief introduction to this notion). Among other propersiesh a
system of tubes satisfies the following regularity conditions. For everiugtra:

« The projection from the tubd&s to its baseS is a locally trivial fibrationas
stratified spaces By this, we mean that for every poist € S, there exists
a neighbourhoodJ of s inside M, a neighbourhood/ of s inside S and a
stratified spac& with a homeomorphism of stratified spaces

U~V xTIF.

(The notationT" denotes the cone endofunctor of the category of stratified
spaces.) See Thom'’s first isotopy lemntd theorem A.2.H and proposi-
tion A.1.8

» For every adjacent stratuR > S, the intersectionTs N Tg is the restriction of
the tubeTr over the open subspaéen Ts of R.

From now on, we assume th@ is a controlled system of tubular neighbourhoods of
8Y. The existence of such a system is a consequer®e lo¢ing Whitney regularcf
proposition 3.1.8 seetheorem A.2.5

In fact, it is more convenient to carry out@&s—equivariantanalysis of the induced
stratification€Y on the spaceR3Y)(C) := (R3Y)(C) x C2 and to quotient it at
Pok(C)
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the end by the action a&3. Indeed, giving a controlled system of tubular neighbour-
hoodsTY of 8" is equivalent to giving a controlled system &g—equivariant tubular
neighbourhood§’Y of &Y. The CechA—space associated T is obtained from that
associated tg" by quotienting by the action ab3 (seeproposition 3.5.below for a
precise statement).

The &3-stratificationeY is also composed of three stralﬁ[\.ﬂr[] which is homeomor-
phic to C® x ¥3; E . is the disjoint union ofEY. ~ C®@ x Y(C[X]/(Xz)) XY
and of its translations through the transpositions3jland (23) of &3; and Ef;t]
which is homeomorphic t&€ x Y<C[X]/(X3)>‘ The isotropy groupSz of E;Ll is

the order 2 subgroup generated by the transpositioR) (fcting trivially. Note that
EY- deformation retract$—equivariantly onto its subspa&_ ~ C\? x )2, The
isotropy groupSx of EX is &3 andEY. deformation retract&=—equivariantly onto
its subspacé&?. ~ C x .
We now come to the description of ti@s;—equivariant Cechi\—space associated to
TY:

=Y. TY <~— TY = TY )

" ie{gl,t} T =— i;éje%,l,t} T ) === Tira i
As before, our starting point is that the canonical map from the geome#iicaton
|7.Y| (ie the homotopy colimit of the diagram of spaces) @V)(C) is a 63—
equivariant homotopy equivalence. The rest of the paragraphist®ris making
explicit the homotopy colimit by using the equivariant analogukenfma 3.2.1

Reduction to the caseY = pt In §3.2.1 the two main tools used were the restriction
lemma (emma 3.2.2and the uniqueness of tubular slicesfma 3.2.3. Here are the
appropriate analogues of these results in an equivariant and stradifisskt

Let G be a finite group and letM, 8) be a Whitney-regulaG—stratified manifold.

Lemma 3.2.8 (Restriction lemma) Let S be a G—stratum ofM and letTs be a
G-tubular neighbourhood & insideM . Assume tha® G-equivariantly deformation
retracts onto some suB—spaceS’. Then, this retraction induces a deformation
retraction, which isG—equivariant and which respects the stratification, of (some
shrinking) of the tubd's onto its restriction ove®’, sayTs.

In particular, for every adjacerd—stratumR = S, the spacels N R deformation
retractsG—equivariantly ontarg N R.
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Ts

Figure 1: Restriction lemma

The restriction lemma is proved lamma A.2.70f the appendix.

Lemma 3.2.9 (Uniqueness of tubular slices)et S be aG-stratum oM and let>

be a subs—manifold of M which is transverse t8. We denoteS’ the intersection
SNX. LetalsoTs be aG—tubular neighbourhood & insideM, Tg be the restriction
of Ts overS® andT> C Ts be aG—tubular neighbourhood & insideY. Then, the
spacedg andT* inherit of Whitney stratifications and, after possibly shrinking them,
there exists &—equivariant stratified isotopy inside betweenTg andT* overS’.

This lemma is proved iproposition A.2.13f the appendix.

Remark 3.2.10 Inthe sequel, each time we apply the restriction lemma or the unique-
ness of tubular slices, we will omit the possible shrinkings of tubes. It is itapbr

to note that there are only finitely many such shrinking and that a new shyiakia
given time does not affect what has been proved before.

The last ingredient in the analysis of the caise 2 was the existence of the manifold
EE;t]. The higher dimensional generalisation of these manifolds were already intr
duced inremark 3.1.11 for every surjectiont: n — m, we defined a submanifold

if;] of (7'2vnY)(C). Here, using the notations of the aforementioned remark,
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Figure 2: Uniqueness of tubular slices.

« We have aSr—equivariant homeomorphisimY. ~ E% x V2, with E% the
open subspace dE® composed of those triples( X2, X3) satisfyingx; # Xa
andxy # X3 (the action of&7 ~ &, exchanges; andxy).

+ We have a5~ ~ Gz—equivariant homeomorphisﬁ)fgn] = i% ~C3x .

Remark3.2.11 Letw: 3 — mbe surjection. Note that the datum aBa—equivariant
tubular neighbourhood (:Ef’fr] inside C3, sayT[E:], provides aSsz—equivariant tubular

neighbourhood o (] inside ifﬂ] , say'T'[?r]. By definition, one has &3z—equivariant
homeomorphisnT;’; ~ 'NI'['O;] x Y™ compatible to that oéxample 3.1.1@1).

Let TP be a controlled system @bz—equivariant tubular neighbourhoods of the strat-
ification Pt of C3. For every partition §] of the integer 3, we denote bT][a] the

tubular neighbourhood (Ef’,r] insideif;] associated to thetuﬁﬁj:] as in the previous

remark. Up to shrinking the tubes, we can assume having the inclﬁgipm: 'T[\;r].
By the uniqueness of tubular slices , we haw®sa-equivariant stratified isotopy inside
Ty betweenT;; and T

The following proposition reduces the study to the particular dasept.
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Proposition 3.2.12 Let r,i be theCech A—space associated to the open cover of
(R3Y)(C):

5 =5 ——=5
EE I | G P | (I ST = R
ic{g.1t) iic{g1)

The canonical inclusiofi* — 7.’ is a G3—equivariant homotopy equivalence ASf-
spaces. By construction, we havé&g—equivariant homeomorphism af—spaces:

pt 3
T[ﬂg] x Y
LXA T
~pt 2 LXid pt 2
Trg e X Y Ty XV
T,i ~ vxid
~pt LXid pt
XA Tirgltmg XY Ty XV
vxid LX A
vxid
=pt vxid =pt
Thrgl malfmg XY Tl fmg XY

where the maps labelledare inclusions and those labellédare diagonals oy . In
particular, the homotopy type ¢R3Y)(C) depends only opy .

Proof The proof is based on the use of the restriction lemleraifha 3.2.2and of the
uniqueness of tubular slicelenma 3.2.9. For example, we are going to show that the
canonical |ncIu5|onT[7r |l < T[Wg] [ml[= IS @ homotopy equivalence, leaving
the other cases to the reader.

Since the system of tubular neighbourhoddsis controlled, the spac%[frﬂ,[m] is the
restriction of Tj;j to E[ g n T[ﬂ]. As E[ , deformation retractsSz—equivariantly
onto Ef;, the restriction lemma shows thEbr] N T[fr deformation retract&Sz—
equwarlantly ontoEEjrl] N T[m]. By the uniqueness of tubular slices, we havg—
equivariant isotopy betweeR’ ; N Ty, andEY ;N TEI] . As we have the inclusion
E[m] ﬁT[m] C B, by the uniqueness of tubular slices, we ha®3&equivariant iso-

ﬁamﬁﬂmUWMQW = Tt AS
aconsequence the canonical inclusTgﬁL]v[m],[m] — T[ﬂg”m]’[m] is aGz—equivariant

homotopy equivalence. ad

topy betweerEy ;N (T/;) £
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LecasY = pt As for the analysis of the case= 2, we chose to describe the Cech
A—space associated to the particular syste@gfequivariant tubes which are normal
to the strata.

We recall briefly that: El | = C®; Ef  is the disjoint union ofE?, ~ Ct) :=

[
{(X1, X2, X3) € C3 X=X # X3} and of its translates through the action of the
transpositions (13) and (23); Ef’tt] is the diagonalC(™ := C ¢ C3.

s

Notations: (1) D = D(0, 1) still denotes the unit disc iT.

(2) Let D3 c D3 be the space of triplex{, X2, X3) such thatx; + xo + x3 = 0. Itis
“the” fibre of the tube normal to the diagon@l c C3.

(3) Let D® := D3N C®. Itis the “fibre” of the punctured tube normal to the
diagonal.

(4) SetD! =DW := {0} c D.
(5) LetD(™ be the subspace @3:
D™ := {(uy, Uz, uz) € D3, Uy = Uz # Uz and Uy + Uz + Uz = O}

It is the trace inC(™) of “the” fiber of a normal tube around the diagonal.

Let T and T be the following equivariant tubular neighbourhoods:

e

C3

(X, X, X3), (U1, Uz) = (X4 &xl1, X + exUz2, X3)

o C) » B2

1
wheresy = E'X — X3

St

™. Ctm x D3 o
Tt
(X, X, X), (g, Uz, Ug) —— (X1 + Uz, X2 + U2, X3 + Ug)

The (image of the) tub@%t is thus the configuration space of three particlesxz, x3)
which are all at distance. 1 from their barycente% (X1 + X2 +x3). The (image of the)
tube ﬂi’; is the configuration space of three particlgs %o, x3) such that the distance
from x; andx, to their barycente%(xl + Xp) is much smaller (at mosf%) than the
distance fromj(x, + X2) to X.

Remark 3.2.13 (1) Note that by construction, the tuig; does not meet its trans-
lates through the transpositions 8) and (23), as required.
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(2) Note also that the system of tubes satisfies the following needed contiigibn
if # <7, thenT;  is atube ovel: N Ex .

(3) Note that all the tubes are trivial since the strata have trivial normadilbs
(these are opens of sub-vector space€y.

(4) From this observation, the topology of the intersection spaces is degsimiin
is a product of spaces of~configuration of pointi. For example, th@éﬁécﬁﬂ
is a punctured tube ovel% N ER. In his turn, T2 N EX. is a punctured tube
of Ex inside the closure oEz. Thus, we have an equivariant homeomorphism
TR ___ ~ Cx[D@)] x [D@ x D).

g, 1,7t

Finally, let us give a name to the openg@fimages of the following homeomorphisms:

~ ~

cm « DB Urs
(X, X, X), (U, Uz, U3)! (X+ug, X+ U2, X+ U3)
. o _ 1 - . .
Withex =1,y = Erir;!jn]u. — U]
Cm) » [D@ x DO = U
(X, X, X3), [(u1, Up), O] (X+ U1, X+ Uz, X3 + 0)
With ex = 1, ey = 55/U — Up|
C(™ x [D™)] x [D? x D] - Urm

(%, %, X), [(u, u, W], [(V1, V2),0] = (X + U+ eyV1, X+ U+ yV2, X+ Uz + £y - 0)
With ex = 1,6y = 25|u— U, ey = 5v1 — Vy|

~ ~

Cm x [D™)] x [D@ x D] = Ut
(% %, ), [(u, u, ug)], [(v1, Vo), 0] —— (X + U+ euVa, X+ U+ eV, X3+ Uz + €y~ 0)
With ex = 1,6y = 35|u— U, ey = 5v1 — Va

These spaces are configuration spaces of three poi@tsihich can be obtained from
one or two points by successively “blowing up in the normal direction” gexiht into
multiple points in a ball of radius}0 the minimal distance to the other points. For
example, a pointz; ; = is obtained from a “triple” poink € C, by first blowing it
up into two distinct points, one double+ u and one simplex + uz and then blowing
up X+ uinto X+ U+ eyvi andx+ U+ gyve.

Lemma 3.2.14 The four inclusion map$® _ < Uz, TR oo Uy, TR s

1,7t g, 1 1,7t

Urgm andT™ — Uxm;m1,m are homotopy equivalences.

T, L, Tt
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Proof Thisfollows from the uniqueness of tubular neighbourhoods andrfeomark 3.2.13
above. For example, the inclusi(il'é%ﬂFt — Uz mm IS an equivariant homotopy
equivalence since bofi. - andUs; = = are punctured tubes ov@ N ER. O

Remark 3.2.15 (1) There are composition “pseudo-maps”:
D) x [D@ x D) - - — - - L - — - ~D®
(u,u,u), [(v1,V2),0]F——=(U+ eyV1, U+ eyVo, Uz + &y - 0)
With ey = 35U — W], &y = 15|v1 — Vo

I

Cc(m) « D) Cc(m)

(X7 X, X)a (ula uz, U3) (X+ Uz, X+ U2, X + U3)
with ey = 1,6, = %)r,r;_jn]ui —ujl
17)

The dashed arrow is not well defined, for its first two coordinates doeces-
sarily remain inside of the unit disk D. All the other linear conditions are fully
satisfied.

(2) Note how close the above maps are from their analogues in the little diskacbp
More precisely, there are sections from the four spatdseen as products of
configuration spaces of points) to the product of spaces of configusaof
little disks lying above them, such that the above composition maps between
configuration spaceare compatible with the structure maps in the little disks
operad This compatibility is important: it insures that below our diagrams
commutes on the nose and not only up to homotopy.

These sections are defined by taking radii equal to the valueg or ¢, defined
in the formula for the composition map. For example, we mean

U =~ CM x [DM)] x [D@ x DW]  —  C(1) x [€(2)] x [C(2) x C(1)]
(Xv X, X)a (ulv UZ)’ [(Vlv V2)a 0] = (r = 17 = ey, [r =eéy, I = 8V])
The following lemma is the final ingredient to replace the spaces of configuseof
points with spaces of configurations of little disks.
Lemma 3.2.16 Let ¢ > 0 be a positive integer and let, . . . ,r, be a list of positive
integers. Any section
o D(rl) X oo X D(rf) N @(rl) X oo X G(re)

to the natural projection map is&;, x --- x &;,—homotopy equivalence.
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Proof The space of sections has the following partial order: we saythkat’ if for
every pointx, the radii of all the disks inr(x) are smaller than those of (x). Note
that two such sections < ¢’ are&,, x --- x &;, equivariantly homotopic.

It follows that any two sections and ¢’ are equivariantly homotopic, since they are
both homotopic to minf,0’). We can thus assume thatis a product map. This
reduces the problem to the caée= 1. Then, the space of little disks deformation
retracts onto the image of the section. ]

The composition of the inclusions of the spad@@®sinto the space8 followed by the
previous section gives an equivariant homotopy equivalence-efpaces between
=pt < Fpt  <—— Fpt
H Te=— 1 Tos—Tomax
ie{g, 1t} i#ie{g.1t}
and
€(3)

],

[€(2) x €(1)] x C(2)

€(2)
I

idx [C(3)] x C(L) —— | — = e(1)

HXid 17
pr

[C(2) x C()] x [C(2)] x €(1) —5—[C(A)] x C(2)

To conclude, we have to divide each term by the action of its isotropy eupgr

Conclusion The previous discussion summarizes as follows.

Definition 3.2.17 For every topological spacg, define spaces/§(2),13(Z) and
¥3(2) as follows. Let

V3(2) = G(3)é<323 [Te@axz? I] e =z

V3(2) = (CQ)z, x €(2)) x Z2 11 CR)g, x Z [T €@ xe@)yxz
and V3(2) = (CQ)g, x C2)) x Z
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The structure maps in the little disks operad (our general notation for thasgmsbol
1) allow to turn these into d\—spacey3(Z) := 3(2) =— ¥3(2) =— ¥3(2) (see

the diagram below). Le®3(Z) be the associated geometric realization:
(3-3)
eB3)x2z3

S3

| .

(CQ)fs, x €(2)) x Z? C(2) x 72

XA

XA

W3(2) := [¢3(Z)| := hocolim

(idx 1) x A (6(3)/63 x C(l)) x Z— £ Cl)x Zz

(W pXA /
pr

CQYs, x €2 x C(L) x Z——=(C(2) x (1)) x Z

(Above, the maps labelled by @ are induced by structure maps in the little disks
operad and those labelled “pr” are projections.) The above construdtifimes a
functor ¥3: Top — Top.

Theorem 3.2.18 For every controlled system of tubular neighbourhoods of the strati-
ficationSY of (R3Y)(C), sayTY, let . be the associated Cect—space

. Y ~——~— Y = TY
= I T I Ty =— Tirglimlind -
ic{g,1,t} i#je{g,Lt}

Then, up to shrinking the tubes BF , there exists a zig-zag of homotopy equivalences
of A—spaces between and+3()), which is natural inY. In particular, one has a
natural homotopy equivalende®())) ~ (R3Y)(C).

3.3 Formalism

To extend the analysis & for a generah, we need to introduce some formalism to
encode the combinatorics of the multiple intersections between all the tubul&r neig
bourhoods of the strata. Of course, we can organise the informationlevels a

la Cech the tubes, the twofold intersections, the threefold intersections, etc. ¥We ge
what is known as a\—space: a simplicial space without degeneracies. However, the
description of the terms appearing in tkefold intersections requires a combinatorial
model for the datum of nested partitiong] = - - - > [7x], which we call ak—flag
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3.3.1 A-spaces

Definitions 3.3.1 (1) Let A be the simplicial category without the degeneracies.
The objects ofA are thus the positive integers. For each pair of positive integers
I <], Homa(j, ) is the set of order-preserving maps froro j.

(2) A A-spaceisafunctoX. : A — Top. As usual, we writeX; instead ofX. (i).

(3) Let X. be aA—space. The geometric realization Xf, denoted|X.
space

, is the

|X.| := hocolimX; .
ieA

(4) Let X. andY. be two A—spaces. A morphismh : X. — Y. is said to be
a homeomorphism (resp. a homotopy equivalence) if it induces such a map
betweenX; andY; for all i.

Our typical example ofA—space is the Cech—space associated to a partially-ordered
open cover of a given topological space. The following propositionagulis

Proposition 3.3.2 Let % be a partially-ordered open cover of a paracompact space
X. Then the canonical mag/.| — X is a homotopy equivalence.

3.3.2 Operads

It turns out that the description of the stratificati®? of the space Pg{C) of degree

n complex polynomials leads to a “configuration space model” for the little disks
operad. In order to set up notations, we briefly recall the definition afpemad, and

in particular of the little disks operad.

Notations: (1) LetfS8etdenote the category whose objects are finite sets and whose
morphisms are bijections.

(2) Let also FuncfSet, Top) denote the category of functors frofi§et to Jop.
This category has a monoidal structuig,[81.1.3].

Definition 3.3.3 A (topological) operad isamonoid in the category Funt$et, Top).
More concretely — and this is the relevant way to think of an operad foporposes
— an operad is a functor frordet’ to Top such that:

* O@0) = pt
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» For every surjectiomp : E — F, there is a map

OF) x [T o) = O(E)
feF

which is natural inp (that is to say such that for every commutative diagram

p
E— ITZ , one has the adequate compatibility relation)
/

[ o
=

" o p q -
« For every composition of surjectioris - F — G of finite sets, one has the
following associativity condition:

Hqop

O@G) x IT O((@e p) 1)) O(E)
geG
T gl;[G Fgop)—L@—a~1(g) Hp

0©G) x I1 |0@ @) x I O@Eh)| —=0F) x [T OpE~X(f)
geG heq—1(g) feF

Example 3.3.4 Let D .= D(0, 1) be the (closed) unit disk of the complex plaGe
The little disks operad is the following functd? : fSet — TJop. For each (non-
empty) finite setE, P(E) is the space oflisjoint embeddings & D «— D of the
form

(€,2) = 0e(2) := NeZ+ Ce

with A\e € R} andce € D. The structure morphism associated to a surjection
p: E — F isinduced by composition of embeddingsfor all e € E we have

Pe = £pe) © Pecp=i(p(e) -

3.3.3 Categories of flags
Definition 3.3.5 For each integer & k < n— 1, we define a categoryk of k—flags
as follows.

» The objects of§k are sequences of surjections

Po P Pk
n=mp = ... Mg

wheremg > my > --- > mg > 0 is astrictly decreasingequence of integers.
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* Amorphisma = (o, ap, . . ., ax) from thek—flagf = (po, - . ., px) to thek—flag
= (Pps - - - » Pi) is @ commutative diagram:

Po P1 Pk

where all the vertical maps are bijections.

Remarks 3.3.6 (1) Note that we demand the sequenc®) ¢o be strictly decreas-
ing, butnotthatn > my.

(2) Letf be ak—flag. For each integer € i < k, we writemj = pjo---opg. The

datum of the list ffo, . . . , px) IS equivalent to the datum of the listd . . ., 7).
In the text, we allow ourself to use one notation or the other according to the
context.

(3) Note that the categoryy is a groupoid. For everi—flagf = (po, . - ., px), we
denote auff) the group of automorphisms ¢in §x. Sending an automorphism
(o, ap, . .., k) to the permutationy € &y defines a group injection atif(—
Sh. Inthe sequel, aufi is thus considered as a subgroup&{.

As k varies, the family of categorieg)o<k<m—1 forms a “A—category”. Indeed, for
each integer KX k < m— 1 and for each integer & i <Kk, letdx: §x — Jk—1 be
the forgetful functor such that, x(ro, . .., m) = (70, ..., T, ..., ). The functorial
identity dj x—1 o dj k = dj_1k—1 o di x is satisfied for ali < j.

Definition 3.3.7 (1) Let A. = (Ax)oksm—1 be a family of functorsdy: Fx —
TJop. We say thatA. is compatible with theA—structure, or thatd. is a A—
functor for short, if there exist, for eadt) natural transformation§ : Ax —
Ayk_10 di,k (0 <i< k) such that

dik-100jk = 0j—1k-10°dik-

For such aA—functor, note that the natural transformatiafg induce maps

colim Ag(x) — colim Ag_1(X), which endow the family of topological spaces
XETk XETk—1

(coligm Ak(x))k with a A—space structure.
XSk

(2) Let.A. andB. be two A—functors. AA—natural transformatioh: 4. — B.
is a family of natural transformationy: Ax — Bk, 0 < k < m— 1 such
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that for each integer ¥ i < k and for each flag € 3, the following diagram

commutes
fk

Ak(f) By(f)

di k di k
Ak-1(di k(7)) e, By—1(di k()

Sucharf is called aA —natural homotopy equivalence (resp. ahomeomorphism)
when for each flag € §k the mapAx(f) — Bk(f) is @ homotopy equivalence
(resp. a homeomorphism).

Moreover, aA—natural homotopy equivalence is saduivariantwhen for
each flagf € Fk the map.Ax(f) — Bk(f) is an autf)—equivariant homotopy
equivalence.

Using this formalism, here is the analoguderhma 3.2.1

Lemma 3.3.8 Let A. et B. be two A—functors and : A. — B. be aA—-natural
transformation. Then:

(1) The natural transformatidninduces a morphism aX —spaces, : c%l imA, —
k

colim B.
Sk

(2) Whenf is an equivarianf\ —natural homotopy equivalence, the above morphism
f. is a A—homotopy equivalence of spaces. In particular, the map induced on
geometric realizations

|colim Ay| = |colim By|
Bk Sk

is a homotopy equivalence.

Proof (1) This point has already been noticeddigfinition 3.3.7

(2) The categoriessk are groupoids. The colimit of a functafF defined on a
groupoidg identifies with the disjoint union over the isomorphism classes of ob-
jects K of F(X) jaytg) - Here, the induced mapd(f) aurg)y — Be() fautg)
are homotopy-equivalences sinfcés equivariant.

The last claim is a consequencel@ima 3.2.1 O
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Examples 3.3.9 (1) For every topological spacé and for every integer & k <
m— 1, let PZ: Fx — Top denote the functor such that for each morphism
a: f—f,onehas

PE() =2
7| z
PR() =2
The natural transformationgy: P2 — PZ ; given by
id: 2™ — 7™M ifo<i<k-1

dik(Pos - -+ Pk) = {

i
pi: ZM — ZMet jf =k
endow?PZ with a A—functor structure.

(2) Let O be atopological operad.
For each integer & k < m—1, let @E): $k — Top be the unique functor
such that on each morphism: f — §' in §k one has

N =0m) = II 0P () * ... x I Op;*(x)

X €My X1 €my
ef(g)l ‘O(ak) lo(ak—l) J{ o)
o) =0m) x TI O@E ') * ... x [ O ()
V€M’ y1€m’

Note that the vertical arrows are well defined since for eaghil< k and for
eachx € my, the mapa;_; induce a bijectiorp1(x) ~ p~(ci(x)).
One defines a natural transformatié@yy: ©F — ©F ; odok using the canon-
ical projection.
For each 1< i < k— 1, the operadic structure maps ©f
o(phitn) x [T o(pe)) — O prit+0)
X €p 3 (Xi41)

associated to the surjectioms X(p;;}(x+1)) — Pi;3(X+1) pour toutxi.1 €
M1, induce a map

[I o)< [To(p) — TI O(mrop) ™ 00)
Xi+1€Mi41 X em Xi+1€M41
This leads to a natural transformatiép: ©Y — OF ; o dik.
Fori = k, the operadic structure map

om) x [T o(pc*()) — O(me-a)
X €M
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associatedto the surjection_; — my gives anatural transformatidpy : @E —
@ko—l o dk k-
The family 6 x, 0 < i < k, endows®? with a A—structure.

3.4 Statement of the main result

We are now ready to analyse the stratificat& in the general case. We will define
for each positive integen a functor ¥": Jop — TJop, generalizing the previous
functors®? and W3, with a natural homotopy equivalence

U(Y(C)) & (RaY)(C).

The functor¥" is completely explicit: it is defined as the homotopy colimit of a
diagram, in which the spaces are products of configuration spaces of ittle (the
spaces of the lite disks operad) with some label3irelated by maps defined using
composition maps of the little disks operad and diagonals mapg.oHowever, the
diagram definingl" becomes rapidly huge and complicated (it contains in particular
implicitly the combinatorics of the set of partitions of the integgrwhich makesd"

not so easy to handle for practical purposes. One consequenaaXisitence of such

a functor U" is that the homotopy type of the spacgY)(C) depends only on the
homotopy type of) := Y(C).

Definition 3.4.1 We use the notations introducederamples 3.3.9

(1) For every topological spacg, for every topological operad and for every
integer 0K k< n—1, let

VRO, 2Z) = coglim oP x PL.
The family ¢/7'(O, Z) together with the map§ y forms aA—space of deptk.
(2) Associating to every topological space the space
U(Z) == [P, 2)| = hoclplimz/zL‘(P,Z),
defines a functo@": Top — Top. (Recall that the notatio® stands for the

(2—dimensional) little disks operad, seeample 3.3.3

Example 3.4.2 One checks that the previous functob$ and ¥° introduced in
Equation 3—2andEquation 3—3orrespond to the particular cages- 2 andn = 3.
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Our main result about the functdr” is that for each “sufficiently small” controlled
system of tubular neighbourhoods of the stratificaéérof (R,Y)(C), sayT", then the
associated Cecth—spacer(TY) is homotopically equivalent te"(P, Y(C)). More
precisely, one has the following theorem.

Theorem 3.4.3 LetTY be a controlled system of tubular neighborhood8 ofandr.
be the associated Ceek—space. Then, up to shrinking the tubedlin, there exists
a canonical zig-zag of homotopy equivalences\cfspaces between andy?(P,))
which is natural inY . In particular, we have a homotopy equivalence naturdl:in

UY) ~ (RaY)(C),
describing the homotopy type 6R,Y)(C) as an explicit functor iry) .= Y(C).

Remark 3.4.4 When the algebrai&’ is defined over the field of real numbeRs
complex conjugation acts on all the spaces above. The restieofem 3.4.2an be
made compatible with the action of this involution: the-homotopy equivalences are
Z /o—equivariant, setheorem 3.6.1

3.5 Proof of the main result

The proof parallels the analysis of the stratification®gY)(C) which was detailed in
83.2.2 We analyse the\—space associated to the system of tubular neighbourhoods
TY by analysing the lifted controlled system®f,—equivariant tubular neighbourhoods
TY of €Y and by taking a quotient at the end.

The plan of the proof is the following. We first reformulate iB8.§5.1the problem in
terms of the lifted stratificatiog¥. Then, in 8.5.2 we show that the problem reduces

to the study of the special ca¥= pt. This case is finally analized in385.3

3.5.1 Preliminaries

We remind thafj denotes the canonical map (ﬁnY)(C) — (RaY)(C) (cf 83.1.3.

Proposition 3.5.1 Let TY be a system of tubular neighbourhoodsSdf Then, the
family of spaceﬁ—l(T[\;]) when[~] runs into the set of partitions of form a system
TY of &,—equivariant tubular neighbourhoods®f.

Conversely, for every systeﬁ’)Y of Gn—equivariant tubular neighbourhoods®f, the

family of subspaces}; of (RnY)(C) defined byT!, = i /5, when[r] runs into

the set of partitions of forms a system of tubular neighbourhoodsSét Moreover,

the following properties hold:
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(1) The system of tubular neighbourhodd$ is controlled if and only if the system
TY is.

(2) The A-spacer.(TY) is obtained by quotienting thA —spacer.(TY) by &.,.
In particular, for eaclk + 1)—tuple of partitions([n¢], .. .,[7k]), one has a
homeomorphism

TY = Y
(T[Tro],m,[ﬂk]) Bn > Tl md

The preceding proposition is a special case of the following more gemrebsition,
which is trueorbit typestratifications ¢f proposition—definition A.1.éh the appendix).

Proposition 3.5.2 Let G be a finite group, leM be aG-—manifold andq: M —
M ye be the canonical projection. We denotesbgheorbit typestratification ofM X
Let T be a system of tubes &f. The family of spaceg *(Ts) whenS runs over the
set of strata o6 forms a systen‘f~ of G—equivariant tubular neighbourhoods&®f
Conversely, for every systeﬁ? of G—equivariant tubular neighbourhoods &f the
family of subspace3s c M ye given byTs = Ts Je whensS runs over the strata ¢f
forms a system of tubes 6f. Moreover, the following properties hold:

(1) The system of tub€e$ is controlled if and only if the systeffi is controlled.

(2) The A-spacer.(7) is obtained by quotienting. (‘5) by the action ofG. In
particular, for eackk+1)—tuple of stratdS, . . . , &), one has a homeomorphism

('T's(,,,..,sk)ﬁ = T8

From now on, we ffa a controlled systerfT" of tubular neighbourhoods ¢f". We
denoteT” the controlled system a&,—equivariant tubular neighbourhoods induced
oné”.

For every partition] of n, the stratunEE;] C (ﬁnY)(C) has as connected components
the space&Y. The tubeT,, is thus the disjoint union of its restrictior§f to EY. The
space‘T’%’ is a&x—equivariant tubular neighbourhood®f and one can reconstruct all
TYY, from T by letting &, act. The understanding of thk—spacer.(T") andr.(TY)
reduces to the understanding of the-functor associating to eadtx-flag (ro, . . . , k)
the spacely. _:=TYrn...NTL.

Tk ©

2We will allow ourself to shrink the tubes, seemark 3.2.10
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Proposition—definition 3.5.3 (1) For each integed < k < m— 1, there exists a

(@)

®3)

Proof

(2)

®3)

functorﬂ(: Sk — Jop taking on ak—flagf = (mo, . .., k) the value:

T =T% o= TN NTL

T+ Tk *

The family of functorgf)f is a A—functor (€f definition 3.3.7. N
Thus the spacglim TY for0 < k< m—1formaA space, denotembglim TY.
k 8

The quotient mag induces a homeomorphism Af—spaces

coglim T — n(T).

(1) To characterize the functdry, one should define the image of mor-
phisms ing.
Leta = (o, o, ...,ak): f — § be a morphism ok—flags. By definition, for
eachinteger & i < k, we have the identityfi = 7/ o «. Thus, the action of the
permutationa € G, maps the subspaélf‘g\rio,m7,?k of (kvr,Y)(C) on f% —. As

00Tk
a consequence, it is legitimate to deﬂ'ﬁé(g) as the action of the permutation
o € 6,. One checks that this defines indeed a functor.

)y Tk TT0yeeesTigeeesTK

For each 0< i < k, the canonical inclusionii0
notation7; stands for the omission of the subscrip) giving the natural trans-
formationso; k.

For eachjlag € Sk, the applicationq: (ﬁ,Y)(C) — (RaY)(C) induces a
map ¢ : T\k((f) — T[\;O]’m’[ﬂk]. These maps are compatible with the action

of the sym~metric groupsn: whenever the action ot € &, on (7/5,1Y)(C)
exchanged ) (f) and T} ('), then the following diagram commutes:

TV () = V() -

k af’

Y
T[ﬂ—o]v“w[ﬂ'k]

In particular, the mag induces a morphism oA—spaces cgolirﬁ'vf — 7.

That this map indeed induces a horneomorphisnzﬁefspaceé is a rephrasing
of the homeomorphisrﬁ'[fro]’“ (m] = T[fro],“.,[m] S, taking into account the

)

decompositiond/,; = [[ T¥ and the fact thaf is a groupoid. O
Tie[ni]
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3.5.2 Reduction to the cas& = pt

As in the casen = 3, the first step of the proof consists in using the restriction lemma
(lemma 3.2.8and the uniqueness of tubular slicenima 3.2.9to reduce the analysis
to the special cas¥ = pt.

From now on, we fix a controlled system®&f—equivariant tubular neighbourhoods
of &P, say TPt

Notations: (1) Recall that we have defined for each surjectionn — m sub-
Sn—manifolds S of (fzvnY)(C) in remark 3.1.11 Using TPt one defines a
family ('T'%) of Gz—equivariant tubular neighbourhoods Bf into - By
definition, one has &z—equivariant homeomorphism

(3-4) TZ TP 0
compatible with the homeomorphisrgs ~ E%t x V" of proposition 3.1.9—(1)
andXY ~ 3P » Y" of example 3.1.12—(4)

(2) Up to shrinking the tubes, we can assume having for eadhe inclusion
T2 ¢ TY. An application of the uniqueness of tubular slicksmma 3.2.9
gives an equivariant stratified isotopy betwéén and T2 inside TY.

(3) For eachk—flag f = (mo, ..., ), let fﬂ% — = TiO

~§
= =MN---NTz. One has a
G7,... m—equivariant homeomorphism

F5 ~ TPt
(3-5) T= _ ~ Tﬁ,...,ﬂ x YT

Qs+ Tk

compatible to the above homeomorphign4) (considering)™ as the diagonal
subspace o™ via the surjectionm — my).

Proposition—definition 3.5.4 For each integed < k < n — 1, there exists a functor
Ty : §k — Jop taking on eaclk—flagf = (ro, ..., m) the value:

Te) =T2 -

Tk

The family of functors'f,i is a A—functor and one has an equivariant homeomorphism
of A—functors B
:I:E ~ :IjIOt X ‘PY.

(The notatiorfP} has been introduced gxamples 3.3.9—(1)
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Proof As for the proof ofproposition—definition 3.5,3he image througﬁkE of a
morphisma = («, ag, . - ., ax) IS given by the action of the permutatiene &, and
the natural transformationx come from inclusions.

The previously described homeomorphisga® shows that we have for each integer
k a homeomorphism of functofgy, ~ TP x . O

The next proposition is analogouspooposition 3.2.121t reduces the problem to the
study of the cas& = pt.

Proposition 3.5.5 The canonical inclusiom. : T,i < T. is an equivariant homo-
topy equivalence o\ —functors. In particular, as one has by construction@he-
equivariant homotopy equivalence

(RaY)(C) ~ ]coglim TP x Y],

the homotopy type of the spaR.,Y)(C) depends only on that ¢ := Y(C).

Proof Let 0 < k < n— 1 be an integer and lgt= (mo,...,mk) € Sk be ak-flag.
We are going to show that the inclusidy, - — T _ isahomotopy equivalence.

For every surjectionr, recall thatT2 stands for the restriction G to the operE2
EY. Then one defines recursively the Spg@oe,...,ﬂ as the restriction oﬂLO to the open
subspaceE;f0 N 'T'%l ..... = C E){T). A repeated application of the restrictimmma 3.2.8
shows thaﬁnio,.‘.,ﬂ Sn—equivariantly deformation retracts onT%mﬂ. On the other
hand, the uniqueness of tubular slicésn{ma 3.2.9 gives an equivariant stratified

isotopy betweerT= _ and T inside TX . It follows that the canonical

--------------- K

Remark 3.5.6 The proof ofproposition 3.5.%lid not require tbe system of tubgé!
to be controlledstricto sensubut only that, for eacir = 7 € II(n), the intersection
T is (a shrinking) of the restriction oF to T N E .

3.5.3 The caseY = pt

As for the casen = 3, the previous reduction shows that for every controlled system
of &n—equivariant tubular neighbourhoo@$' of C" “sufficiently small”, the cor-
respondingA—functors T are homotopically equivalent. We are going to give the
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explicit description of one of them.

We choose “the” system of equivariant tubes normal to the sE%ttand with suffi-
ciently small radii. The spaces and the maps that appear in thepace associated to
this system of tubes are intimately related to what might be calleddhéguration
space operad

Notations: Let E andF be two finite sets and let: E — F be a surjection.

(1)

(2)

()

(4)

()

(6)

We remind the reader that the spa@® c CEF is the space of injective maps
p: E— C.

The spaceC™ denotes the subspace 6f whose elements are those maps
¢: E — C which factorize agp = ¢’ o 7.

We also denot€(™ the subspace oE™ for which the above map’: F — C

is injective. The spac€™ is thus equivariantly homeomorphic to the space of
configuration of pointC(F).

We alsg need the reduced version of the previous notation, that isnoeaC™
(resp. C™) the subspace of™ (resp. ofC(™) of those mapsp: E — C

which satisfy in addition:
> (e =0.
ecE

Note thatC™ (resp. (NZ(”)) is the fibre of the normal tube (resp. of the punctured
normal tube) oveEx.

We need also need the relative version of these notations to deseitradé of
the normal tube oveEz with the adjacent strata. For every subset F, let
7a: ™ X(A) — A denote the restriction af. We then set:

C{) := .,

Let D = D(0, 1) be the unit disc irC. We use the notation®™, D™, D for
the subspaces ofDanalogous to the previous ones.
For everyp: E — C, we set:

1 : .

5 Nt L@ @) if Card(im(e) # 1

e — efeE
v o(f)#p(e)
1 if Card(Im(p)) = 1

We now define our chosen system of tubular neighbourh&@ﬂs
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Definition 3.5.7 For every surjectionr: n — m, let 'Nrf be the following normal
(for the euclidean metric®=—equivariant tubular neighbourhoodk‘aﬁrt ~ C™ inside
c":
T Dm0
T-: CM x ] Df, Y —

xem

Cn

(@ loem) = (i 00+ 20 orp0)

Note that by construction, the radiag are taken sufficiently small so that the tube
T+ only meets the strat&.. with 7 > 7 and so that for every € &, such that
T # 7 -0, the tubeslz ando - T+ are disjoint.

As in remark 3.2.13note that all the tubes are trivial as stratified sets. The multiple
intersections of these tubes are thus homeomorphic to products of thearplatistured
fibers, which are exactly configurations spaces of points.

Here is a variant oéxamples 3.3.9—(2)hich describes the homeomorphism type of
the intersections. It should be thought of as the special case where? is the
operad of configuration spaces.

Definition 3.5.8 Let @(f: Sk — Jop be the unique functor such that for every
morphisma: f — ' we have

OF (5) = CmM) x 5(@-1) X . x 5(710) y 5%1%)
k (f) Xkle—[ﬂ pk l(xk) Xlle_[@ p]_ l(Xl) Xol;[nb

éf@‘/ (o)« i(akl)* i(ao)* la*

Q¢ ! =(m_1) =(mp) ~ /-1
OF () =Cm x [ DY x ... x J[ DU x ] DP 00
yeeme Pk D) yremy P Y(y1) Yoeimy/

(Note that the last factor in the right hand term has no parenthesis in ithi@xpo
whereas the other terms have.)

The spaces@‘{(f) above are good approximations, but are not exactly equal to the
multiple intersections.

Proposition—definition 3.5.9 For everyk—flagf, IetU(f) be the image irC" of the
following homeomorphism:

¢ (1) — U cc

(so7(90xk)7-..7(wxl),(s0xo)) =i (i) + ey e@mi>(i)+(xigi&5wk)' W”k—l(i)(i)+"'+(x';2im1590x1)"p"fo(i)(i):|~~~

The natural inclusion3P(f) — U(j) are auff)—equivariant homotopy equivalences.
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The spaceU(j) is thus the space of configuration of points in C which can be
obtained in the following way: start witim, distinct pointsx; in C labelled bym

and “blow up in the normal direction” each of these points, with as many poits a
the cardinal of the inverse image of its label thrmmﬁ, in a disc of radiuslfl0 the
minimal distance between the and repeat the blowing-up process ukti 0, taking

at each step a radius of ball equal to the minimal distance between any tvis fran

in subfamilies).

Proof The proof is analogous to that lF#mma 3.2.14 We make an induction ok.
The inductive step is based on a the use of the uniqueness of tubulaboeigbods,
as was illustrated in the proof 88§mma 3.2.14 |

So far, we didn't mention anjA—structure. For every integerQi < k— 1, we have
a “pseudo-map” defined by

D) % D) _ - p(mi-1)
Xi+11€—[% pilll(xiH) X|1€—[m P %) Xi+11€_[% (Pi-+20P) ~04+2)

(¢Xi+1) ) (QIOXi) e Qoﬂl(e)(e) + ()[‘Télnq 630xi) : QOTI'i,]_(e)(e)

Here, by “pseudo-map”, we mean, as before, that the image of the mayediefi
by the formula satisfy all the linear conditions but some coordinates in the im-
age may lie a little outside of D. These lead to a “pseudo-natural” transformation
dik: @k — @k 1 © di k, which is defined exactly on the subspﬂ and compati-
ble with the natural transformatioy. — TP, o di k.

There are natural sections fro® (f) to ©¢(f) which arecompatible with the natural
transformations); k. These are given by taking radii

[ 67 — 11 e
xem ™

' — = m|n £
(SOXI) Xem Pxi

Using lemma 3.2.16we conclude that the composilé® — Us ~ 07 % 0F is
an equivariant homotopy equivalence Af-spaces, which completes the proof of
theorem 3.4.3 O
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3.6 The homotopy type of the space of real points

When the algebraic variety is defined over the field of real numbers, the spaces
UN(Y(C)) and (R,Y)(C) are both equipped with involutions induced by the action of
complex conjugation. The stratificati@f of (R,Y)(C) is stable under this involution
and our previous description can be made equivariant.

Theorem 3.6.1 Let TY be a controlled system d&f/, —tubular neighborhoods &'
andr. be the associated Cee¢h—space. Then, up to shrinking the tube§ih, there
exists a canonical zig-zag 8f, —homotopy equivalences &f—spaces between and
»NP,Y) which is natural inY. In particular, we have &/, —homotopy equivalence
natural inY :

() = (RaY)(C).

As a consequence, the homotopy type of the si@zeY)(R) depends only on the
homotopy type ofy := Y(C) andyz/ 2 = Y(R).

Proof The proofis similar to that adheorem 3.4.3We carry a5, x Z /o —equivariant

analysis of the stratificatiof" of (ﬁ]Y)(C). All the steps in the proof adheorem 3.4.3
translate with little changes. |

The result otheorem 3.6.5uggests that the answer to the following algebraic question
is affirmative, a fact which we were not able to prove.

Question 3.6.2 Does theA'—homotopy type of the spacg,Y only depend on the
Al—homotopy type ofY ?

A Thom-Mather theory of controlled tubular neighbour-
hoods

We present a survey on the theory of stratifications and in particular adhéwey of
controlled tubular neighbourhoods, as developed by Math&t5h [This theory is an
important ingredient in the proof dfieorem 3.4.3n 83.4.

More complete treatment on this material &8, [chapters 1, 3 and 4] an#l4, chapters
I and I1]. Our treatment of the subject is as elementary as possible. ficydar, we
restrict ourself to stratifications of manifolds.

In this appendix, all manifolds are assumed smooth Riemannian.
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A.1 Stratifications
A.1.1 Definition

Definition A.1.1 Let M be a manifold. A finité stratificationS of M is the datum
of a finite setl and a partition oM by disjoint smooth submanifold§ c M (i € 1),
called the strata o$,

M=]]s

icl
and satisfying the following condition. For every pairj) € 12 for which the inter-
section§ N S is non empty, one has the inclusiénC §.
The family of strata §)ic; has a natural partial ordering: we wrig < § whenever
the inclusion§ C § holds.

Example A.1.2 We list here some examples to keep in mind.

(1) LetM be a smooth manifold and I& be a smooth submanifold. The partition
M =N [] (M — N) induces a stratification dfl. In general, specializing the
results of this appendix to this example recovers some well known results in
differential geometry.

(2) Letn be a positive integer and I& c C" be an algebraic set, that is to say the
set of zeros of a family of polynomials iIG[ X4, . .., Xy]. The singular locus of
V is again an algebraic set (possibly empty) denoted $ihg(he smooth locus
V '\ Sing(V) is dense and open i¥; it is in particular a smooth submanifold
of C". SettingVp =V andS = C"\ V, we define inductively for an integer
i >0, Viy1 = Sing(Vi) andS;1 =V, \ Vi;1 until we end up withVy = 0 for
some integeN. By construction, the family§)o<i<n induces a stratification
of C". For every integer & i <N — 1, we haveS > S,;.

(3) An important special case for us is the following. Let fG) be the space of
complex monic degree polynomialsP € C[X], canonically identified with
C". The stratificatior8P' of Pol,(C) induced by the algebraic set associated to
the vanishing of the discriminant is described in detail 8118

The following proposition allows to produce new stratifications.

3For simplicity, we restrict ourself tdinite stratifications, that is to say such that the set
of strata is finite. However, most the results presented énagpendix would hold under
the hypothesis that the stratification is locally finite, tthe that every point inM has a
neighbourhood which meets only finitely many strata.
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Proposition A.1.3 Let (M, 8) be a stratified manifold.

(1) Let N be a manifold and: N — M be a map transverse ®, that is
to say transverse to each stratum8n Then, the family of submanifolds
f~1(S) c f1(M), i € | defines a stratification df (M), denoted ~(8).

(2) In particular, a submanifolé C M transverse t comes with an induced
Stratification.

Another important example of stratification appears in the context of eganitanan-
ifolds (see R9, theorem 4.3.2 and corollary 4.3.11] for example).

Proposition—definition A.1.4 Let G be a finite group and! a G—manifold. For
every pointx € M, let Gy denote the isotropy subgroup xf

(1) For every subgroupi C G, let M) be the subset dfl consisting of pointx
with isotropy groupGy conjugated tiH . It is a sub&G—manifold ofM .
(2) The decompositioM = |J M) induces a stratification 0. Itis classically
HCG

C
referred to as thetratification by orbit type

(3) The quotient of the stratification by orbit type B induces a stratification of
the orbit spacéV 6

A.1.2 The Whitney conditions

Let (M, 8) be a stratified manifold. H. Whitney has defined3][some nice regularity
conditions (the so-calledAj and @) conditions) on the stratificatio§ insuring a
locally nice topological behaviour. We recall below these conditions ame s their
consequences.

Definition A.1.5 Let (M, S) be a stratified manifold an& < S be two strata o8.

(1) We say thaSis (A)-Whitney regular with respect tB when
For every point in RN Sand for every sequencsg ) of points inS
(A)  which converges to and such that the sequence of tangent spaces
Ts Sconvergekto a spacd, then the inclusion /R C T holds.
When this condition holds for every pair of strafa < S, we say that the
stratificationS of M is (A)-Whitney regular.

1Convergence is well defined in a chart aroundndeed, one can use convergence in a Grassmannian
of subspaces oR™, wherem = dimM. Checking that the notion of convergence is independent of the
choice of a chart makes it intrinsic.
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(2) We say thaSis (B)-Whitney regular with respect t& when
For every pointr in RN Sand for every sequenceg)(and &) of
(B) points ofR andSboth converging to and such that the sequence of
tangent spacessTconvergesto a spacd and such that the sequence
of lines y;) convergesto a lineL, then the inclusioh. T holds.
When this condition is satisfied for every pair of str&®a< S, we say that the
stratificationS of M is (B)-Whitney regular.

Condition (B) implies condition (A). When the two conditions hold, we say that the
stratification is Whitney-regular.

Example A.1.6 (1) Forevery submanifoltl C M, the stratificatioM = N[[M—
N of example A.1.2—(2)s Whitney-regular.

(2) In general, the natural stratificatidly of an algebraic seV is not Whitney-
regular. However, in his seminal articldd, H. Whitney showed that there is
a canonical stratification which is finer th&y and Whitney-regular. For the
important case of the stratification induced by the discriminantal hypecsyrfa
seeexample A.1.2—(3)A Dimca and R Rosian prove ii{)] that it is Whitney-
regular.

The following proposition corresponds td4, proposition 1.4].

Proposition A.1.7 The inverse image of a Whitney stratification by a transverse map
(cf proposition A.1.3—(1)is again Whitney-regular.

In particular, the stratification induced on a transverse submanifold of &néyh
stratified manifold is again Whitney-regular.

The Whitney conditions insure that the strata are glued together is not tauqudal
way. In particular, a Whitney-regular stratification is locally trivial in the fallng
sense @9, corollary 3.9.3]).

Proposition A.1.8 Let (M, 8) be a Whitney-regular stratified manifold, I8tbe a
stratum and be a point inS. Then, there exist an open neighborhooc af M, say
U, an open neighborhood &fin S, sayV, and a stratified spade such that one has
a stratified homeomorphism

U=V xTF.

Above, the notatiod'F stands for the “cone” o with its canonical stratification.
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Remark A.1.9 In the previous statement, one cannot replace the word “homeomor-
phism” by the word “diffeomorphism”.

For the application that we have in view, the interest of the topological laeéallity
is that one then has a good notion of a tubular neighbourhood of a stratuaminther
adjacent stratum.

Proposition A.1.10 (cf Pflaum R9], theorem 4.3.7) Let G be a finite group ant/i
be aG-manifold. Then the stratification &i by orbit type €f proposition—defini-
tion A.1.4) is Whitney-regular.

A.2 Tubular neighbourhoods

In this section, we focus on the notion of a tubular neighbourhood. Afteflyrecall-
ing the definition, we present the notion of controlled systems of tubular beighood
in the context of (equivariant) Whitney-regular stratifications.

Definition A.2.1 Let M be a manifold ancs be a submanifold. A tubular neighbour-
hood of SinsideM is a triple €, ¢, €) with:

» ¢ isavector bundle oves; we denoteE(€) the total space of this bundle, pr the

canonical projectior(€) LaN Sandp: E(¢) — R the Riemannian norm.

¢ ¢: S— R™ — {0} is a continuous function. (For every poiste S, £(s) is
the radius of the tube &)

e eis an embedding of the subspace
E()~ = {X € E(), p(¥) <e(pr())} C EE)
insideM such that the following diagram commutes

E(£)<£(—e> M

Ny

We say that a tubular neighbourhodd, €', €) is ashrinkingof (¢, €, €) when
« {=¢
* Foreveryse S, £'(s) < &(9)
« The embedding is the restriction of the embeddiregto E(¢/)<¢’ ¢ E(¢)<¢
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Remark A.2.2 We often identify a tubular neighbourhood with the associated sub-
spaceT := e(E(£)~¢) of M. We still denote pr:T — S, e: T — R — {0},
p: T — R™T the images througk of the previous maps pk, andp.

The theory for tubular neighbourhoods, in particular existence anduen&ss, is
classical and can be found iBJ] for example. The theory extends in the equivariant
stratified case, on which we focus next.

This theory was developed in the 70’s by John Mather in his work on tojmalbg
stability [25], following ideas of Thom. (For the equivariant case, 2% £hapter 4]

or [11].) An important notion uncovered is that of a system of controlled tubular
neighbourhoods. Given a stratified manifélld these are families of tubes of the strata
which are compatible one with the others.

Definition A.2.3 Let (M, 8) be a stratified manifold.

(1) A system of tubular neighbourhoods &f say T, is the datum for each stratum
S e § of atubular neighbourhood (each stratum is a genuine submanifiMig of
Ts of SinsideM.

(2) One says thafl is controlled when the following holds (compare with9[
§ 3.6.4 and proposition 3.6.7])

» Forall strataR andSin 8, one has
(TrRNTs#0) = (R<SorR=SorR> 9.
» For every pair of strat® > Sin 8,
xeTrNTs = prr(X) € Ts
prso prg(X) = prg(x)
and pso mr(X) = ps(X)

The spacelTr N Ts is then the restriction of the tub&r to the open
subspac&sN R C R and the spac&s N R can be thought of as a tubular
neighbourhood of the stratufinside the adjacent stratuR

(3) When M, 8) admits such a system of tubes, we say tivtg) is controllable.
Definition A.2.4 Let (M, 8) and M’,8’) be two controlled stratified manifolds. A

stratified mapf : M — M’ is said to be controlled if for any connected component
S of a stratumS € 8, there exists a stratuiRg, € 8’ such that:

. f(TS|So) C TRSO
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* ForallxinTg,, (f o pro)(X) = (er% o f)(X)
* Forallxin Tg,, ps(X) = (prg, © F)(X)

In general, it is nota priori clear that such systems of tubes exist. The following
theorem, due to Mather, ensures the existence for Whitney-regular cataifis. (It
is a special case o2p, theorem 3.6.9].)

Theorem A.2.5 Any Whitney-regular stratified manifold is controllable.

The following theorem is lemma 3.9.2 i29. With the same proof, it admits an
equivariant version. SeéZ2, proof of lemma 5.3, p. 443], an@,[proof of theorem 1.5,
p. 465].

Theorem A.2.6 (Thom’s first isotopy lemma)Let (M,8) be a controlled space,
N be a manifold with trivial stratification. Then, a proper controlled submersion
f: M — N is alocally trivial fibration (of stratified spaces).

The following lemma is arad hocresult which is useful for our analysis of the
stratification8Y of (R,Y)(C) in section 3

Lemma A.2.7 (Restriction lemmagcf lemma 3.2.3 Let G be a finite group(M, 8)
be stratified Whitney reguldd—manifold,S a G—stratum ands a G—tubular neigh-
bourhood ofS insideM. Assume thas G—equivariantly deformation retracts onto
a subG—manifold S*. Then, up to shrinking, the tubks deformation retract&—
equivariantly and compatibly with the stratification onto its restriction &ewsayTs.

In particular, for allG—stratumR > S, the spacelr N S deformation retract$s—
equivariantly ontorg N R.

Proof For lack of a precise reference, we indicate the proof of this result. For
simplicity, assumeG = 1. Letp: S — S be the deformation retraction &
onto S’ and leti: S° — S be the inclusion. By definition, there exists a homotopy
p. Sx | — Sbetweenpy = ids andp; =i o p. LetthenT be the fibre product of

Sx | andTs overS:
T—Ts

"
Sx| =5

The mapT — Tg is a submersion and induces a Whitney-regular stratification of
T, lifting that of Ts. Thom’s first isotopy lemmacf theorem A.2.%implies that the
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canonical projectiorp: T — Sx | is a locally trivial fibration. Thus, for alk in
S x |, there exists an open neighbourhoddof x and a stratified spaceé with a
homeomorphism of stratified spaces:

pl(U)~UxF.

Since a locally trivial fibration over a base of the folth= X x | is trivial, we
have a homeomorphism of stratified spagesTs x | ~ T. The composite map
Ts — Tisx1y = p*(Tg) — T3 gives a deformation retraction @k onto Tg which
respects the stratification. |

Definition A.2.8 Let (M, 8) be a stratified manifold.

(1) A stratified vector fieldv on M is the datum, for every stratuid € S, of a
(smooth) vector field/s on S.

(2) A stratified vector fieldV on M is controlled when there exists a controlled
system of tubular neighbourhoods ®f%uch that for every pair of strat - S

Tpl’s o VTSOR =Vo (prs)“-st and Tps ] V|TsﬁR =0.

Remark A.2.9 Note that in general a stratified vector fieldl does not induce a
continuous vector field globally oll. However, wherV is controlled, the associated
flow is continuous.

The following proposition, which is proved ir29, theorem 3.7.3 and theorem 3.7.6],
is useful to construct stratified vector fields.

Proposition A.2.10 Let M be a controlled stratified manifol® be a manifold (en-
dowed with its trivial stratification) and ldt.: M — B be a controlled submersion.
Then, for every vector fieldN: B — TB on the base, there exists a controlled
stratified vector field/: M — TM such that

TfoV=Wof.

Moreover, whert is assumed to be proper akid to be integrable, theN is also
integrable.

Definition A.2.11 Let (M,S) be a stratified manifoldM; and M, be two sub-
stratified-manifolds ofM and let:: M; — M denote the canonical inclusions
(i = 1,2). Astratified isotopy betweevl; andM; insideM isamapF: Myxl — M
satisfying:
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* Foreveryt € [0, 1], the mapF; = fiu,« {1, is a stratified homeomorphism from
M1 onto its image invl.

* Fo=u
» There exists a stratified homeomorphism M1 ~ M, such that~; = 1z 0 .

We define similarly the notion of a stratified isotopy in the relative case ovesebha

With this notion, we can state the uniqueness of tubular neighbourhoods g
ariant) Whitney-regular stratified context.

Theorem A.2.12 (Uniqueness of tubular neighbourhoodsket G be a finite group.
Let (M, 8) be a Whitney-regulaG—stratified manifoldS be G—stratum and andT’

be two G—equivariant tubular neighbourhoods ®finsideM. The images oft and

T’ inherit Whitney-regulaG—stratified manifold structures. Then, up to shrinking the
tubesT andT’, there exists &—stratified isotopy betweeh andT’ over the basé.

In particular, for every adjacers—stratumR = S, after possibly shrinkingir and
T, there exists &—equivariant homeomorphisin T N R ~ T' N R such that the
following diagram commutes

f
TNR——T'NR

S
Proof One can assume, up to shrinkiig that T ¢ T’. Letthen:: T x| —
T’ x | be an isotopy betweeh and T’ given by the classical uniqueness of tubular
neighbourhoods. S@ priori, the isotopy:. does not respect the stratification. The
image through of the vector field (O%) is a vector field, say, onT' x |I. By

constructionyV is integrable and the associated flow mag3) on ¢o(T).
Consider the spac§’>S<T’, with its two projections prand py on T'. This space

T’>S<T’ is endowed with the inverse image stratification induced Ry &y proposi-

tion A.1.7, this stratification is Whitney-regular. Its set of strata is in bijection with
that of the stratification of’: a point &, x) € T’>§T’ belongs to a straturR if and
only if, the point x; € T"isinR..

By proposition A.2.10applied to the projectiom, x id, there exists a controlled
stratified vector fieldV on T’>S<T’ x |, whichis integrable and such thab  id).. (W) =

Vo(pyxid). LetD~T' x| — T’>§T’ x | be the “diagonal” subspace. The image
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through @1 x id).. of the restriction oW to D gives a controlled stratified vector field
V on T’ x I, which is integrable. By construction, for every poimtt) in T/ x I, we
have

pri(V(x. 1)) = pr.(V(x, 1))

(pr' denoting here the canonical projection frarhonto S).
Integrating this flow gives a stratified isotopy betwéeand (a shrinking of)l’. O

Note that the same techniques as in the prodfiebrem A.2.12eads to the following
ad hocresult, needed for our analysis of the stratificatfdnof (R,Y)(C).

Proposition A.2.13 (Uniqueness of slicesf lemma 3.2.9 Let G be a finite group,
(M, 8) be a Whitney-regulaG—stratified manifold,S be a G—stratum, and> be a
sub-G-manifold ofM transverse t@® (that is to say transverse to any stratungf
In particular,§ induces aG—stratification ofs> which is still Whitney-regular.

We denoteS® the intersectiorsn 3. Let alsoT be aG—tubular neighbourhood &
insideM, T° be the restriction ol overS® andT> be aG—tubular neighbourhood
of S inside .. Then, the spaces® andT* inherit Whitney-regulaiG—stratified
manifold structures and, after possibly shrinking them, there exi&sequivariant
stratified isotopy betweel® andT> over the bas&.
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