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Given a smooth algebraic varietyY, we construct a family of new algebraic
varietiesRnY indexed by a positive integern, which we baptize theAtiyah–
Hitchin schemesof Y. This paper is the first of a series devoted to the study of the
A1–homotopy type (in the sense of Morel and Voevodsky) of theseschemes. The
interest of the Atiyah–Hitchin schemes is that we conjecture that, asn tends to
infinity, the sequence of spacesRnY converges, in a precise sense, toΩP1

ΣP1
Y,

the freeP1–loop space generated byY.
This first paper focuses on the geometry of the schemesRnY: the slogan is that
RnY is a scheme-theoretic “completion” of the unordered configuration space of
n distinct points inA1 with labels inY. This makesRnY analogous—although
in general different—to the May–Milgram model.

55P35, 55R80, 14F42; 57N80

1 Introduction

This is the first of a series of papers devoted to the introduction and the study of some in-
teresting families of algebraic varieties which we baptize theAtiyah–Hitchin schemes.
There is a family of Atiyah–Hitchin schemes attached to any given algebraic variety Y;
they are indexed by a positive integern and we denote themRnY. The fundamental
example at the source of the definition, corresponding to the case whereY is the affine
line minus the origin, is given by the schemes of pointed degreen rational functions
(Fn)n>0 (seeexample 2.4–(3)for the precise definition of these schemes). The homo-
topy type of the topological spaceFn(C) of complex pointed degreen rational functions
has been studied by Graeme Segal in his seminal article [31]. Segal proved that “the
sequence of topological spacesFn(C) converges, asn tends to infinity, to the double
loop spaceΩ2S3”. (The meaning of this last statement is that the natural inclusion
map ofFn(C) into the degreen component of the space of continuous pointed maps
map∗(P

1(C),P1(C))—a space homotopy equivalent toΩ2S3—induces isomorphisms
on then first homotopy groups.) This result has been a large source of inspiration for

http://www.ams.org/mathscinet/search/mscdoc.html?code=55P35, 55R80, 14F42,(57N80)
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many authors, among which C Boyer, F Cohen, R Cohen, M. Guest, J Hurtubise, S.
Kallel, Y. Kamiyama, F Kirwan, A. Kozlowzki, B. Mann, J. Milgram, M Murayama, J.
Mostovoy, D. Shimamoto, K. Yamaguchi [7, 8, 9, 16, 17, 18, 19, 20, 21, 22, 28, 34]. In
particular, one can find in the literature several constructions inspired bySegal’s paper
[31] of successive finite-dimensional manifolds approximating certain mapping spaces.

The objective of this series of articles is twofold. First, we would like a unifying
framework for the various topological results mentioned above. As a partial answer,
we construct a general “machine” which, when fed with a smooth connected manifold
Y (resp. with a “nice” topological spaceY ), returns a familyRnY of smooth finite-
dimensional manifolds (resp. topological spaces) which are successive approximations
of Ω2Σ2Y , the double loop space freely generated byY . (The construction ofRnY

is given in this article; that it does approximateΩ2Σ2Y will be proved in [3].)
Our second aim, which is more speculative, explores a new direction of generalization:
that of A1–homotopy theory, the homotopy theory of schemes developed by Morel
and Voevodsky [27]. Indeed, our construction is algebraic: when fed with a smooth
algebraic varietyY, the “machine” returns a family of smooth algebraic varieties, the
Atiyah–Hitchin schemesRnY. In this series of articles, we will give evidence that
when the algebraic varietyY is A1–connected then “the sequence of schemesRnY
converges (in the homotopy category) toΩP1

ΣP1
Y, theP1–loop space freely generated

by Y”. (As above, one can give a precise meaning to this statement.)

This first paper is devoted to the analysis of the geometry of the Atiyah–Hitchin
schemes. The slogan is that for every integern > 1, RnY has to be thought of as
a scheme-theoretic “completion” of the unordered configuration space ofn distinct
points in A1 with labels inY. (Here by “completion” one should understand that a
generic point of (RnY)(C) belongs to the above configuration space but that there are
also moredegenerateconfigurations.) We illustrate this by describing the geometry of
the complex manifold (RnY)(C) associated to a complex algebraic varietyY.
The geometry of (RnY)(C) is reminiscent of an other well-known approximation of
the double loop spaceΩ2Σ2Y(C): the so-called May–Milgram modelC2Y(C) (see
May’s book [26, construction 2.4]). The space (RnY)(C) is closely related to then-th
term Fn(C2Y(C)) in the canonical filtration ofC2Y(C). Indeed, we will prove in [3]
(see also [6, chapitre 5]) that there is astablehomotopy equivalence

Σ
∞(RnY)(C) ≈ Σ

∞Fn(C2Y(C))

which is compatible with the Snaith splitting ofΩ2Σ2Y(C). (In the special case of com-
plex rational functions, this stable homotopy equivalence was first proved by F Cohen,
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R Cohen, B Mann and J Milgram [7, 8].) However,unstablythe two spaces (RnY)(C)
and FnC2Y(C) may differ: for an integerd > 1 and forn > 1, (Rn(Ad − {0}))(C)
and FnC2(Cd − {0}) are homotopy equivalent if and only ifd > 1 (see R Cohen and
D Shimamoto [9] and Totaro [32]).

We leave to the next articles [3, 4] the study of the (unstable and stable) homotopy type
of the Atiyah–Hitchin schemes and its relation toΩP1

ΣP1
Y. There is also an interesting

connection with our previous work in [5] on the algebraic connected components of
the schemes of pointed rational functionsFn which suggests the existence of a version
of the little disks operad and of the group completion theorem inA1–homotopy theory.

Let us give a flavor of the results and techniques contained in the paper.Let Y be a
fixed smooth complex algebraic variety and letn be a positive integer. A point in the
space (RnY)(C) is a pair (A,B) where:

• A = Xn + an−1Xn−1 + · · ·+ a0 is a monic degreen polynomial with complex
coefficients

• B corresponds to the datum, for each rootα of the polynomialA, of a point in
the total space of a certain vector bundleJα over Y(C). These vector bundles
Jα are “jet-like” bundles overY(C) of order the multiplicity of the rootα. For
example, whenα is a simple rootJα is the zero-dimensional vector bundle over
Y(C); whenα has multiplicity two,Jα is the tangent bundle ofY(C) and so on.
(See the introduction ofSection 3for a more precise account about this.)

This description leads to a decomposition of the complex manifold (RnY)(C) as a set
as a disjoint union of complex submanifolds, each one individually well understood.
For example, the open stratum (corresponding to the locus where the firstcoordinateA
has all its roots simple) is homeomorphic to the space of unordered configurations ofn
distinct points inC with labels inY(C). Note that this is exactly the same space which
appears in the definition of Fn(C2Y(C)), the n-th term of the canonical filtration of
the May–Milgram modelC2Y(C) for Ω2Σ2Y(C). In general, each piece of (RnY)(C)
is up to homotopya space of configurations of a certain number of points inC with
labels inY(C) (we leave vague here whether the configurations are ordered or not,see
definition 3.1.1).
A full understanding of the geometry of the space (RnY)(C) requires also information
about how the different pieces are glued together. We can provide this information
by using the fact that the decomposition of (RnY)(C) satisfies a strong regularity
condition: it is a so-calledWhitney stratification. For such stratifications, the work of J
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Mather in the 1970’s (based on the former contribution of R Thom) providesa suitable
notion of tubular neighbourhood of one stratum into another adjacent stratum, which
we can be described. Although our description requires a combinatorial formalism
which is a bit intricate, the two main underlying ideas are simple.

• The geometry of the strata of (RnY)(C) has the following property: if, in a
configuration of points inC with labels in1 Y(C) (which represents a point
in some stratum), two pointsα1 6= α2 ∈ C have the same label, sayy1 =

y2 = y ∈ Y(C), then, as the two pointsα1 andα2 tend to a common value, say
α ∈ C, then the configuration [(α1, y), (α2, y), (αi , yi)] tends to the configuration
[(α, y), (αi , yi)] (which represents a point in a lower stratum). It turns out that
this information suffices to capture the homotopy type of (RnY)(C).

• The stratification of the space of monic complex polynomials associated to the
multiplicity of the roots is closely related to the stratification of (RnY)(C).
(In fact, it corresponds to the special caseY = pt.) Its strata are genuine
configuration spaces of points inC. And the attaching maps between the strata
can be described by some versions of the structure maps in the little disks operad
on the level of configuration spaces of points: embedding a little disk into
another one is analogous to blowing up a multiple root into other roots of lower
multiplicities.

A rough summary of our main result (theorem 3.4.3) is the following. There is a natural
homotopy equivalence between (RnY)(C) and a space denotedΨn(Y(C)) obtained by
attaching configuration spaces of little discs inC with labels in Y(C) togethervia
structure maps in the little discs operad and diagonals on the labels inY(C).
In particular, our description implies that the homotopy type of the topological space
(RnY)(C) only depends on the homotopy type ofY(C), which is not obvious from the
definition ofRnY (and which is convenient to use in [3]). Moreover, when the algebraic
variety Y is defined over the field of real numbersR, complex conjugation induces
an involution on both (RnY)(C) and Ψn(Y(C)). Our analysis of the stratification is
compatible with these involutions: we have a homotopy equivalenceΨn(Y(C)) ≈
(RnY)(C) as Z /2 –spaces. This suggests that theA1–homotopy type of the spaceRnY
should only depend on theA1–homotopy type ofY, a result which we could not prove
(seequestion 3.6.2).

Overview of the article

1Here,Y(C) is identified with the zero sections of the “jet-like” bundlesJα .
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• Section 2is devoted to the definition of the Atiyah–Hitchin schemes. Their
functor of points are easily defined and shown to be representable. Somebasic
properties are established. The algebraic geometry here is elementary andaimed
at topologists (in particular, we avoid using the theory of Hilbert schemes). We
also discuss examples we find illuminating.

• Section 3describes completely the stratification of the space of complex points
(RnY)(C) whenY is defined overC. In more details:

– §3.1 describes the topology of the strata of (RnY)(C). These are the
configuration spaces of points inC with labels in the “jet-like” bundles
over Y(C) alluded to in the introduction.

– §3.2 is a warm-up: we analyse in details the stratifications of (R2Y)(C)
and (R3Y)(C). The study of (R3Y)(C) requires already all the technical
difficulty contained in the use of the Thom–Mather theory of controlled
tubular neighbourhoods in Whitney stratifications. It is written in order to
motivate and illustrate the general method.

– To treat the general case, we first introduce in §3.3the required formalism
to handle the combinatorics. This allows us to define in §3.4 the functor
Ψn : Top−→ Top for any n and to state our main result (theorem 3.4.3):
there is a natural homotopy equivalence between (RnY)(C) andΨn(Y(C)).
The proof is then given in §3.5.

– In §3.6, we study the case when the varietyY is defined over the field of
real numbersR. In this case, complex conjugation induces an involution
on both spacesΨn(Y(C)) and (RnY)(C) and the homotopy equivalence
(RnY)(C) ≈ Ψn(Y(C)) is shown to be compatible with this action.

• Appendix A is a recollection of the necessary material on stratifications. In
particular, we briefly present the Thom–Mather theory of controlled tubular
neighbourhoods for Whitney stratifications, which is used as an important in-
gredient in our description of the homotopy type of (RnY)(C).
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2 Atiyah–Hitchin schemes

Throughout this section, we work over a fixed base field k, although the construction
would be valid over a more general base. By an algebraic variety, we mean a finite
type separated k–scheme.

Let Y be a fixed algebraic variety. We introduce the Atiyah–Hitchin schemes attached
to Y, which are our main object of study. These form a familyRnY of algebraic
varieties indexed by a positive integern. The idea behind the construction that we
give is due to M Atiyah and N Hitchin [1, chapter 5], which justifies our terminology.
However, our presentation differs notably from the aforementioned reference for two
reasons. The first one is that we don’t want to use the deep theory of Hilbert schemes, as
this text is aimed at topologists. The second reason is that we think that our viewpoint
is more convenient for the applications we have in mind. The connection between our
approach and that of Atiyah and Hitchin is explained inremark 2.5below.

Definition 2.1 Let n be a positive integer. For anyk–algebraR, let (RnY)(R) be the
set of pairs (A,B) where

• A = Xn + an−1Xn−1 + · · ·+ a0 is a monic degreen polynomial inR[X]

• B is a k–scheme morphismB: SpecR[X] /(A) −→ Y. (In other words,B is an

element ofY
(
R[X] /(A)

)
.)

The setRnY(R) is natural in thek–algebraR; we have thus just defined a functor

RnY : Algk −→ Set

from the category ofk–algebras to the category of sets.

The following proposition ensures that for reasonable schemesY, the above functor
RnY is indeed the functor of points of a schemeRnY.

Proposition 2.2 Let n be a positive integer andY be a quasi-projective algebraic
variety—ie an open of some projective algebraic variety. Then the functorRnY
is representable by a quasi-projective algebraic variety, which we denote RnY and
baptize then-th Atiyah–Hitchin scheme associated toY.
Moreover, if Y is smooth of dimensiond, then the schemeRnY is also smooth of
dimensionn(d + 1).
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Nota bene: Even in the case whenY is projective, the schemeRnY is usually
not projective. For example, one has a canonical isomorphismR1Y ≃ Y × A1, cf
example 2.4–(1)below.

Proof of proposition 2.2 We first check that the functorRnY is representable. One
has to show that the functorRnY is a sheaf in the Zariski topology and that it is covered
by affine open subfunctors.
ThatRnY is a sheaf in the Zariski topology is a consequence of the following fact. Let R
be ak–algebra and (fi)i∈I be a family of elements such that the opens SpecR[f−1

i ] cover
SpecR, then for any monic polynomialA ∈ R[X], the schemes SpecR[f−1

i ][X] /(A)
form an open cover of SpecR[X] /(A) .

To check thatRnY is covered by affine open subfunctors, we observe the following
facts.

Lemma 2.3 (1) If U is an open subvariety ofY, then the functorRnU is an open
subfunctor ofRnY.

(2) If Y is an affine algebraic variety, then the functorRnY is represented by an
affine algebraic variety.

Proof (1) This follows from the fact that the functor of points ofU is an open
subfunctor of the functor of points ofY.

(2) Let Y be a closed subscheme of some affine spaceAN given by the vanishing of
some family of polynomialsPi(X1, . . . ,XN). For anyk–algebraR and for any
monic polynomialA ∈ R[X] of degreen, an element ofR[X] /(A) has a unique

lifting as a polynomial ofR[X]deg<n. The datum ofB ∈ Y(k[X] /(A) ) is then

equivalent to the datum of a family (B1, . . . ,BN) of polynomials inR[X]deg<n

such that the rests of thePi(B1, . . . ,BN) in the Euclidean division byA vanish.
This is given by polynomial equations on the coefficients of the polynomials
A,B1, . . . ,BN , which gives the coordinates and the equations of the scheme
representingRnY.

We claim that the family of subfunctorsRnU when U runs over all the affine open
subschemes ofY forms a cover ofRnY by affine open subfunctors. This follows
directly from the definition and from the fact that in a quasi-projective schemeY any
finite set of points in contained in an open subschemeU ⊂ Y (cf [24, Proposition 3.36]
for example).
This proves that the functorRnY is representable by a schemeRnY. For briefness,
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we postpone the proof that the representing schemeRnY is quasi-projective until
remark 2.5, where it’s deduced from a general result of Grothendieck on the quasi-
projectivity of Hilbert schemes.
We finish by checking that whenY is assumed to be smooth thenRnY is also smooth.
Since smoothness is a local condition, the previous discussion on open covers ofRnY
implies that it’s enough to treat the case whenY is affine. One shows thatRnY⊗ k
is non-singular at any point (A,B) ∈ RnY ⊗ k by checking a Jacobian criterion.
(For this, observe that one can assume thatA is irreducible, for if A = A1A2 is a
coprime decomposition, thenRnY is, locally around (A,B), isomorphic to the product
Rn1Y×Rn2Y, with ni = degAi for i = 1,2. One can thus assume thatA = Xn; note
then that the “constant terms” ofB gives a point ofY, sayb0 ∈ Y(k). The Jacobian
matrix of the equations ofRnY at (Xn,B) is block triangular, with diagonal entries the
Jacobian matrix of the equations ofY at b0.)

Nota bene: Note that the proof of the second assertion inproposition 2.2shows that
the canonical projection on the first factor

℘ : RnY −→ Poln
(A,B) 7→ A

is smooth. In particular, this means that whenY is defined overC, the map of complex
manifolds℘ : (RnY)(C) −→ Poln(C) is a submersion.

Example 2.4 Let n be a positive integer.

(1) For every schemeY, one has a canonical isomorphism of schemes

R1Y ≃ Y× A1 .

(2) Let pt := Speck be the “one point scheme” and let Poln be the scheme of monic
degreen polynomials. (Poln is thus canonically isomorphic to the affine space
An.) One has a canonical isomorphism of schemes

Rnpt≃ Poln .

(3) Recall that we denoteFn the scheme of pointed degreen rational functions;
Fn is thus the open subscheme ofA2n := Speck[a0, . . . ,an−1,b0, . . . ,bn−1]
complementary to the hypersurface given by the vanishing of the resultant

resn,n(Xn
+ an−1Xn−1

+ · · ·+ a0, bn−1Xn−1
+ · · ·+ b0) .

One has a canonical isomorphism of schemes

Rn(A1− {0}) ≃ Fn .
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(4) More generally, for every positive integerd > 1, letFd
n denote the Hom scheme

of pointed degreen morphisms fromP1 to Pd . (For any fieldK , the setFd
n (K)

is thus in bijection with (d + 1)–tuples of polynomials (A,B1, . . . ,Bd) in K[X]
with A monic of degreen, eachBi of degree< n and such that there is no root
common to all polynomials.) One has a canonical isomorphism of schemes

Rn(Ad − {0}) ≃ Fd
n .

Proof (1) For everyk–algebraR and everya ∈ R, one has a canonical isomor-
phism ofk–algebrasR[X] /(X− a) ≃ R.

(2) For everyk–algebraR and for any monic polynomialA, there is only one map
of k–schemes from SpecR[X] /(A) to Speck.

(3) For anyk–algebraRand for any monic polynomialA in R[X], (A1−{0})(R[X] /(A) )

is the set of units ofR[X] /(A) . SinceA is monic, any elementB ∈ R[X] /(A) ad-

mits auniquelifting as a polynomial̃B ∈ R[X] of degree strictly less thann. The
pair (A, B̃) is then an element ofFn(R). This describes a natural isomorphism
of functorsRn(A1− {0}) ≃ Fn.

(4) The argument is similar to the previous one and is thus omitted.

Remark 2.5 (1) Our presentation differs notably from that given by Atiyah and
Hitchin in [1, chapter 5]. So we indicate here the link between the two ap-
proaches.
In general, given a smooth algebraic varietyY and a positive integern, the
punctual Hilbert schemeY[n] is not a desingularization of the symmetric prod-
uct SPn(Y). However, Atiyah and Hitchin observed that one can construct a
desingularization of SPn(Y× A1) by the following construction. Let̃RnY be
the following subfunctor of Hilbn(Y× A1)

R̃n(Y) : Algk −→ Set

R 7→





Flat closed sub-R–schemesZ ⊂ (Y × A1)R

with Hilbert polynomialPZ = n and such that
Z →֒ (Y × A1)R

pr
−→ A1

R remains a closed
immersion.





The datum of a lengthn closed immersionZ →֒ A1 is equivalent to the datum
of a monic degreen polynomial, and one then hasZ ≃ Spec (R[X] /(A) ). The

datum of the immersionZ →֒ (Y× A1) thus corresponds to the datum of the
morphism Spec (R[X] /(A) ) −→ Y. This induces an isomorphism of functors

R̃nY ≃ RnY.
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(2) As promised in the proof ofproposition 2.2, we indicate to the reader why the
algebraic varietiesRnY are quasi-projective. In the point of view of Atiyah and
Hitchin, the functorRnY is an open subfunctor of the functor of points of the
punctual Hilbert scheme ofY× A1. By a general result of Grothendieck [15,
théor̀eme 3.2 and §4],Hilbn(Y× A1) is quasi-projective thus so isRnY.

3 The homotopy type of the space of complex points

In all Section 3, we fix once for all a positive integer n and a smooth algebraic variety
Y defined over the field of complex numbersC. For briefness, we denoteY := Y(C)
the topological space of complex points.

Our analysis of the geometry of the complex manifold (RnY)(C) follows the idea,
already present in the work of F Cohen, R Cohen, Mann and Milgram [7], of cutting
the manifold into disjoint pieces, each one well understood separately. Let

℘ : (RnY)(C) −→ Poln(C)
(A,B) 7→ A

be the canonical projection on the first factor. The fiber of℘ over a polynomialA is by
definitionY

(
C[X] /(A)

)
. The topology of this space highly depends on the nature of the

C–algebraC[X] /(A) . Indeed, ifαi (1 6 i 6 r ) denote the distinct complex roots ofA,

with multiplicity ni > 1, the Chinese remainder theorem induces a homeomorphism

℘−1(A) ≃
r∏

i=1

Y
(
C[X] /(Xni )

)
.

The spacesY
(
C[X] /(Xni )

)
appearing above are the total spaces of vector bundles over

Y := Y(C)—these are the “jet-like” bundles alluded to in the introduction. For ex-
ample, it is well-known thatY

(
C[X] /(X2)

)
identifies with the tangent bundle ofY .

Each spaceY
(
C[X] /(Xni )

)
deformation retracts onto its zero-sectionY . Thus the fiber

℘−1(A) has the homotopy type of a product ofr copies ofY .

It follows from this discussion that the manifold (RnY)(C) naturally decomposes,as
a set, into a disjoint union of submanifolds, whose homotopy type is a simple function
in the homotopy type ofY . For example, the open submanifold corresponding to the
locus of points (A,B) whereA has only simple roots is homeomorphic to the unordered
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space of configuration ofn distinct points inC with labels inY denotedC(n)×
Sn

Yn (see

definition 3.1.1below for the explanation of the notation). The relevant notion here
is that ofstratification. (Appendix A gives a brief introduction to this notion.) The
space of monic complex degreen polynomials Poln(C) admits a natural stratification
Spt associated to the multiplicity of the roots, which liftsvia the canonical submersion
℘ : (RnY)(C) −→ Poln(C) to the stratificationSY of (RnY)(C) which we consider.
In the rest of this section, we give a complete description of the stratificationSY : we
describe the topology of the strata and the attaching data.

3.1 Description of the strata

We start our analysis of the stratificationSY of the space (RnY)(C) by describing the
topology of the strata. As we will see, the set of strata is indexed by the partitions of
the integern and each of these has the homotopy type of a space of configuration of
points in C with labels inY := Y(C). Here, the term “configuration space” has to
be taken in a slightly more general sense than usual as we do not infer anything about
whether the configuration is ordered or not (seedefinition 3.1.1below).

3.1.1 Configuration spaces and partitions of an integer

For every positive integere> 0, let e denote the set{1,2, . . . ,e}.

Definition 3.1.1 Theunorderedconfiguration space ofn distinct points inC, denoted
C(n) , is the space of injective maps fromn to C. It comes with a natural action of the
symmetric groupSn by composition at the source.
For any topological spaceZ, we use the general terminologyconfiguration space of n
distinct points inC with labels in Zfor a spaceC(n)×

S
Zn for some subgroupS⊂ Sn.

Definition 3.1.2 (1) A partition of the integern is the datum of a positive integerm
and of an equivalence class of surjectionsπ : n ։ m according to the following
equivalence relation :

(n
π
։ m) ∼ (n

π′

։ m) ⇐⇒ ∃α : n
≃
−→ n andβ : m

≃
−→ msuch thatπ′◦α = β◦π .

We denote [π] the equivalence class of the surjectionπ .
Let Π(n) denote the set of partitions of the integern. This set is equipped with
the following partial order: [π] � [π′] whenever there exist some representing
elementsπ and π′ of [π] and [π′] and a surjectionϕ : m ։ m′ such that
π = ϕ ◦ π′ .
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(2) For every surjectionπ : n ։ m, let also π denote the class ofπ modulo
composition at the target by an element of the symmetric groupSm. In other
terms, one hasπ = π′ if and only if there existsβ ∈ Sm such thatπ′ = β ◦ π .
The setΠ̃(n) of classes of surjectionsπ is equipped with the partial order
analogous to that ofΠ(n).

Example 3.1.3 Every integern admits the following two partitions:

• Thegenericpartition, denoted [πg], is the class of the identity map idn. This is
the maximal element of the set of partitionsΠ(n).

• The trivial partition, denoted [πt], is the class of the unique map fromn to 1.
This is the minimal element of the set of partitionsΠ(n).

3.1.2 The strata ofPoln(C)

We are now ready to describe the strata of the stratificationSpt of the space Poln(C)
of complex monic degreen polynomials associated to the multiplicity of the roots. It
plays a major r̂ole in our analysis for two reasons: first, as we already discussed before,
the stratificationSY of (RnY)(C) we focus on is a lift ofSpt. Secondly, one should
consider this as the particular caseY = pt. Indeed, through the canonical isomorphism
Rnpt ≃ Poln of example 2.4–(2), the stratificationSY=pt corresponds toSpt (which
justifies our notation). As we will see, our strategy is to reduce the study ofSY to that
of Spt.

Definition 3.1.4 Let Spt be the stratification of Poln(C) associated to the algebraic
hypersurface defined by the vanishing of the discriminant (seeexample A.1.2–(3)
). Alternatively, the stratificationSpt is also theorbit type stratification under the
identification Poln(C) ≃ Cn

/Sn
(seeproposition–definition A.1.4).

Our convention here is to take the strata ofSpt path-connected.

Identify the space Poln(C) with the symmetric product SPn(C) := Cn
/Sn

. A polyno-

mial in Poln(C) is equivalent to the set of its roots, which is though of as an orbit of
maps fromn to C under the natural action of the symmetric groupSn.
Let q: Cn −→ SPn(C) be the canonical projection. For technical reasons, it is also
useful to analyse the (Sn–equivariant) stratificationEpt := q−1(Spt) of Cn. The
description of the strata is the following:
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Proposition–definition 3.1.5 (1) The strataSpt
[π] of the stratificationSpt of the

spacePoln(C) are indexed by the partitions[π] of the integern. By definition,
the stratumSpt

[π] attached to the partition[π] is composed of the orbits (under the
action ofSn) of mapsx : n−→ C such that there exists a representing element
π : n ։ m of [π] and a factorizationx = ϕ ◦ π with ϕ : m →֒ C injective.

(2) The strataEpt
[π] of the stratificationEpt of Cn are indexed by the partitions

[π] of the integern. By definition, one hasEpt
[π] = q−1

(
Spt

[π]

)
. Note that the

stratificationEpt is Sn–equivariant in the sense that each stratum is stable under
the action ofSn.

(3) The partial orders (cf definition A.1.1) on the sets of strata ofSpt and Ept are
given by

Spt
[π] � Spt

[π′] ⇐⇒ [π] � [π′] and Ept
[π] � Ept

[π′] ⇐⇒ [π] > [π′] .

(4) Let [π] be a partition ofn. The connected componentsEpt
π of the stratumEpt

[π]
are indexed by the classes of surjectionsπ ∈ [π] :

Ept
[π] =

∐

π∈[π]

Ept
π .

For every class of surjectionsπ , the spaceEpt
π is the subspace ofCn of maps

x : n −→ C such that for every representing elementπ : n ։ m of π , there
exists a factorizationx = ϕ ◦ π with ϕ : m →֒ C injective.
For each choice of a representing elementπ of π , the map fromEpt

π to the space
C(n) of injective maps fromn to C which associates to everyx the (unique) map
ϕ as above is a homeomorphism.

(5) The symmetric groupSn acts on each stratumEpt
[π] . Its action exchanges the

connected components as follows

∀σ ∈ Sn, σ · Ept
π = Ept

π◦σ−1
.

(6) Let π be a class of surjections and letπ : n ։ m be a representing element of
π . The subgroup ofSn of those permutationsσ such that there exists a (non-
necessarily unique) permutationτ ∈ Sn satisfying the relationπ ◦ σ = τ ◦ π

doesn’t depend on the choice ofπ . This group is the stabilizer of the connected
componentEpt

π and we denote itSπ .

(7) For every partition[π] of n and for every elementπ ∈ [π] , we have canonical
homeomorphisms

Ept
[π] /Sn

≃
−→ Spt

[π]
≃
←− Ept

π /Sπ

describingSpt
[π] as a space of configuration of points inC.
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Example 3.1.6 (1) The stratumSpt
[πg] is the open subspace of Poln(C) of polyno-

mials with all their roots simple. The stratumEpt
[πg] is here the subspaceC(n) of

Cn.

(2) The stratumSpt
[πt] is the space of polynomials with only one root (of ordern).

The stratumEpt
πg

corresponds to the diagonalx1 = · · · = xn of Cn.

(3) When n = 3, let π1 : 3 ։ 2 be the following surjection:
1

//
1

2

44iiiiii

3
//
2
. The

stratumSpt
[π1] is the space of polynomials of degree 3 having exactly one double

root. One has a homeomorphismSpt
[π1] ≃ C(2). (Recall that the notationC(2)

denotes the space of configuration of two distinct points inC.)
The spaceEπ1 ⊂ C3 is composed of the 3–tuples (x1, x2, x3) such thatx1 = x2

andx1 6= x3. One has

E[π1] = Eπ1

∐
(τ1,3 · Eπ1)

∐
(τ2,3 · Eπ1) ,

whereτi,j is the transposition (i, j) ∈ S3. The groupSπ1 is the subgroup ofS3

generated by the transpositionτ1,2. Here, it acts trivially onEπ1 .

Remark 3.1.7 Here is a more intrinsic rephrasing of the homeomorphism (7) above.
Let [π] be a partition ofn and F0([π]) be the following category. The objects of

F0([π]) are the surjectionsn
π0
։ m0 such that [π0] = [π]. A morphism between two

objectsπ0 andπ′0 is a commutative diagram

n
α
≃

//

π0

��

n

π′
0

��
m0

α0

≃
// m0

.

Let Ept be the unique functor fromF0([π]) to Top such thatEpt(π0) = Ept
π0

and such
that for every morphism (α, α0) : π0 −→ π′0 in F0([π]), the morphismEpt(α, α0) is
induced by the action of the elementα ∈ Sn. The homeomorphism (7) in proposi-
tion–definition 3.1.5can be reformulated as:

Spt
[π] ≃ colim

π0∈F0([π])
Ept

0 (π0) .

Proposition 3.1.8 The stratificationsSpt andEpt are Whitney-regular (this notion is
explained in §A.1.2of the appendix).
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Proof That the stratificationSpt is Whitney-regular is the purpose of [10]. By propo-
sition A.1.7, the inverse image of a Whitney regular stratification though a submersion
is Whitney regular. The stratificationEpt is thus Whitney-regular. One could also
have deduced this directly from general results aboutorbit-type stratifications. (cf
proposition–definition A.1.4andproposition A.1.10).

3.1.3 The strata of(RnY)(C)

Recall that the stratificationSY of (RnY)(C) is by definition the inverse image through
the canonical projection℘ : (RnY)(C) −→ Poln(C) of the stratificationSpt. We
deduce from the previous paragraph a description of the strataSY

[π] of SY as a function

of the strataSpt
[π] of Spt and ofY .

Let (R̃nY)(C) be the canonical fiber product:

(R̃nY)(C)
eq //

e℘
��

(RnY)(C)

℘

��
Cn

q
// Poln(C)

.

For some technical reasons that will appear later, we also describe the strata of the
stratificationEY := (℘ ◦ q̃)−1(Spt) of (R̃nY)(C).
By definition, the strata ofSY andEY are again indexed by the partitions of the integer
n. For every partition [π] of the integern, we set

SY
[π] = ℘−1(Spt

[π]) and EY
[π] = (℘ ◦ q̃)−1(Spt

[π]) .

Note that the strata ofEY are all stable under the action ofSn.
The next proposition gives the aforementioned description of the strata ofSY as
configuration spaces of points inC with labels in a vector bundle overY .

Proposition 3.1.9 (1) Let [π] : n −→ m be a partition ofn. The connected
componentsEY

π of the stratumEY
[π] are indexed by classes of surjectionsπ ∈ [π] .

For each representing elementπ of some classπ , one has aSπ –equivariant
homeomorphism:

EY
π ≃ Ept

π ×
n∏

i=1

Y
(

C[X] /(X|π−1(i)|)

)
.

Here, the groupSπ acts on the product in the left hand side term by permuting
m, via the morphismSπ −→ Sn associated to the choice of a representing
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elementπ .
Moreover, the stratumEY

π deformation retractsSπ –equivariantly on its subspace

E◦
π := Ept

π × Y
m ⊂ Ept

π ×
n∏

i=1

Y

(
C[X] /(X|π−1(i)|)

)
.

(2) For every partition[π] : n−→ m, and for every representing elementπ of [π] ,
one has a homeomorphism:

(3–1) SY
[π] ≃ Ept

π ×
Sπ

n∏
i=1

Y

(
C[X] /(X|π−1(i)|)

)

independent of the choice ofπ .
Moreover, the stratumSY

[π] deformation retracts on its subspace

S◦[π] := Ept
π ×

Sπ

Ym ⊂ Ept
π ×

Sπ

n∏

i=1

Y
(

C[X] /(X|π−1(i)|
)
)
.

We encourage the reader to rewrite formula (3–1) in a more intrinsic way, in the spirit
of remark 3.1.7.

The regularity properties of the stratifications ofproposition 3.1.8naturally pass toSpt

andEpt. Precisely, one has:

Proposition 3.1.10 The stratificationsSY andEY are Whitney-regular.

Proof It is a consequence ofproposition 3.1.8andproposition A.1.7.

Remark 3.1.11 For every partition [π] = [n ։ m] of n, let ΣY
[π] be the subspace of

(RnY)(C) of pairs (A,B) such that:

• there exists a factorizationA = A1 · · ·An with polynomialsAi monic of respec-
tive degrees|π−1(i)|, and pairwise coprime;

• B belongs toYn ⊂ Y
(

C[X] /(A1)

)
× · · · × Y

(
C[X] /(An)

)
.

In general,ΣY
[π] isn’t a submanifold of (RnY)(C). Let alsoΣ̃Y

[π] be the subspace of

(R̃nY)(C)
Σ̃

Y
[π] := ℘−1(ΣY

[π]) .

Here, Σ̃Y
[π] is a sub-Sn–manifold of (̃RnY)(C), which is the (non-disjoint) union

of Sπ –submanifoldsΣ̃Y
π for π ∈ [π]. One checks that̃Σ[π] is transverse to the

stratificationEY , ie that it is transverse to each of its stratum.
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Example 3.1.12 (1) For the generic stratum, one hasΣY
[πg] = SY

[πg] and Σ̃Y
[πg] =

EY
[πg] .

(2) For the trivial stratum, one hasΣY
[πt] = Poln(C)× Y andΣ̃Y

[πt] = Cn× Y.

(3) WhenY = pt, for each partition [π] of n, Σ
pt
[π] is the open subspace∪

[π′]>[π]
Spt

[π′] ⊂

Poln(C) .

(4) For every surjectionπ : n ։ m, one has aSπ –equivariant homeomorphism:

Σ̃Y
π ≃ Σ̃

pt
π × Y

n.

3.2 The functorsΨ
2 and Ψ

3

The previous paragraph has given a description of the homotopy type ofthe strata of
SY . In order to complete the description of the stratification, one needs to describe
how these spaces are glued together. One way to proceed is to thicken up every
stratum by replacing it by a tubular neighbourhood and to describe all the possible
multi-intersectioǹa la Cechof these spaces and the maps between them.
Because the formalism becomes tedious, we illustrate in some details the analysis of
the special casen = 2 and n = 3 for the reader’s convenience. All the technical
difficulty is already present in the study of the stratification of(R3Y)(C).

3.2.1 Analysis of the stratification of(R2Y)(C)

The integern = 2 has only two distinct partitions [πg] ≻ [πt]. The stratificationSY

of (R2Y)(C) thus admits only the two strata

SY
[πg] ≃ C(2)×

S2

Y(C)2 and SY
[πt] ≃ C× Y

(
C[X] /(X2)

)
.

Note thatSY
[πt] deformation retracts on its subspaceS◦[πt] := C× Y(C).

As subspaces of (R2Y)(C), S[πg] and S[πt] do not intersect. The stratumSY
[πt] is a

submanifold of (R2Y)(C), so we can thicken up without changing its homotopy type
by replacing it by an (open) tubular neighbourhood, sayTY

[πt] . (As the other stratum
S[πg] is open, it should be thought of as its own tubular neighbourhood.) The open
subspacesSY

[πg] andTY
[πt] from an open cover of (R2Y)(C). In particular, the canonical

map

hocolim




SY
[πg] TY

[πt]

SY
[πg] ∩ TY

[πt]

+ �

99ssssssss3 S

eeKKKKKKKK




≈
−→ (R2Y)(C)
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is a homotopy equivalence (cf [30, proposition 4.1] for example). Above, the use of a
homotopy colimit rather than an ordinary colimit is motivated by the following lemma,
which we will apply to make explicit the left hand side diagram.

Lemma 3.2.1 LetA be a small category, let alsoF andG be two functorsA −→ Top
and letϕ : F −→ G be a natural homotopy homotopy equivalence (that is to say a
natural transformation such that, for each objecta ∈ A, the induced mapϕa : F(a)

≈
−→

G(a) is a homotopy equivalence). Then, the canonical induced map

ϕ∗ : hocolim
A

F
≈
−→ hocolim

A
G

is a homotopy equivalence.

Reduction to the caseY = pt The spaceSY
[πg] ∩TY

[πt] is a punctured (ie with its zero

section removed) tubular neighbourhood ofSY
[πt] ; we denote itTY

[πt],[πg] . The baseSY
[πt]

of this tube deformation retracts onto its subspaceS◦[πt] ≃ C × Y . By the following
restriction lemma, this retraction induces a deformation retraction of the tubeTY

[πt] onto
its restriction toS◦[πt] , which we denoteT◦

[πt] . Moreover, restricting this retraction to the
punctured tube gives a deformation retraction ofTY

[πt],[πg] onto its restrictionT◦
[πt],[πg]

over S◦[πt] .

Lemma 3.2.2 (Restriction lemma)Let M be a manifold,S⊂ M be a submanifold
andTS be a tubular neighbourhood ofS. Assume moreover thatSdeformation retracts
onto a submanifoldS◦ . Then, up to shrinking, the tubeTS deformation retracts onto
its restrictionT◦

S to S◦ . Moreover, when restricted to the punctured tubeTpct
S , this

retraction gives a deformation retraction ofTpct
S onto its restriction(Tpct

S )◦ over S◦ .

This lemma is proved in a more general context inA (seelemma A.2.7).

On the other hand, letΣY
[πt] be the submanifold of (R2Y)(C) defined by

Σ
Y
[πt] :=

{
(A,B) ∈ (R2Y)(C), B ∈ Y(C) ⊂ Y

(
C[X] /(A)

)}

(seeremark 3.1.11). There is a homeomorphismΣY
[πt] ≃ Pol2(C)×Y . The submanifold

ΣY
[πt] is transverse toSY

[πt] along their intersectionS◦[πt] .

Remark 3.2.3 Note that the datum of a tubular neighbourhoodTpt
[πt] of Spt

[πt] inside
Pol2(C) provides a tubular neighbourhoodTΣ

[πt] of S◦[πt] insideΣY
[πt] such that we have

a homeomorphism
TΣ

[πt] ≃ Tpt
[πt] × Y

compatible to the above homeomorphism.
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Let Tpt
[πt] be any chosen tubular neighbourhood ofSpt

[πt] inside Pol2(C) and letTΣ
[πt]

be the corresponding tubular neighbourhood ofS◦[πt] inside ΣY
[πt] as above. Up to

shrinking Tpt
[πt] , we can assume thatTΣ

[πt] lies insideTY
[πt] . By the following result of

uniqueness of tubular slices, there exists an isotopy insideTY
[πt] between (shrinkings

of) TΣ
[πt] andT◦

[πt],[πg] .

Lemma 3.2.4 (Uniqueness of tubular slices,cf theorem A.2.12) Let M be a mani-
fold, with two submanifoldsSandΣ intersecting transversely alongS◦ := S∩Σ 6= ∅.
Let alsoT be a tubular neighbourhood ofS insideM , T◦ be the restriction ofT over
S◦ andTΣ be a tubular neighbourhood ofS◦ insideΣ such thatTΣ ⊂ T . Then, there
exists an isotopy insideT between (shrinkings of)TΣ andT◦ .

The previous discussion can be summarized in the following proposition.

Proposition 3.2.5 In the following commutative diagram,

SY
[πg]

� � = // SY
[πg]

TΣ
[πt]

� � ≈ // T[πt]

TΣ
[πt],[πg]

� � ≈ //

. �

<<zzzzz?�

OO

TY
[πt],[πg]

- 


<<yyyyy?�

OO

.

the horizontal inclusion maps are homotopy equivalences. Moreover, byconstruction,
we have a homeomorphism of diagrams

SY
[πg]

≃ // Spt
[πg]×

S2

Y2

TΣ
[πt]

≃ // Tpt
[πt] × Y

TΣ
[πt],[πg]

≃ //

. �

==|||||?�

OO

Tpt
[πt],[πg] × Y

+ �

99ssssssss?�

δ

OO

(Above, the map labelledδ is induced by a diagonal mapY −→ Y2.) In particular,
the analysis reduces to the study of the special caseY = pt.

The caseY = pt In the previous step, we have made no assumption on the tubu-
lar neighbourhoodT[πt] , so we need to describe the diagram of intersections for one
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particular choice of tubes (it follows from the uniqueness of tubular neighbourhoods
that the description is in fact essentially independent of that choice). Ourchoice will
be that given by the normal tube (for the euclidean metric). However, to prepare the
generalization to the general case, we are going to describe the diagram of intersections
associated to aS2–equivariant tube inC2, quotienting by the action ofS2 only at the
very end.

Notations: • We recall from §3.1.1that C(2) denotes the space of configuration
of two distinct points inC.

• Let D := D(0,1)⊂ C be the unit disc.

• Let alsoĩsq2 be the space of pairs (x1, x2) ∈ D2 such thatx1 + x2 = 0, endowed
with its natural action ofS2. It is the fiber of normal tube around the diagonal
δ ⊂ C2.

• Let finally D̃(2) be the subspace of̃D2 composed of pairs (x1, x2) ∈ D2 such
that x1 + x2 = 0 andx1 6= x2. It is the fiber ofpuncturednormal tube around
the diagonalδ .

In the casen = 2, Spt
πg

is the configuration spaceC(2) ⊂ C2 and Spt
πt

is the diagonal

C
δ
−֒→ C2.

We takeT̃πt to be the normalS2–equivariant tubular neighbourhood, that is to say:

T̃πt : C× D̃2 eeπt−−→ C2

(x, (y1, y2)) 7→ (x + y1, x + y2)

The diagram of intersections is thusS2–homeomorphic to:

C(2) C× D̃2

C× D̃(2)
+ �

99sssssssssseeπt

ddIIIIIIIII
.

The analysis is essentially complete. However, for aesthetical reasons, we prefer to
get rid of the contractible factor̃D2 and to make appear the little 2-disks operadC2

(for simplicity, we will often omit the subscript). Indeed, note how the inclusionmap
C × D̃(2) →֒ C(2) is similar to the structure map inC2 associated to the surjection
2 ։ 1. There is a zig-zag ofS2–equivariant homotopy equivalences of diagrams to:

C(2) C(1)

C(2)× C(1)

pr

;;xxxxxxxx
µ

ccFFFFFFFF
,
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(above,µ denotes the structure map inC and pr the canonical projection). The analysis
finishes by quotienting this diagram by the action ofS2.

Conclusion The previous discussion summarizes as follows.

Definition 3.2.6 For every topological spaceZ, setψ2
0(Z) := C(2)×

S2

Z2 ∐
C(1)×Z,

ψ2
1(Z) := (C(2)/S2

× C(1))× Z andψ2
i = ∅ for i > 2. Then

(3–2) Ψ
2(Z) := |ψ2

• | := hocolim




C(2)×
S2

Z2 C(1)× Z

(
C(2)/S2

× C(1)
)
× Z
pr×id

77pppppppppp4 T
µ×∆

ggNNNNNNNNN




This defines a functorΨ2 : Top−→ Top.

Theorem 3.2.7 For every tubular neighbourhoodTY
[πt] of SY

[πt] inside (R2Y)(C), let
τ• be the Cech∆–space

τ• :=
(

SY
[πg]

∐
TY

[πt]

)
⇇ TY

[πt],[πg]

(whereTY
[πt],[πg] := SY

[πg] ∩ TY
[πt] ). After possibly shrinkingTY

[πt] , there exists a zig-zag

of homotopy equivalences of∆–spaces betweenψ2
• andτ• which is natural inY. In

particular, one has a natural homotopy equivalence

Ψ
2(Y) ≈ (R2Y)(C) .

3.2.2 Analysis of the stratification of(R3Y)(C)

The casen = 3 is more intricate than the previous one. To fully describe the strati-
fication SY we will use as a crucial ingredient the Thom–Mather theory of control of
tubular neighbourhoods. All the technical difficulty is already present here.

The integern = 3 admits the following three partitions:

[πg] ≻ [π1] ≻ [πt] ,

whereπ1 denotes the surjection 3։ 2 defined inexample 3.1.6–(3). Thus the stratifi-
cationSY of (R3Y)(C) is composed of three strata: the open stratumSY

[πg] homeomor-

phic to C(3)×
S3

Y3, a submanifold of (complex) codimension oneSY
[π1] homeomorphic
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to C(2)× Y
(
C[X] /(X2)

)
× Y , and a submanifold of (complex) codimension twoSY

[πt]

homeomorphic toC × Y
(
C[X] /(X3)

)
. Note thatSY

[π1] deformation retracts onto its

subspaceS◦[π1] ≃ C(2) × Y2 and thatSY
[πt] deformation retracts onto its subspace

S◦[πt] ≃ C× Y .

Let TY = {TY
[πg] ,T

Y
[π1] ,T

Y
[πt]} be a system of tubular neighbourhoods ofSY , that is

to say a family of tubular neighbourhoods for each stratum. This set of tubes forms
an open cover of (R3Y)(C) and we are going to give an explicit description of the
associatedCech∆–space:

τY
• =

∐
i∈{g,1,t}

TY
[πi ]

∐
i 6=j∈{g,1,t}

TY
[πi ],[πj ]

oo oo TY
[πg],[π1],[πt]

oooooo .

(Above, multiple subscripts denote multiple intersections; for example,T̃Y
[πg],[πt] is a

notation for the spacẽTY
[πg] ∩ T̃Y

[πt] .) In order to do so, we need to restrict to families of
tubes which are compatible one with the others. The precise notion is that ofcontrolled
system of tubular neighbourhoodsdeveloped by J N Mather in [25] (see also §A.2 of
the appendix for a brief introduction to this notion). Among other properties,such a
system of tubes satisfies the following regularity conditions. For every stratum S:

• The projection from the tubeTS to its baseS is a locally trivial fibrationas
stratified spaces. By this, we mean that for every points ∈ S, there exists
a neighbourhoodU of s inside M , a neighbourhoodV of s inside S and a
stratified spaceF with a homeomorphism of stratified spaces

U ≃ V × ΓF .

(The notationΓ denotes the cone endofunctor of the category of stratified
spaces.) See Thom’s first isotopy lemma (cf theorem A.2.6) and proposi-
tion A.1.8.

• For every adjacent stratumR≻ S, the intersectionTS∩ TR is the restriction of
the tubeTR over the open subspaceR∩ TS of R.

From now on, we assume thatTY is a controlled system of tubular neighbourhoods of
SY . The existence of such a system is a consequence ofSY being Whitney regular (cf
proposition 3.1.8), seetheorem A.2.5.

In fact, it is more convenient to carry out aS3–equivariantanalysis of the induced
stratificationEY on the space (̃R3Y)(C) := (R3Y)(C) ×

Pol3(C)
C3 and to quotient it at
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the end by the action ofS3. Indeed, giving a controlled system of tubular neighbour-
hoodsTY of SY is equivalent to giving a controlled system ofS3–equivariant tubular
neighbourhoods̃TY of EY . The Cech∆–space associated toTY is obtained from that
associated tõTY by quotienting by the action ofS3 (seeproposition 3.5.1below for a
precise statement).

The S3–stratificationEY is also composed of three strata:EY
[πt] which is homeomor-

phic to C(3) × Y3; EY
[π1] is the disjoint union ofEY

π1
≃ C(2) × Y

(
C[X] /(X2)

)
× Y

and of its translations through the transpositions (1,3) and (2,3) of S3; and EY
[πt]

which is homeomorphic toC × Y
(

C[X] /(X3)

)
. The isotropy groupSπ1 of EY

π1
is

the order 2 subgroup generated by the transposition (1,2), acting trivially. Note that
EY

π1
deformation retractsSπ1 –equivariantly onto its subspaceE◦

π1
≃ C(2) × Y2. The

isotropy groupSπt of EY
πt

is S3 andEY
πt

deformation retractsSπt –equivariantly onto
its subspaceE◦

πt
≃ C× Y .

We now come to the description of theS3–equivariant Cech∆–space associated to
T̃Y :

τ̃Y
• :=

∐
i∈{g,1,t}

T̃Y
[πi ]

∐
i 6=j∈{g,1,t}

T̃Y
[πi ],[πj ]

oooo T̃Y
[πg],[π1],[πt]

oooooo .

As before, our starting point is that the canonical map from the geometric realization
|τ̃Y

• | (ie the homotopy colimit of the diagram of spaces) to (R̃3Y)(C) is a S3–
equivariant homotopy equivalence. The rest of the paragraph consists in making
explicit the homotopy colimit by using the equivariant analogue oflemma 3.2.1.

Reduction to the caseY = pt In §3.2.1, the two main tools used were the restriction
lemma (lemma 3.2.2) and the uniqueness of tubular slices (lemma 3.2.4). Here are the
appropriate analogues of these results in an equivariant and stratified context.

Let G be a finite group and let (M, S) be a Whitney-regularG–stratified manifold.

Lemma 3.2.8 (Restriction lemma)Let S be a G–stratum ofM and let TS be a
G–tubular neighbourhood ofS insideM . Assume thatS G–equivariantly deformation
retracts onto some sub-G–spaceS◦ . Then, this retraction induces a deformation
retraction, which isG–equivariant and which respects the stratification, of (some
shrinking) of the tubeTS onto its restriction overS◦ , sayT◦

S .
In particular, for every adjacentG–stratumR � S, the spaceTS ∩ R deformation
retractsG–equivariantly ontoT◦

S ∩ R.
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S

M

T◦

S

TS

S◦

Figure 1: Restriction lemma

The restriction lemma is proved inlemma A.2.7of the appendix.

Lemma 3.2.9 (Uniqueness of tubular slices)Let S be aG–stratum ofM and letΣ
be a sub-G–manifold of M which is transverse toS. We denoteS◦ the intersection
S∩Σ. Let alsoTS be aG–tubular neighbourhood ofS insideM , T◦

S be the restriction
of TS over S◦ andTΣ ⊂ TS be aG–tubular neighbourhood ofS◦ insideΣ. Then, the
spacesT◦

S andTΣ inherit of Whitney stratifications and, after possibly shrinking them,
there exists aG–equivariant stratified isotopy insideTS betweenT◦

S andTΣ over S◦ .

This lemma is proved inproposition A.2.13of the appendix.

Remark 3.2.10 In the sequel, each time we apply the restriction lemma or the unique-
ness of tubular slices, we will omit the possible shrinkings of tubes. It is important
to note that there are only finitely many such shrinking and that a new shrinking at a
given time does not affect what has been proved before.

The last ingredient in the analysis of the casen = 2 was the existence of the manifold
ΣY

[πt] . The higher dimensional generalisation of these manifolds were already intro-
duced inremark 3.1.11: for every surjectionπ : n −→ m, we defined a submanifold

Σ̃Y
[π] of (R̃nY)(C). Here, using the notations of the aforementioned remark,
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S

M

T◦

S

TS

S◦

TΣ

Σ

Figure 2: Uniqueness of tubular slices.

• We have aSπ1 –equivariant homeomorphism̃ΣY
π1
≃ Σ̃

pt
π1
× Y2, with Σ̃

pt
π1

the
open subspace ofC3 composed of those triples (x1, x2, x3) satisfyingx1 6= x3

andx2 6= x3 (the action ofSπ1 ≃ S2 exchangesx1 andx2).

• We have aSπt ≃ S3–equivariant homeomorphism̃ΣY
[πt] = Σ̃Y

πt
≃ C3× Y .

Remark 3.2.11 Letπ : 3 ։ m be surjection. Note that the datum of aS3–equivariant
tubular neighbourhood ofEpt

[π] insideC3, sayT̃pt
[π] , provides aS3–equivariant tubular

neighbourhood ofE◦
[π] insideΣ̃Y

[π] , sayT̃eΣ
[π] . By definition, one has aS3–equivariant

homeomorphism̃TeΣ
[π] ≃ T̃pt

[π] × Y
m compatible to that ofexample 3.1.12(4).

Let T̃pt be a controlled system ofS3–equivariant tubular neighbourhoods of the strat-
ification Ept of C3. For every partition [π] of the integer 3, we denote bỹTeΣ

[π] the

tubular neighbourhood ofE◦
[π] insideΣ̃Y

[π] associated to the tubẽTpt
[π] as in the previous

remark. Up to shrinking the tubes, we can assume having the inclusionT̃eΣ
[π] ⊂ T̃Y

[π] .
By the uniqueness of tubular slices , we have aS3–equivariant stratified isotopy inside
T̃Y

[π] betweeñT◦
[π] and T̃eΣ

[π] .

The following proposition reduces the study to the particular caseY = pt.
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Proposition 3.2.12 Let τ eΣ
• be theCech ∆–space associated to the open cover of

(R3Y)(C):

τ̃
eΣ

• :=
∐

i∈{g,1,t}
T̃eΣ

[πi ]

∐
i 6=j∈{g,1,t}

T̃eΣ
[πi ],[πj ]

oo oo T̃eΣ
[πg],[π1],[πt]

oooooo .

The canonical inclusioñτ eΣ
• →֒ τ̃Y

• is a S3–equivariant homotopy equivalence of∆–
spaces. By construction, we have aS3–equivariant homeomorphism of∆–spaces:

τ
eΣ

• ≃

T̃pt
[πg] × Y

3

T̃pt
[πg],[π1] × Y

2 ι×id //

ι×∆

88qqqqqqqqqq

T̃pt
[π1] × Y

2

T̃pt
[πg],[πt] × Y

ι×id //

ι×id

OO

T̃pt
[πt] × Y

T̃pt
[πg],[π1],[πt] × Y

ι×∆

OO

ι×id
88qqqqqqqqqq

ι×id // T̃pt
[π1],[πt] × Y

ι×∆

OO

ι×id

::vvvvvvvvv

where the maps labelledι are inclusions and those labelled∆ are diagonals onY . In
particular, the homotopy type of(R3Y)(C) depends only onY .

Proof The proof is based on the use of the restriction lemma (lemma 3.2.2) and of the
uniqueness of tubular slices (lemma 3.2.9). For example, we are going to show that the
canonical inclusioñTeΣ

[πg],[π1],[πt] →֒ T̃Y
[πg],[π1],[πt] is a homotopy equivalence, leaving

the other cases to the reader.

Since the system of tubular neighbourhoods̃TY is controlled, the spacẽTY
[π1],[πt] is the

restriction of T̃[π1] to EY
[π1] ∩ T̃Y

[πt] . As EY
[πt] deformation retractsS3–equivariantly

onto E◦
[πt] , the restriction lemma shows thatEY

[π1] ∩ T̃Y
[πt] deformation retractsS3–

equivariantly ontoEY
[π1] ∩ T̃◦

[πt] . By the uniqueness of tubular slices, we haveS3–

equivariant isotopy betweenEY
[π1] ∩ T̃◦

[πt] andEY
[π1] ∩ T̃eΣ

[πt] . As we have the inclusion

EY
[π1]∩ T̃eΣ

[πt] ⊂ E◦
[π1] , by the uniqueness of tubular slices, we have aS3–equivariant iso-

topy betweenEY
[πg] ∩

(
T̃Y

[π1]

)
|EY

[π1]∩
eTeΣ

[πt ]
andEY

[πg] ∩
(
T̃eΣ

[π1]

)
|EY

[π1]∩
eTeΣ

[πt ]
= T̃eΣ

[πg],[π1],[πt] . As

a consequence the canonical inclusionT̃eΣ
[πg],[π1],[πt] →֒ T̃Y

[πg],[π1],[πt] is aS3–equivariant
homotopy equivalence.
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Le casY = pt As for the analysis of the casen = 2, we chose to describe the Cech
∆–space associated to the particular system ofS3–equivariant tubes which are normal
to the strata.

We recall briefly that: Ept
[πt] = C(3); Ept

[π1] is the disjoint union ofEpt
π1
≃ C(π1) :=

{(x1, x2, x3) ∈ C3, x1 = x2 6= x3} and of its translates through the action of the
transpositions (1,3) and (2,3); Ept

[πt] is the diagonalC(πt) := C ⊂ C3.

Notations: (1) D = D(0,1) still denotes the unit disc inC.

(2) Let D̃3 ⊂ D3 be the space of triples (x1, x2, x3) such thatx1 + x2 + x3 = 0. It is
“the” fibre of the tube normal to the diagonalC ⊂ C3.

(3) Let D̃(3) := D̃3 ∩ C(3). It is the “fibre” of the punctured tube normal to the
diagonal.

(4) SetD̃1 = D̃(1) := {0} ⊂ D.

(5) Let D̃(π1) be the subspace of̃D3:

D̃(π1) := {(u1,u2,u3) ∈ D3, u1 = u2 6= u3 and u1 + u2 + u3 = 0}

It is the trace inC(π1) of “the” fiber of a normal tube around the diagonal.

Let T̃π1 and T̃πt be the following equivariant tubular neighbourhoods:

T̃pt
π1 : C(π1) × D̃2

eeπ1 // C3

(x, x, x3), (u1,u2) � //
(
x + εxu1, x + εxu2, x3

)

whereεx =
1
10
|x− x3|

T̃pt
πt

: C(πt) × D̃3
eeπt // C3

(x, x, x), (u1,u2,u3) � // (x1 + u1, x2 + u2, x3 + u3)

The (image of the) tubẽTpt
πt

is thus the configuration space of three particles (x1, x2, x3)
which are all at distance6 1 from their barycenter13(x1 +x2 +x3). The (image of the)
tube T̃pt

π1 is the configuration space of three particles (x1, x2, x3) such that the distance
from x1 and x2 to their barycenter12(x1 + x2) is much smaller (at most110 ) than the
distance from1

2(x1 + x2) to x3.

Remark 3.2.13 (1) Note that by construction, the tubẽTπ1 does not meet its trans-
lates through the transpositions (1,3) and (2,3), as required.
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(2) Note also that the system of tubes satisfies the following needed conditionthat
if π 6 π′ , thenT̃π,π′ is a tube over̃Tπ ∩ Eπ′ .

(3) Note that all the tubes are trivial since the strata have trivial normal bundles
(these are opens of sub-vector spaces ofCn).

(4) From this observation, the topology of the intersection spaces is determined: it
is a product of spaces of configuration of points. For example, the space T̃pt

πg,π1,πt

is a punctured tube over̃Tpt
πt
∩ Ept

π1
. In his turn, T̃pt

πt
∩ Ept

π1
is a punctured tube

of Eπt inside the closure ofEπ1 . Thus, we have an equivariant homeomorphism
T̃pt

πg,π1,πt
≃ C× [D̃(π1)] × [D̃(2)× D̃(1)].

Finally, let us give a name to the opens ofCn images of the following homeomorphisms:

C(πt) × D̃(3) ≃ // Ũπg,πt

(x, x, x), (u1, u2, u3) � // (x + u1, x + u2, x + u3)

with εx = 1, εu = 1
10min

i 6=j
|ui − uj |

C(π1) × [D̃(2)× D̃(1)]
≃ // Ũπg,π1

(x, x, x3), [(u1, u2),0] � // (x + u1, x + u2, x3 + 0)

with εx = 1, εu = 1
10|u1− u2|

C(πt) × [D̃(π1)] × [D̃2× D̃1]
≃ // Ũπ1,πt

(x, x, x), [(u, u, u2)], [(v1, v2),0] � // (x + u + εuv1, x + u + εuv2, x + u2 + εu · 0)

with εx = 1, εu = 1
10|u− u2|, εv = 1

10|v1− v2|

C(πt) × [D̃(π1)] × [D̃(2)× D̃(1)]
≃ // Ũπg,π1,πt

(x, x, x), [(u, u, u3)], [(v1, v2),0] � // (x + u + εuv1, x + u + εuv2, x3 + u3 + εu · 0)

with εx = 1, εu = 1
10|u− u2|, εv = 1

10|v1− v2|

These spaces are configuration spaces of three points inC which can be obtained from
one or two points by successively “blowing up in the normal direction” eachpoint into
multiple points in a ball of radius1

10 the minimal distance to the other points. For
example, a point̃Uπg,π1,πt is obtained from a “triple” pointx ∈ C, by first blowing it
up into two distinct points, one doublex + u and one simplex + u3 and then blowing
up x + u into x + u + εuv1 andx + u + εuv2.

Lemma 3.2.14 The four inclusion maps̃Tpt
π1,πt

→֒ Ũπ1,πt , T̃pt
πg,π1

→֒ Ũπg,π1 , T̃pt
π1,πt

→֒

Ũπg,πt and T̃pt
πg,π1,πt

→֒ Ũπg,π1,πt are homotopy equivalences.
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Proof This follows from the uniqueness of tubular neighbourhoods and fromremark 3.2.13
above. For example, the inclusioñTpt

πg,π1,πt
→֒ Ũπg,π1,πt is an equivariant homotopy

equivalence since both̃Tpt
πg,π1,πt

andŨπg,π1,πt are punctured tubes over̃Tpt
πt
∩ Ept

π1
.

Remark 3.2.15 (1) There are composition “pseudo-maps”:

D̃(π1) × [D̃(2)× D̃(1)]
µ //___________ D̃(3)

(u,u,u2), [(v1, v2),0] � // (u + εuv1,u + εuv2,u2 + εu · 0)

with εu = 1
10|u− u2|, εv = 1

10|v1− v2|

C(πt) × D̃(π1) µ // C(π1)

(x, x, x), (u1,u2,u3) � // (x + u1, x + u2, x + u3)

with εx = 1, εu = 1
10 min

i 6=j
|ui − uj |

The dashed arrow is not well defined, for its first two coordinates do not neces-
sarily remain inside of the unit disk D. All the other linear conditions are fully
satisfied.

(2) Note how close the above maps are from their analogues in the little disks operad.
More precisely, there are sections from the four spacesŨ (seen as products of
configuration spaces of points) to the product of spaces of configurations of
little disks lying above them, such that the above composition maps between
configuration spacesare compatible with the structure maps in the little disks
operad. This compatibility is important: it insures that below our diagrams
commutes on the nose and not only up to homotopy.
These sections are defined by taking radii equal to the valuesεx, εu or εv defined
in the formula for the composition map. For example, we mean

Ũπg,π1,πt ≃ C(πt) × [D̃(π1)] × [D̃(2)× D̃(1)] −→ C(1)× [C(2)]× [C(2)× C(1)]
(x, x, x), (u1,u2), [(v1, v2),0] 7→ (r = 1, r = εu, [r = εv, r = εv])

The following lemma is the final ingredient to replace the spaces of configurations of
points with spaces of configurations of little disks.

Lemma 3.2.16 Let ℓ > 0 be a positive integer and letr1, . . . , rℓ be a list of positive
integers. Any section

σ : D(r1) × · · · × D(rℓ) −→ C(r1)× · · · × C(rℓ)

to the natural projection map is aSr1 × · · · ×Srℓ
–homotopy equivalence.
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Proof The space of sections has the following partial order: we say thatσ 6 σ′ if for
every pointx, the radii of all the disks inσ(x) are smaller than those ofσ′(x). Note
that two such sectionsσ 6 σ′ areSr1 × · · · ×Srℓ

equivariantly homotopic.
It follows that any two sectionsσ andσ′ are equivariantly homotopic, since they are
both homotopic to min(σ, σ′). We can thus assume thatσ is a product map. This
reduces the problem to the caseℓ = 1. Then, the space of little disks deformation
retracts onto the image of the section.

The composition of the inclusions of the spacesT̃pt into the spaces̃U followed by the
previous section gives an equivariant homotopy equivalence of∆–spaces between

∐
i∈{g,1,t}

T̃pt
πi

∐
i 6=j∈{g,1,t}

T̃pt
πi ,πj

oo oo T̃pt
πg,π1,πt

oooooo

and
C(3)

[C(2)× C(1)]× C(2)
pr //

µ

55llllllllllllllll

C(2)

[C(3)]× C(1)
pr //

µ

OO

C(1)

[C(2)× C(1)]× [C(2)]× C(1)

id×µ

OO

µ×id
55llllllllllllll

pr
// [C(2)]× C(1)

µ

OO

pr

=={{{{{{{{

.

To conclude, we have to divide each term by the action of its isotropy subgroup.

Conclusion The previous discussion summarizes as follows.

Definition 3.2.17 For every topological spaceZ, define spacesψ3
0(Z), ψ3

1(Z) and
ψ3

2(Z) as follows. Let

ψ3
0(Z) := C(3)×

S3

Z3
∐

C(2)× Z2
∐

C(1)× Z

ψ3
1(Z) := (C(2)/S2

× C(2))× Z2
∐

C(3)/S3
× Z

∐
(C(2)× C(1))× Z

ψ3
2(Z) := (C(2)/S2

× C(2))× Zand
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The structure maps in the little disks operad (our general notation for these isa symbol
µ) allow to turn these into a∆–spaceψ3

• (Z) := ψ3
0(Z) ψ3

1(Z)oo oo ψ3
2(Z)

oooooo (see

the diagram below). LetΨ3(Z) be the associated geometric realization:
(3–3)

Ψ
3(Z) := |ψ3

• (Z)| := hocolim




C(3)×
S3

Z3

(C(2)/S2
× C(2))× Z2

pr //

µ×∆

88pppppppppppp

C(2)× Z2

(C(3)/S3
× C(1))× Z

pr //

µ×∆

OO

C(1)× Z

(C(2)/S2
× C(2)× C(1))× Z

(id×µ)×∆

OO

(µ×id)×id
77oooooooooo

pr
// (C(2)× C(1))× Z

µ×∆

OO

pr

AA��������




(Above, the maps labelled by aµ are induced by structure maps in the little disks
operad and those labelled “pr” are projections.) The above constructiondefines a
functor Ψ3 : Top−→ Top.

Theorem 3.2.18 For every controlled system of tubular neighbourhoods of the strati-
fication SY of (R3Y)(C), sayTY , let τ• be the associated Cech∆–space

τ• :=
∐

i∈{g,1,t}
TY

[πi ]

∐
i 6=j∈{g,1,t}

TY
[πi ],[πj ]

oo oo TY
[πg],[π1],[πt]

oo oooo .

Then, up to shrinking the tubes ofTY , there exists a zig-zag of homotopy equivalences
of ∆–spaces betweenτ• andψ3

• (Y), which is natural inY. In particular, one has a
natural homotopy equivalenceΨ3(Y) ≈ (R3Y)(C).

3.3 Formalism

To extend the analysis ofSY for a generaln, we need to introduce some formalism to
encode the combinatorics of the multiple intersections between all the tubular neigh-
bourhoods of the strata. Of course, we can organise the information onn levels à
la Cech: the tubes, the twofold intersections, the threefold intersections, etc. We get
what is known as a∆–space: a simplicial space without degeneracies. However, the
description of the terms appearing in thek–fold intersections requires a combinatorial
model for the datum of nested partitions [π0] � · · · � [πk], which we call ak–flag.
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3.3.1 ∆–spaces

Definitions 3.3.1 (1) Let ∆ be the simplicial category without the degeneracies.
The objects of∆ are thus the positive integers. For each pair of positive integers
i < j , Hom∆(j, i) is the set of order-preserving maps fromi to j .

(2) A ∆–space is a functorX• : ∆ −→ Top. As usual, we writeXi instead ofX•(i).

(3) Let X• be a∆–space. The geometric realization ofX• , denoted|X•|, is the
space

|X•| := hocolim
i ∈ ∆

Xi .

(4) Let X• and Y• be two ∆–spaces. A morphismf : X• −→ Y• is said to be
a homeomorphism (resp. a homotopy equivalence) if it induces such a map
betweenXi andYi for all i .

Our typical example of∆–space is the Cech∆–space associated to a partially-ordered
open cover of a given topological space. The following proposition is useful.

Proposition 3.3.2 Let U be a partially-ordered open cover of a paracompact space
X. Then the canonical map|U•| −→ X is a homotopy equivalence.

3.3.2 Operads

It turns out that the description of the stratificationSpt of the space Poln(C) of degree
n complex polynomials leads to a “configuration space model” for the little disks
operad. In order to set up notations, we briefly recall the definition of anoperad, and
in particular of the little disks operad.

Notations: (1) Let fSet denote the category whose objects are finite sets and whose
morphisms are bijections.

(2) Let also Funct(fSet,Top) denote the category of functors fromfSet to Top.
This category has a monoidal structure [13, §1.1.3].

Definition 3.3.3 A (topological) operadO is a monoid in the category Funct(fSet,Top).
More concretely — and this is the relevant way to think of an operad for ourpurposes
— an operad is a functor fromSetf to Top such that:

• O(∅) = pt



TheA1–homotopy type of Atiyah–Hitchin schemes I 33

• For every surjectionp : E ։ F , there is a map

O(F)×
∏

f∈F

O(p−1(f ))
µp
−→ O(E)

which is natural inp (that is to say such that for every commutative diagram

E
p // // F

E′
p′ // //

≃

F′

≃ , one has the adequate compatibility relation)

• For every composition of surjectionsE
p
։ F

q
։ G of finite sets, one has the

following associativity condition:

O(G)×
∏

g∈G
O

(
(q ◦ p)−1(g)

) µq◦p // O(E)

O(G)×
∏

g∈G

[
O(q−1(g))×

∏
h∈q−1(g)

O(p−1(h))

]
µq //

Q
g∈G

µ(q◦p)−1(g)։q−1(g)

OO

O(F)×
∏
f∈F
O(p−1(f ))

µp

OO

Example 3.3.4 Let D := D(0,1) be the (closed) unit disk of the complex planeC.
The little disks operad is the following functorP : fSet −→ Top. For each (non-
empty) finite setE, P(E) is the space ofdisjoint embeddings E× D →֒ D of the
form

(e, z) 7→ ϕe(z) := λez+ ce

with λe ∈ R×
+ and ce ∈ D. The structure morphism associated to a surjection

p : E ։ F is induced by composition of embeddings,iefor all e∈ E we have

ϕe = ϕp(e) ◦ ϕe∈p−1(p(e)) .

3.3.3 Categories of flags

Definition 3.3.5 For each integer 06 k 6 n− 1, we define a categoryFk of k–flags
as follows.

• The objects ofFk are sequences of surjections

n
p0
։ m0

p1
։ . . .

pk
։ mk

wherem0 > m1 > · · · > mk > 0 is astrictly decreasingsequence of integers.



34 Christophe Cazanave

• A morphismα = (α, α0, . . . , αk) from thek–flag f = (p0, . . . ,pk) to thek–flag
f′ = (p′0, . . . ,p

′
k) is a commutative diagram:

n
p0 // //

α≃

��

m0
p1 // //

α0≃
��

· · ·
pk // // mk

αk≃
��

n
p′0 // // m′

0

p′1 // // · · ·
p′k // // m′

k

where all the vertical maps are bijections.

Remarks 3.3.6 (1) Note that we demand the sequence (mi) to be strictly decreas-
ing, butnot that n> m0.

(2) Let f be ak–flag. For each integer 06 i 6 k, we writeπi = pi ◦ · · · ◦ p0. The
datum of the list (p0, . . . ,pk) is equivalent to the datum of the list (π0, . . . , πk).
In the text, we allow ourself to use one notation or the other according to the
context.

(3) Note that the categoryFk is a groupoid. For everyk–flag f = (p0, . . . ,pk), we
denote aut(f) the group of automorphisms off in Fk . Sending an automorphism
(α, α0, . . . , αk) to the permutationα ∈ Sn defines a group injection aut(f) →֒
Sn. In the sequel, aut(f) is thus considered as a subgroup ofSn.

As k varies, the family of categories (Fk)06k6m−1 forms a “∆–category”. Indeed, for
each integer 16 k 6 m− 1 and for each integer 06 i 6 k, let di,k : Fk −→ Fk−1 be
the forgetful functor such thatdi,k(π0, . . . , πk) = (π0, . . . , π̂i , . . . , πk) . The functorial
identity di,k−1 ◦ dj,k = dj−1,k−1 ◦ di,k is satisfied for alli < j .

Definition 3.3.7 (1) LetA• = (Ak)06k6m−1 be a family of functorsAk : Fk −→

Top. We say thatA• is compatible with the∆–structure, or thatA• is a ∆–
functor for short, if there exist, for eachk, natural transformationsδi,k : Ak −→

Ak−1 ◦ di,k (0 6 i 6 k) such that

δi,k−1 ◦ δj,k = δj−1,k−1 ◦ δi,k .

For such a∆–functor, note that the natural transformationsδi,k induce maps
colim
x∈Fk

Ak(x) −→ colim
x∈Fk−1

Ak−1(x), which endow the family of topological spaces
(
colim
x∈Fk

Ak(x)
)

k with a ∆–space structure.

(2) LetA• andB• be two∆–functors. A∆–natural transformationf : A• −→ B•

is a family of natural transformationsfk : Ak −→ Bk, 0 6 k 6 m− 1 such
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that for each integer 16 i 6 k and for each flagf ∈ Fk , the following diagram
commutes

Ak(f)
fk //

di,k

��

Bk(f)

di,k

��
Ak−1(di,k(f))

fk−1 // Bk−1(di,k(f))

.

Such anf is called a∆–natural homotopy equivalence (resp. a homeomorphism)
when for each flagf ∈ Fk the mapAk(f) −→ Bk(f) is a homotopy equivalence
(resp. a homeomorphism).
Moreover, a∆–natural homotopy equivalence is saidequivariant when for
each flagf ∈ Fk the mapAk(f) −→ Bk(f) is an aut(f)–equivariant homotopy
equivalence.

Using this formalism, here is the analogue oflemma 3.2.1.

Lemma 3.3.8 Let A• et B• be two∆–functors andf : A• −→ B• be a∆–natural
transformation. Then:

(1) The natural transformationf induces a morphism of∆–spacesf∗ : colim
Fk

Ak −→

colim
Fk

Bk .

(2) Whenf is an equivariant∆–natural homotopy equivalence, the above morphism
f∗ is a ∆–homotopy equivalence of spaces. In particular, the map induced on
geometric realizations

|colim
Fk

Ak|
≈
−→ |colim

Fk

Bk|

is a homotopy equivalence.

Proof (1) This point has already been noticed indefinition 3.3.7.

(2) The categoriesFk are groupoids. The colimit of a functorF defined on a
groupoidG identifies with the disjoint union over the isomorphism classes of ob-
jects [x] of F(x)/aut(x) . Here, the induced mapsAk(f)/aut(f) −→ Bk(f)/aut(f)
are homotopy-equivalences sincef is equivariant.
The last claim is a consequence oflemma 3.2.1.
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Examples 3.3.9 (1) For every topological spaceZ and for every integer 06 k 6

m− 1, let PZ
k : Fk −→ Top denote the functor such that for each morphism

α : f −→ f′ , one has
PZ

k (f)

PZ
k (α)

��

Zmk

Zαk

��

PZ
k (f′) Zmk

′

The natural transformationsδi,k : PZ
k −→ PZ

k−1 given by

δi,k(p0, . . . ,pk) =

{
id : Zmk −→ Zmk if 0 6 i 6 k− 1

p∗k : Zmk −→ Zmk−1 if i = k

endowPZ
• with a ∆–functor structure.

(2) LetO be a topological operad.
For each integer 06 k 6 m− 1, let ΘO

k : Fk −→ Top be the unique functor
such that on each morphismα : f −→ f′ in Fk one has

ΘO
k (f)

ΘO
k (α)

��

O(mk) ×

O(αk)

��

∏
xk∈mk

O(p−1
k (xk)) ×

O(αk−1)
��

. . . ×
∏

x1∈m1

O(p−1
1 (x1))

O(α0)
��

ΘO
k (f′) O(mk

′) ×
∏

yk∈mk
′

O(p′−1
k (yk)) × . . . ×

∏
y1∈m1

′

O(p′−1
1 (y1))

Note that the vertical arrows are well defined since for each 16 i 6 k and for
eachxi ∈ mi , the mapαi−1 induce a bijectionp−1

i (xi) ≃ p′−1
i (αi(xi)).

One defines a natural transformationδ0,k : ΘO
k −→ ΘO

k−1◦d0,k using the canon-
ical projection.
For each 16 i 6 k− 1, the operadic structure maps ofO

O
(

p−1
i+1(xi+1)

)
×

∏

xi∈p−1
i+1(xi+1)

O
(

p−1
i (xi)

)
−→ O

(
p−1

i (p−1
i+1(xi+1))

)

associated to the surjectionsp−1
i (p−1

i+1(xi+1)) ։ p−1
i+1(xi+1) pour tout xi+1 ∈

mi+1, induce a map
∏

xi+1∈mi+1

O
(

p−1
i+1(xi+1)

)
×

∏

xi∈mi

O
(

p−1
i (xi)

)
−→

∏

xi+1∈mi+1

O
(

(pi+1◦pi)
−1(xi+1)

)

This leads to a natural transformationδi,k : ΘO
k −→ ΘO

k−1 ◦ di,k .
For i = k, the operadic structure map

O(mk)×
∏

xk∈mk

O
(

p−1
k (xk)

)
−→ O(mk−1)
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associated to the surjectionmk−1 ։ mk gives a natural transformationδk,k : ΘO
k −→

ΘO
k−1 ◦ dk,k .

The family δi,k, 0 6 i 6 k, endowsΘO
• with a ∆–structure.

3.4 Statement of the main result

We are now ready to analyse the stratificationSpt in the general case. We will define
for each positive integern a functorΨn : Top −→ Top, generalizing the previous
functorsΨ2 andΨ3, with a natural homotopy equivalence

Ψ
n(Y(C)) ≈ (RnY)(C) .

The functorΨn is completely explicit: it is defined as the homotopy colimit of a
diagram, in which the spaces are products of configuration spaces of little disks (the
spaces of the lite disks operad) with some labels inY related by maps defined using
composition maps of the little disks operad and diagonals maps onY . However, the
diagram definingΨn becomes rapidly huge and complicated (it contains in particular
implicitly the combinatorics of the set of partitions of the integern), which makesΨn

not so easy to handle for practical purposes. One consequence of the existence of such
a functorΨn is that the homotopy type of the space (RnY)(C) depends only on the
homotopy type ofY := Y(C).

Definition 3.4.1 We use the notations introduced inexamples 3.3.9.

(1) For every topological spaceZ, for every topological operadO and for every
integer 06 k 6 n− 1, let

ψn
k(O,Z) := colim

Fk

Θ
O
k × P

Z
k .

The familyψn
• (O,Z) together with the mapsδi,k forms a∆–space of depthk.

(2) Associating to every topological space the space

Ψ
n(Z) := |ψn

• (P,Z)| := hocolim
k

ψn
k(P,Z) ,

defines a functorΨn : Top−→ Top. (Recall that the notationP stands for the
(2–dimensional) little disks operad, seeexample 3.3.4.)

Example 3.4.2 One checks that the previous functorsΨ2 and Ψ3 introduced in
Equation 3–2andEquation 3–3correspond to the particular casesn = 2 andn = 3.
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Our main result about the functorΨn is that for each “sufficiently small” controlled
system of tubular neighbourhoods of the stratificationSY of (RnY)(C), sayTY , then the
associated Cech∆–spaceτ (TY) is homotopically equivalent toψn

• (P,Y(C)). More
precisely, one has the following theorem.

Theorem 3.4.3 Let TY be a controlled system of tubular neighborhoods ofSY andτ•

be the associated Cech∆–space. Then, up to shrinking the tubes inTY , there exists
a canonical zig-zag of homotopy equivalences of∆–spaces betweenτ• andψn

• (P,Y)
which is natural inY. In particular, we have a homotopy equivalence natural inY:

Ψ
n(Y) ≈ (RnY)(C) ,

describing the homotopy type of(RnY)(C) as an explicit functor inY := Y(C).

Remark 3.4.4 When the algebraicY is defined over the field of real numbersR,
complex conjugation acts on all the spaces above. The result oftheorem 3.4.3can be
made compatible with the action of this involution: the∆–homotopy equivalences are
Z /2 –equivariant, seetheorem 3.6.1.

3.5 Proof of the main result

The proof parallels the analysis of the stratification of (R3Y)(C) which was detailed in
§3.2.2. We analyse the∆–space associated to the system of tubular neighbourhoods
TY by analysing the lifted controlled system ofSn–equivariant tubular neighbourhoods
T̃Y of EY and by taking a quotient at the end.
The plan of the proof is the following. We first reformulate in §3.5.1the problem in
terms of the lifted stratificationEY . Then, in §3.5.2, we show that the problem reduces
to the study of the special caseY = pt. This case is finally analized in §3.5.3.

3.5.1 Preliminaries

We remind that̃q denotes the canonical map̃q: (R̃nY)(C) −→ (RnY)(C) (cf §3.1.3).

Proposition 3.5.1 Let TY be a system of tubular neighbourhoods ofSY . Then, the
family of spaces̃q−1(TY

[π]) when [π] runs into the set of partitions ofn form a system

T̃Y of Sn–equivariant tubular neighbourhoods ofEY .
Conversely, for every system̃TY of Sn–equivariant tubular neighbourhoods ofEY , the
family of subspacesTY

[π] of (RnY)(C) defined byTY
[π] = T̃Y

[π] /Sn
when [π] runs into

the set of partitions ofn forms a system of tubular neighbourhoods ofSY . Moreover,
the following properties hold:
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(1) The system of tubular neighbourhoodsTY is controlled if and only if the system
T̃Y is.

(2) The ∆–spaceτ•(TY) is obtained by quotienting the∆–spaceτ•(T̃Y) by Sn.
In particular, for each(k + 1)–tuple of partitions([π0], . . . , [πk]) , one has a
homeomorphism (

T̃Y
[π0],...,[πk]

)
/Sn

≃
−→ TY

[π0],...,[πk] .

The preceding proposition is a special case of the following more generalproposition,
which is trueorbit typestratifications (cf proposition–definition A.1.4in the appendix).

Proposition 3.5.2 Let G be a finite group, letM be aG–manifold andq: M −→
M /G be the canonical projection. We denote byS theorbit typestratification ofM /G .

Let T be a system of tubes ofS. The family of spaces̃q−1(TS) whenS runs over the
set of strata ofS forms a system̃T of G–equivariant tubular neighbourhoods ofE.
Conversely, for every system̃T of G–equivariant tubular neighbourhoods ofE, the
family of subspacesTS⊂ M /G given byTS = T̃S/G whenS runs over the strata ofS

forms a system of tubes ofS. Moreover, the following properties hold:

(1) The system of tubesT is controlled if and only if the system̃T is controlled.

(2) The ∆–spaceτ•(T) is obtained by quotientingτ•(T̃) by the action ofG. In
particular, for each(k+1)–tuple of strata(S0, . . . ,Sk), one has a homeomorphism

(
T̃S0,...,Sk

)
/G

≃
−→ TS0,...,Sk .

From now on, we fix2 a a controlled systemTY of tubular neighbourhoods ofSY . We
denoteT̃Y the controlled system ofSn–equivariant tubular neighbourhoods induced
on EY .

For every partition [π] of n, the stratumEY
[π] ⊂ (R̃nY)(C) has as connected components

the spacesEY
π . The tubẽTY

[π] is thus the disjoint union of its restrictions̃TY
π to EY

π . The

spacẽTY
π is aSπ –equivariant tubular neighbourhood ofEY

π and one can reconstruct all
T̃Y

[π] from T̃Y
π by lettingSn act. The understanding of the∆–spaceτ•(T̃Y) andτ•(TY)

reduces to the understanding of the∆–functor associating to eachk–flag (π0, . . . , πk)
the spacẽTY

π0,...,πk
:= T̃Y

π0
∩ · · · ∩ T̃Y

πk
.

2We will allow ourself to shrink the tubes, seeremark 3.2.10.
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Proposition–definition 3.5.3 (1) For each integer0 6 k 6 m− 1, there exists a
functor T̃Y

k : Fk −→ Top taking on ak–flag f = (π0, . . . , πk) the value:

T̃Y
k (f) = T̃Y

π0,...,πk
:= T̃Y

π0
∩ · · · ∩ T̃Y

πk
.

(2) The family of functorsT̃Y
• is a ∆–functor (cf definition 3.3.7).

Thus the spacescolim
Fk

T̃Y
k for 0 6 k 6 m−1 form a∆ space, denotedcolim

F•
T̃Y

• .

(3) The quotient map̃q induces a homeomorphism of∆–spaces

colim
F•

T̃Y
• −→ τ•(T

Y) .

Proof (1) To characterize the functor̃TY
k , one should define the image of mor-

phisms inFk .
Let α = (α, α0, . . . , αk) : f −→ f′ be a morphism ofk–flags. By definition, for
each integer 06 i 6 k, we have the identityπi = π′i ◦ α. Thus, the action of the
permutationα ∈ Sn maps the subspacẽTY

π0,...,πk
of (R̃nY)(C) on T̃Y

π′
0,...,π

′
k

. As

a consequence, it is legitimate to defineT̃Y
k (α) as the action of the permutation

α ∈ Sn. One checks that this defines indeed a functor.

(2) For each 06 i 6 k, the canonical inclusions̃TY
π0,...,πk

→֒ T̃Y
π0,..., bπi ,...,πk

(the

notationπ̂i stands for the omission of the subscriptπi ) giving the natural trans-
formationsδi,k .

(3) For each flagf ∈ Fk , the applicatioñq: (R̃nY)(C) −→ (RnY)(C) induces a
map q̃f : T̃Y

k (f) −→ TY
[π0],...,[πk] . These maps are compatible with the action

of the symmetric groupSn: whenever the action ofα ∈ Sn on (R̃nY)(C)
exchanges̃TY

k (f) and T̃Y
k (f′), then the following diagram commutes:

T̃Y
k (f)

α· //

eqf $$IIIIIIIIII
T̃Y

k (f′)

eqf′zztttttttttt

TY
[π0],...,[πk]

.

In particular, the map̃q induces a morphism of∆–spaces colim
F•

T̃Y
• −→ τ• .

That this map indeed induces a homeomorphism of∆–spaces is a rephrasing
of the homeomorphismTY

[π0],...,[πk] ≃ T̃Y
[π0],...,[πk] /Sn

, taking into account the

decompositions̃TY
[πi ] =

∐
πi∈[πi ]

T̃Y
πi

and the fact thatFk is a groupoid.
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3.5.2 Reduction to the caseY = pt

As in the casen = 3, the first step of the proof consists in using the restriction lemma
(lemma 3.2.8) and the uniqueness of tubular slices (lemma 3.2.9) to reduce the analysis
to the special caseY = pt.

From now on, we fix a controlled system ofSn–equivariant tubular neighbourhoods
of Ept, sayT̃pt.

Notations: (1) Recall that we have defined for each surjectionπ : n ։ m sub-

Sn–manifolds Σ̃π of (R̃nY)(C) in remark 3.1.11. Using T̃pt, one defines a

family (T̃eΣ
π ) of Sπ –equivariant tubular neighbourhoods ofE◦

π into Σ̃π . By
definition, one has aSπ –equivariant homeomorphism

(3–4) T̃
eΣ
π ≃ T̃pt

π × Y
n

compatible with the homeomorphismsE◦
π ≃ Ept

π × Y
n of proposition 3.1.9–(1)

andΣ̃Y
π ≃ Σ̃

pt
π × Y

n of example 3.1.12–(4).

(2) Up to shrinking the tubes, we can assume having for eachπ the inclusion
T̃eΣ

π ⊂ T̃Y
π . An application of the uniqueness of tubular slices (lemma 3.2.9)

gives an equivariant stratified isotopy betweenT̃eΣ
π and T̃◦

π inside T̃Y
π .

(3) For eachk–flag f = (π0, . . . , πk), let T̃eΣ
π0,...,πk

:= T̃eΣ
π0
∩ · · · ∩ T̃eΣ

πk
. One has a

Sπ0,...,πk –equivariant homeomorphism

(3–5) T̃
eΣ
π0,...,πk

≃ T̃pt
π0,...,πk

× Ymk ,

compatible to the above homeomorphism (3–4) (consideringYmk as the diagonal
subspace ofYmi via the surjectionmi ։ mk).

Proposition–definition 3.5.4 For each integer0 6 k 6 n− 1, there exists a functor
T̃ eΣ

k : Fk −→ Top taking on eachk–flag f = (π0, . . . , πk) the value:

T̃
eΣ
k (f) = T̃

eΣ
π0,...,πk

.

The family of functors̃T eΣ
• is a∆–functor and one has an equivariant homeomorphism

of ∆–functors
T̃

eΣ
• ≃ T̃pt

• × P
Y
• .

(The notationPY
• has been introduced inexamples 3.3.9–(1).)
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Proof As for the proof ofproposition–definition 3.5.3, the image through̃T eΣ
k of a

morphismα = (α, α0, . . . , αk) is given by the action of the permutationα ∈ Sn and
the natural transformationsδi,k come from inclusions.
The previously described homeomorphism (3–5) shows that we have for each integer
k a homeomorphism of functors̃T eΣ

k ≃ T̃pt
k × PY

k .

The next proposition is analogous toproposition 3.2.12. It reduces the problem to the
study of the caseY = pt.

Proposition 3.5.5 The canonical inclusioni• : T̃ eΣ
• →֒ T̃• is an equivariant homo-

topy equivalence of∆–functors. In particular, as one has by construction theSn–
equivariant homotopy equivalence

(RnY)(C) ≈ |colim
F•

T̃pt
• × P

Y
• | ,

the homotopy type of the space(RnY)(C) depends only on that ofY := Y(C).

Proof Let 0 6 k 6 n− 1 be an integer and letf = (π0, . . . , πk) ∈ Fk be ak–flag.
We are going to show that the inclusionT̃eΣ

π0,...,πk
→֒ T̃Y

π0,...,πk
is a homotopy equivalence.

For every surjectionπ , recall thatT̃◦
π stands for the restriction of̃TY

π to the openE◦
π ⊂

EY
π . Then one defines recursively the spaceT̃◦

π0,...,πk
as the restriction of̃TY

π0
to the open

subspaceEY
π0
∩ T̃◦

π1,...,πk
⊂ EY

π0
. A repeated application of the restrictionlemma 3.2.8

shows that̃TY
π0,...,πk

Sn–equivariantly deformation retracts ontõT◦
π0,...,πk

. On the other
hand, the uniqueness of tubular slices (lemma 3.2.9) gives an equivariant stratified
isotopy betweeñTeΣ

π0,...,πk
and T̃◦

π0,...,πk
inside T̃Y

π0,...,πk
. It follows that the canonical

inclusion T̃eΣ
π0,...,πk

→֒ T̃Y
π0,...,πk

is a Sπ0,...,πk –equivariant homotopy equivalence.

Remark 3.5.6 The proof ofproposition 3.5.5did not require the system of tubes̃Tpt

to be controlledstricto sensu, but only that, for eachπ � π′ ∈ Π̃(n), the intersection
T̃π,π′ is (a shrinking) of the restriction of̃Tπ′ to T̃π ∩ Eπ′ .

3.5.3 The caseY = pt

As for the casen = 3, the previous reduction shows that for every controlled system
of Sn–equivariant tubular neighbourhoods̃Tpt of Cn “sufficiently small”, the cor-
responding∆–functorsT̃pt

• are homotopically equivalent. We are going to give the
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explicit description of one of them.
We choose “the” system of equivariant tubes normal to the strataEpt

π and with suffi-
ciently small radii. The spaces and the maps that appear in the∆–space associated to
this system of tubes are intimately related to what might be called theconfiguration
space operad.

Notations: Let E andF be two finite sets and letπ : E ։ F be a surjection.

(1) We remind the reader that the spaceC(E) ⊂ CE is the space of injective maps
ϕ : E →֒ C.

(2) The spaceCπ denotes the subspace ofCE whose elements are those maps
ϕ : E −→ C which factorize asϕ = ϕ′ ◦ π .
We also denoteC(π) the subspace ofCπ for which the above mapϕ′ : F →֒ C
is injective. The spaceC(π) is thus equivariantly homeomorphic to the space of
configuration of pointsC(F) .

(3) We also need the reduced version of the previous notation, that is we denoteC̃π

(resp. C̃(π) ) the subspace ofCπ (resp. ofC(π) ) of those mapsϕ : E −→ C
which satisfy in addition: ∑

e∈E

ϕ(e) = 0 .

Note thatC̃π (resp. C̃(π) ) is the fibre of the normal tube (resp. of the punctured
normal tube) overEπ .

(4) We need also need the relative version of these notations to describe the trace of
the normal tube overEπ with the adjacent strata. For every subsetA ⊂ F , let
πA : π−1(A) ։ A denote the restriction ofπ . We then set:

C̃(π)
A := C̃(πA) .

(5) Let D = D(0,1) be the unit disc inC. We use the notations̃Dπ, D̃(π), D̃(π)
A for

the subspaces of DE analogous to the previous ones.

(6) For everyϕ : E −→ C, we set:

εϕ :=





1
10

inf
e,f∈E

ϕ(f ) 6=ϕ(e)

|ϕ(e)− ϕ(f )| if Card(Im(ϕ)) 6= 1

1 if Card(Im(ϕ)) = 1

We now define our chosen system of tubular neighbourhoodsT̃pt.
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Definition 3.5.7 For every surjectionπ : n −→ m, let T̃π be the following normal
(for the euclidean metric)Sπ –equivariant tubular neighbourhood ofEpt

π ≃ C(π) inside
Cn:

T̃π : C(π) ×
∏

x∈m
D̃π−1(x)
{x}

eeπ
−→ Cn

(ϕ, (ϕx)x∈m) 7→
(

i 7→ ϕ(i) + εϕ · ϕπ(i)(i)
)

Note that by construction, the radiusεϕ are taken sufficiently small so that the tube
T̃π only meets the strataEπ′ with π′ � π and so that for everyσ ∈ Sn such that
π 6= π · σ , the tubes̃Tπ andσ · T̃π are disjoint.

As in remark 3.2.13, note that all the tubes are trivial as stratified sets. The multiple
intersections of these tubes are thus homeomorphic to products of the relative punctured
fibers, which are exactly configurations spaces of points.
Here is a variant ofexamples 3.3.9–(2)which describes the homeomorphism type of
the intersections. It should be thought of as the special case whereO = C is the
operad of configuration spaces.

Definition 3.5.8 Let Θ̃C
k : Fk −→ Top be the unique functor such that for every

morphismα : f −→ f′ we have

Θ̃C
k (f)

eΘC
k (α)

��

C(πk) ×

(αk)∗

��

∏
xk∈mk

D̃(πk−1)

p−1
k (xk)

×

(αk−1)∗
��

. . . ×
∏

x1∈m1

D̃(π0)
p−1

1 (x1)

(α0)∗
��

×
∏

x0∈m0

D̃p−1
0 (x0)

α∗

��

Θ̃C
k (f′) C(π′

k) ×
∏

yk∈mk
′

D̃
(π′

k−1)

p′−1
k (yk)

× . . . ×
∏

y1∈m1
′

D̃
(π′

0)

p′−1
1 (y1)

×
∏

y0∈m0
′

D̃p′−1
0 (y0)

(Note that the last factor in the right hand term has no parenthesis in its exponent,
whereas the other terms have.)

The spaces̃ΘC
k (f) above are good approximations, but are not exactly equal to the

multiple intersections.

Proposition–definition 3.5.9 For everyk–flag f, let Ũ(f) be the image inCn of the
following homeomorphism:

eΘC
k (f) −→ eU(f) ⊂ Cn

“
ϕ, (ϕxk), . . . , (ϕx1), (ϕx0)

”
7→ i 7→ ϕ(i) + εϕ

»
ϕπk(i)(i) + ( min

xk∈mk
εϕxk

) ·

»
ϕπk−1(i)(i) + · · · + ( min

x1∈m1
εϕx1

) · ϕπ0(i)(i)

–
. . .

–

The natural inclusions̃Tpt(f) →֒ Ũ(f) are aut(f)–equivariant homotopy equivalences.
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The spaceŨ(f) is thus the space of configuration ofn points in C which can be
obtained in the following way: start withmk distinct pointsxi in C labelled bymk

and “blow up in the normal direction” each of these points, with as many points as
the cardinal of the inverse image of its label throughp−1

k , in a disc of radius1
10 the

minimal distance between thexi and repeat the blowing-up process untilk = 0, taking
at each step a radius of ball equal to the minimal distance between any two points (not
in subfamilies).

Proof The proof is analogous to that oflemma 3.2.14. We make an induction onk.
The inductive step is based on a the use of the uniqueness of tubular neighbourhoods,
as was illustrated in the proof oflemma 3.2.14.

So far, we didn’t mention any∆–structure. For every integer 06 i 6 k− 1, we have
a “pseudo-map” defined by

∏
xi+1∈mi+1

D̃(πi )
p−1

i+1(xi+1)
×

∏
xi∈mi

D̃(πi−1)

p−1
i (xi )

//______
∏

xi+1∈mi+1

D̃(πi−1)
(pi+1◦pi )−1(xi+1)

(ϕxi+1) , (ϕxi )
� // e 7→ ϕπi (e)(e) + (min

xi∈mi
εϕxi

) · ϕπi−1(e)(e)

Here, by “pseudo-map”, we mean, as before, that the image of the map defined
by the formula satisfy all the linear conditions but some coordinates in the im-
age may lie a little outside of D. These lead to a “pseudo-natural” transformation
δi,k : Θ̃C

k −→ Θ̃C
k−1 ◦ di,k , which is defined exactly on the subspaceT̃pt

k and compati-

ble with the natural transformatioñTpt
k −→ T̃pt

k−1 ◦ di,k .

There are natural sections from̃ΘC
• (f) to ΘC

• (f) which arecompatible with the natural
transformationsδi,k . These are given by taking radii

∏
xi∈mi

D̃(πi−1)

p−1
i (xi )

−→
∏

xi∈mi

C(p−1
i (xi))

(ϕxi ) 7→ r = min
xi∈mi

εϕxi

Using lemma 3.2.16, we conclude that the compositẽTpt
• →֒ Ũ• ≃ Θ̃C

•
σ
−→ ΘC

• is
an equivariant homotopy equivalence of∆–spaces, which completes the proof of
theorem 3.4.3.
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3.6 The homotopy type of the space of real points

When the algebraic varietyY is defined over the field of real numbers, the spaces
Ψn(Y(C)) and (RnY)(C) are both equipped with involutions induced by the action of
complex conjugation. The stratificationSY of (RnY)(C) is stable under this involution
and our previous description can be made equivariant.

Theorem 3.6.1 Let TY be a controlled system ofZ /2 –tubular neighborhoods ofSY

andτ• be the associated Cech∆–space. Then, up to shrinking the tubes inTY , there
exists a canonical zig-zag ofZ /2 –homotopy equivalences of∆–spaces betweenτ• and
ψn

• (P,Y) which is natural inY. In particular, we have aZ /2 –homotopy equivalence
natural inY:

Ψ
n(Y)

≈
−→ (RnY)(C) .

As a consequence, the homotopy type of the space(RnY)(R) depends only on the

homotopy type ofY := Y(C) andY
Z /2 := Y(R).

Proof The proof is similar to that oftheorem 3.4.3. We carry aSn× Z /2 –equivariant

analysis of the stratificationEY of (R̃nY)(C). All the steps in the proof oftheorem 3.4.3
translate with little changes.

The result oftheorem 3.6.1suggests that the answer to the following algebraic question
is affirmative, a fact which we were not able to prove.

Question 3.6.2 Does theA1–homotopy type of the spaceRnY only depend on the
A1–homotopy type ofY?

A Thom–Mather theory of controlled tubular neighbour-
hoods

We present a survey on the theory of stratifications and in particular of thetheory of
controlled tubular neighbourhoods, as developed by Mather in [25]. This theory is an
important ingredient in the proof oftheorem 3.4.3in §3.4.
More complete treatment on this material are [29, chapters 1, 3 and 4] and [14, chapters
I and II]. Our treatment of the subject is as elementary as possible. In particular, we
restrict ourself to stratifications of manifolds.

In this appendix, all manifolds are assumed smooth Riemannian.



TheA1–homotopy type of Atiyah–Hitchin schemes I 47

A.1 Stratifications

A.1.1 Definition

Definition A.1.1 Let M be a manifold. A finite3 stratificationS of M is the datum
of a finite setI and a partition ofM by disjoint smooth submanifoldsSi ⊂ M (i ∈ I ),
called the strata ofS,

M =
∐

i∈I

Si

and satisfying the following condition. For every pair (i, j) ∈ I2 for which the inter-
sectionSi ∩ Sj is non empty, one has the inclusionSi ⊂ Sj .
The family of strata (Si)i∈I has a natural partial ordering: we writeSi ≺ Sj whenever
the inclusionSi ⊂ Sj holds.

Example A.1.2 We list here some examples to keep in mind.

(1) Let M be a smooth manifold and letN be a smooth submanifold. The partition
M = N

∐
(M − N) induces a stratification ofM . In general, specializing the

results of this appendix to this example recovers some well known results in
differential geometry.

(2) Let n be a positive integer and letV ⊂ Cn be an algebraic set, that is to say the
set of zeros of a family of polynomials inC[X1, . . . ,Xn]. The singular locus of
V is again an algebraic set (possibly empty) denoted Sing(V). The smooth locus
V \ Sing(V) is dense and open inV ; it is in particular a smooth submanifold
of Cn. SettingV0 = V andS0 = Cn \ V , we define inductively for an integer
i > 0, Vi+1 = Sing(Vi) andSi+1 = Vi \ Vi+1 until we end up withVN = ∅ for
some integerN. By construction, the family (Si)06i6N induces a stratification
of Cn. For every integer 06 i 6 N− 1, we haveSi ≻ Si+1.

(3) An important special case for us is the following. Let Poln(C) be the space of
complex monic degreen polynomialsP ∈ C[X], canonically identified with
Cn. The stratificationSpt of Poln(C) induced by the algebraic set associated to
the vanishing of the discriminant is described in detail in §3.1.

The following proposition allows to produce new stratifications.

3For simplicity, we restrict ourself tofinite stratifications, that is to say such that the set
of strata is finite. However, most the results presented in the appendix would hold under
the hypothesis that the stratification is locally finite, that is that every point inM has a
neighbourhood which meets only finitely many strata.
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Proposition A.1.3 Let (M, S) be a stratified manifold.

(1) Let N be a manifold andf : N −→ M be a map transverse toS, that is
to say transverse to each stratum inS. Then, the family of submanifolds
f−1(Si) ⊂ f−1(M), i ∈ I defines a stratification off−1(M), denotedf−1(S).

(2) In particular, a submanifoldN ⊂ M transverse toS comes with an induced
stratification.

Another important example of stratification appears in the context of equivariant man-
ifolds (see [29, theorem 4.3.2 and corollary 4.3.11] for example).

Proposition–definition A.1.4 Let G be a finite group andM a G–manifold. For
every pointx ∈ M , let Gx denote the isotropy subgroup ofx.

(1) For every subgroupH ⊂ G, let M(H) be the subset ofM consisting of pointsx
with isotropy groupGx conjugated toH . It is a sub-G–manifold ofM .

(2) The decompositionM =
⋃

H⊂G
M(H) induces a stratification ofM . It is classically

referred to as thestratification by orbit type.

(3) The quotient of the stratification by orbit type ofM induces a stratification of
the orbit spaceM /G .

A.1.2 The Whitney conditions

Let (M, S) be a stratified manifold. H. Whitney has defined in [33] some nice regularity
conditions (the so-called (A) and (B) conditions) on the stratificationS insuring a
locally nice topological behaviour. We recall below these conditions and some of their
consequences.

Definition A.1.5 Let (M, S) be a stratified manifold andR� S be two strata ofS.

(1) We say thatS is (A)-Whitney regular with respect toR when

(A)
For every pointr in R∩ Sand for every sequence (si) of points inS
which converges tor and such that the sequence of tangent spaces
Tsi Sconverges1 to a spaceT, then the inclusion TrR⊂ T holds.

When this condition holds for every pair of strataR � S, we say that the
stratificationS of M is (A)-Whitney regular.

1Convergence is well defined in a chart aroundr . Indeed, one can use convergence in a Grassmannian
of subspaces ofRm, wherem = dimM . Checking that the notion of convergence is independent of the
choice of a chart makes it intrinsic.



TheA1–homotopy type of Atiyah–Hitchin schemes I 49

(2) We say thatS is (B)-Whitney regular with respect toR when

(B)
For every pointr in R∩ S and for every sequences (r i) and (si) of
points ofRandSboth converging tor and such that the sequence of
tangent spaces Tsi converges1 to a spaceT and such that the sequence
of lines (xiyi) converges1 to a lineL, then the inclusionL ⊂ T holds.

When this condition is satisfied for every pair of strataR� S, we say that the
stratificationS of M is (B)-Whitney regular.

Condition (B) implies condition (A). When the two conditions hold, we say that the
stratification is Whitney-regular.

Example A.1.6 (1) For every submanifoldN ⊂ M , the stratificationM = N
∐

M−
N of example A.1.2–(2)is Whitney-regular.

(2) In general, the natural stratificationSV of an algebraic setV is not Whitney-
regular. However, in his seminal article [33], H. Whitney showed that there is
a canonical stratification which is finer thanSV and Whitney-regular. For the
important case of the stratification induced by the discriminantal hypersurface,
seeexample A.1.2–(3), A Dimca and R Rosian prove in [10] that it is Whitney-
regular.

The following proposition corresponds to [14, proposition 1.4].

Proposition A.1.7 The inverse image of a Whitney stratification by a transverse map
(cf proposition A.1.3–(1)) is again Whitney-regular.
In particular, the stratification induced on a transverse submanifold of a Whitney
stratified manifold is again Whitney-regular.

The Whitney conditions insure that the strata are glued together is not too pathological
way. In particular, a Whitney-regular stratification is locally trivial in the following
sense ([29, corollary 3.9.3]).

Proposition A.1.8 Let (M, S) be a Whitney-regular stratified manifold, letS be a
stratum andx be a point inS. Then, there exist an open neighborhood ofx in M , say
U , an open neighborhood ofx in S, sayV , and a stratified spaceF such that one has
a stratified homeomorphism

U = V × ΓF .

Above, the notationΓF stands for the “cone” ofF with its canonical stratification.
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Remark A.1.9 In the previous statement, one cannot replace the word “homeomor-
phism” by the word “diffeomorphism”.

For the application that we have in view, the interest of the topological local triviality
is that one then has a good notion of a tubular neighbourhood of a stratum into an other
adjacent stratum.

Proposition A.1.10 (cf Pflaum [29], theorem 4.3.7) Let G be a finite group andM
be aG–manifold. Then the stratification ofM by orbit type (cf proposition–defini-
tion A.1.4) is Whitney-regular.

A.2 Tubular neighbourhoods

In this section, we focus on the notion of a tubular neighbourhood. After briefly recall-
ing the definition, we present the notion of controlled systems of tubular neighbourhood
in the context of (equivariant) Whitney-regular stratifications.

Definition A.2.1 Let M be a manifold andS be a submanifold. A tubular neighbour-
hood ofS insideM is a triple (ξ, ε,e) with:

• ξ is a vector bundle overS; we denoteE(ξ) the total space of this bundle, pr the
canonical projectionE(ξ)

pr
−→ S andρ : E(ξ) −→ R+ the Riemannian norm.

• ε : S−→ R+ − {0} is a continuous function. (For every points ∈ S, ε(s) is
the radius of the tube ats.)

• e is an embedding of the subspace

E(ξ)<ε := {x ∈ E(ξ), ρ(x) < ε(pr(x))} ⊂ E(ξ)

insideM such that the following diagram commutes

E(ξ)<ε � � e // M

S
/�

@@��������
Q1

bbEEEEEEEEE

We say that a tubular neighbourhood (ξ′, ε′,e′) is ashrinkingof (ξ, ε,e) when

• ξ′ = ξ

• For everys∈ S, ε′(s) 6 ε(s)

• The embeddinge′ is the restriction of the embeddinge to E(ξ′)<ε′ ⊂ E(ξ)<ε
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Remark A.2.2 We often identify a tubular neighbourhood with the associated sub-
spaceT := e

(
E(ξ)<ε

)
of M. We still denote pr :T −→ S, ε : T −→ R+ − {0},

ρ : T −→ R+ the images throughe of the previous maps pr,ε andρ.

The theory for tubular neighbourhoods, in particular existence and uniqueness, is
classical and can be found in [23] for example. The theory extends in the equivariant
stratified case, on which we focus next.

This theory was developed in the 70’s by John Mather in his work on topological
stability [25], following ideas of Thom. (For the equivariant case, see [29, chapter 4]
or [11].) An important notion uncovered is that of a system of controlled tubular
neighbourhoods. Given a stratified manifoldM , these are families of tubes of the strata
which are compatible one with the others.

Definition A.2.3 Let (M, S) be a stratified manifold.

(1) A system of tubular neighbourhoods ofS, sayT , is the datum for each stratum
S∈ S of a tubular neighbourhood (each stratum is a genuine submanifold ofM )
TS of S insideM .

(2) One says thatT is controlled when the following holds (compare with [29,
§ 3.6.4 and proposition 3.6.7])

• For all strataR andS in S, one has

(TR∩ TS 6= ∅) =⇒ (R≺ Sor R = Sor R≻ S) .

• For every pair of strataR≻ S in S,

x ∈ TR∩ TS =⇒ prR(x) ∈ TS

prS ◦ prR(x) = prR(x)

and ρS ◦ πR(x) = ρS(x)

The spaceTR ∩ TS is then the restriction of the tubeTR to the open
subspaceTS∩ R⊂ R and the spaceTS∩ R can be thought of as a tubular
neighbourhood of the stratumS inside the adjacent stratumR.

(3) When (M, S) admits such a system of tubes, we say that (M, S) is controllable.

Definition A.2.4 Let (M, S) and (M′, S′) be two controlled stratified manifolds. A
stratified mapf : M −→ M′ is said to be controlled if for any connected component
S0 of a stratumS∈ S, there exists a stratumRS0 ∈ S′ such that:

• f (TS|S0
) ⊂ TRS0
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• For all x in TS0 , (f ◦ prS)(x) = (prRS0
◦ f )(x)

• For all x in TS0 , ρS(x) = (ρRS0
◦ f )(x)

In general, it is nota priori clear that such systems of tubes exist. The following
theorem, due to Mather, ensures the existence for Whitney-regular stratifications. (It
is a special case of [29, theorem 3.6.9].)

Theorem A.2.5 Any Whitney-regular stratified manifold is controllable.

The following theorem is lemma 3.9.2 in [29]. With the same proof, it admits an
equivariant version. See [12, proof of lemma 5.3, p. 443], and [2, proof of theorem 1.5,
p. 465].

Theorem A.2.6 (Thom’s first isotopy lemma)Let (M, S) be a controlled space,
N be a manifold with trivial stratification. Then, a proper controlled submersion
f : M −→ N is a locally trivial fibration (of stratified spaces).

The following lemma is anad hoc result which is useful for our analysis of the
stratificationSY of (RnY)(C) in section 3.

Lemma A.2.7 (Restriction lemma,cf lemma 3.2.8) Let G be a finite group,(M, S)
be stratified Whitney regularG–manifold,S a G–stratum andTS a G–tubular neigh-
bourhood ofS inside M . Assume thatS G–equivariantly deformation retracts onto
a sub-G–manifold S◦ . Then, up to shrinking, the tubeTS deformation retractsG–
equivariantly and compatibly with the stratification onto its restriction overS◦ , sayT◦

S .
In particular, for allG–stratumR � S, the spaceTR ∩ S deformation retractsG–
equivariantly ontoT◦

S ∩ R.

Proof For lack of a precise reference, we indicate the proof of this result. For
simplicity, assumeG = 1. Let ρ : S −→ S◦ be the deformation retraction ofS
onto S◦ and let i : S◦ →֒ S be the inclusion. By definition, there exists a homotopy
ρ̃ : S× I −→ S betweenρ̃0 = idS and ρ̃1 = i ◦ ρ. Let thenT be the fibre product of
S× I andTS over S:

T //

p

��

TS

prR
��

S× I
eρ // S

The mapT −→ TS is a submersion and induces a Whitney-regular stratification of
T , lifting that of TS. Thom’s first isotopy lemma (cf theorem A.2.6) implies that the
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canonical projectionp: T −→ S× I is a locally trivial fibration. Thus, for allx in
S× I , there exists an open neighbourhoodU of x and a stratified spaceF with a
homeomorphism of stratified spaces:

p−1(U) ≃ U × F .

Since a locally trivial fibration over a base of the formB = X × I is trivial, we
have a homeomorphism of stratified spacesϕ : TS× I ≃ T . The composite map
TS

≃
−→ T|S×{1} = ρ∗(T◦

S) −→ T◦
S gives a deformation retraction ofTS onto T◦

S which
respects the stratification.

Definition A.2.8 Let (M, S) be a stratified manifold.

(1) A stratified vector fieldV on M is the datum, for every stratumS ∈ S, of a
(smooth) vector fieldVS on S.

(2) A stratified vector fieldV on M is controlled when there exists a controlled
system of tubular neighbourhoods ofS such that for every pair of strataR≻ S

TprS ◦ VTS∩R = V ◦ (prS)|TS∩R and TρS ◦ V|TS∩R = 0 .

Remark A.2.9 Note that in general a stratified vector fieldV does not induce a
continuous vector field globally onM . However, whenV is controlled, the associated
flow is continuous.

The following proposition, which is proved in [29, theorem 3.7.3 and theorem 3.7.6],
is useful to construct stratified vector fields.

Proposition A.2.10 Let M be a controlled stratified manifold,B be a manifold (en-
dowed with its trivial stratification) and letf : M −→ B be a controlled submersion.
Then, for every vector fieldW : B −→ TB on the base, there exists a controlled
stratified vector fieldV : M −→ TM such that

Tf ◦ V = W ◦ f .

Moreover, whenf is assumed to be proper andW to be integrable, thenV is also
integrable.

Definition A.2.11 Let (M, S) be a stratified manifold,M1 and M2 be two sub-
stratified-manifolds ofM and let ιi : Mi →֒ M denote the canonical inclusions
( i = 1,2). A stratified isotopy betweenM1 andM2 insideM is a mapF : M1×I −→ M
satisfying:
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• For everyt ∈ [0,1], the mapFt = f|M1×{t} is a stratified homeomorphism from
M1 onto its image inM .

• F0 = ι1

• There exists a stratified homeomorphismϕ : M1 ≃ M2 such thatF1 = ι2 ◦ ϕ.

We define similarly the notion of a stratified isotopy in the relative case over a baseB.

With this notion, we can state the uniqueness of tubular neighbourhoods in the (equiv-
ariant) Whitney-regular stratified context.

Theorem A.2.12 (Uniqueness of tubular neighbourhoods)Let G be a finite group.
Let (M, S) be a Whitney-regularG–stratified manifold,S beG–stratum andT andT′

be two G–equivariant tubular neighbourhoods ofS inside M . The images ofT and
T′ inherit Whitney-regularG–stratified manifold structures. Then, up to shrinking the
tubesT andT′ , there exists aG–stratified isotopy betweenT andT′ over the baseS.
In particular, for every adjacentG–stratumR � S, after possibly shrinkingT and
T′ , there exists aG–equivariant homeomorphismf : T ∩ R ≃ T′ ∩ R such that the
following diagram commutes

T ∩ R
f //

pr
""DD

DD
DD

DD
D T′ ∩ R

pr′||yyyyyyyyy

S

Proof One can assume, up to shrinkingT , that T ⊂ T′ . Let then ι : T × I →֒
T′ × I be an isotopy betweenT and T′ given by the classical uniqueness of tubular
neighbourhoods. So,a priori, the isotopyι does not respect the stratification. The
image throughι of the vector field (0, ∂

∂t ) is a vector field, sayV , on T′ × I . By
construction,V is integrable and the associated flow mapsι1(T) on ι0(T).
Consider the spaceT′×

S
T′ , with its two projections pr1 and pr2 on T′ . This space

T′×
S

T′ is endowed with the inverse image stratification induced by pr1. By proposi-

tion A.1.7, this stratification is Whitney-regular. Its set of strata is in bijection with
that of the stratification ofT′ : a point (x1, x2) ∈ T′×

S
T′ belongs to a stratumR if and

only if, the point x1 ∈ T′ is in R .
By proposition A.2.10applied to the projectionp2 × id, there exists a controlled
stratified vector fieldW onT′×

S
T′×I , which is integrable and such that (p2×id)∗(W) =

V ◦ (p2 × id). Let D ≃ T′ × I →֒ T′×
S

T′ × I be the “diagonal” subspace. The image
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through (p1× id)∗ of the restriction ofW to D gives a controlled stratified vector field
Ṽ on T′ × I , which is integrable. By construction, for every point (x, t) in T′ × I , we
have

pr′∗(V(x, t)) = pr′∗(Ṽ(x, t))

(pr′ denoting here the canonical projection fromT′ onto S).
Integrating this flow gives a stratified isotopy betweenT and (a shrinking of)T′ .

Note that the same techniques as in the proof oftheorem A.2.12leads to the following
ad hocresult, needed for our analysis of the stratificationSY of (RnY)(C).

Proposition A.2.13 (Uniqueness of slices,cf lemma 3.2.9) Let G be a finite group,
(M, S) be a Whitney-regularG–stratified manifold,S be a G–stratum, andΣ be a
sub-G–manifold ofM transverse toS (that is to say transverse to any stratum ofS).
In particular,S induces aG–stratification ofΣ which is still Whitney-regular.
We denoteS◦ the intersectionS∩ Σ. Let alsoT be aG–tubular neighbourhood ofS
insideM , T◦ be the restriction ofT over S◦ andTΣ be aG–tubular neighbourhood
of S◦ inside Σ. Then, the spacesT◦ and TΣ inherit Whitney-regularG–stratified
manifold structures and, after possibly shrinking them, there exists aG–equivariant
stratified isotopy betweenT◦ andTΣ over the baseS◦ .
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