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Underlying issues
Quantum Error Correction (QEC) is based on a discrete-time feedback loop
> A typical stabilizing feedback-loop for a classical system
h—
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» Current experiments: 1073 is the typical error probability during
elementary gates (manipulations) involving few physical qubits.

system

» Need for QEC, a feedback loop involving: many physical qubit encoding a
logical qubit (redundancy), local-error syndrome measurement (quantum
non-demolitions measure), control-input pulses correcting detected errors
on the physical qubits.

» High-order error-correcting codes with an important overhead;

» Today, no such controllable logical qubit has been built.

» Key issue: reduction by several magnitude orders of such error rates, far
below the threshold required by actual QEC, to build a controllable
logical qubit encoded in a reasonable number of physical qubits and
protected by QEC.

Control engineering can play a crucial role to build a controllable logical qubit

protected by adapted feedback schemes increasing precision and stability. 2/68



Two kinds of quantum feedback?
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y . ’I‘vaewhe'ence N A Measurement-based feedback: controller is
W | o y classical; measurement back-action on the quan-
T system 1 tum system of Hilbert space H is stochastic (col-
‘\ " lapse of the wave-packet); the measured output
IS :quantum World’ . y is a classical signal; the control input v is a
classical WorG _—-—y classical variable appearing in some controlled
Schrédinger equation; u(t) depends on the past

zloar?:;(c)?ller < measurements y(7), 7 < t.
CLASSICAL WORLD Coherent/autonomous feedback and reser-

g N
Y} decoherence
Hilbert space?#,
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Aquantum H H=H, @ He
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quantum __L- decoherence

controller'i L7

Hilbert space ..
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voir/dissipation engineering: the system of
Hilbert space s is coupled to the controller,
another quantum system; the composite sys-
tem of Hilbert space s ® Hc, is an open-
quantum system relaxing to some target (sepa-
rable) state. Relaxation behaviors in open quan-
tum systems can be exploited: optical pumping
of Alfred Kastler.

"Wiseman/Milburn: Quantum Measurement and Control, 2009, Cambridge
University Press.
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Outline

Feedback stabilization of the photon box
Discrete-time dynamics
Stabilization of Fock-state with a classical controller

Stabilization of Schrddinger cats with a quantum controller

Dynamics governed by Stochastic Master Equations (SME)
Discrete-time SME
Continuous-time SME
Estimation based on SME
Two kinds of feedback schemes

Stabilization with quantum controller
Quantum dissipation engineering
Convergence analysis based on Lindblad master equations

Autonomous Quantum Error Correction for bosonic codes
Assumption of local errors in the phase-space (g, p)
Cat-qubit and autonomous correction of bit-flips
GKP-qubit and autonomous correction of bit/phase-flips
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Outline

Feedback stabilization of the photon box
Discrete-time dynamics

Dynamics governed by Stochastic Master Equations (SME)

Stabilization with quantum controller

Autonomous Quantum Error Correction for bosonic codes
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The first experimental realization of a quantum state feedback

The photon box of the Laboratoire Kastler-Brossel (LKB):
S.Haroche, J.M.Raimond and M. Brune.

Stabilization of a quantum state with exactly n =10,1,2,3,... photon(s).
Experiment: C. Sayrin et. al., Nature 477, 73-77, September 2011.
Theory: |I. Dotsenko et al., Physical Review A, 80: 013805-013813, 2009.
R. Somaraju et al., Rev. Math. Phys., 25, 1350001, 2013.

H. Amini et. al., Automatica, 49 (9): 2683-2692, 2013.

2Courtesy of Igor Dotsenko. Sampling period 80 ps.
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Three quantum features emphasized by the LKB photon box?

1. Schrédinger: wave funct. |¢) € H or density op. p ~ |¢){1)]
d o~ d
)= —iH el

|¢> i |¢>7 dtp

2. Origin of dissipation: collapse of the wave packet induced by the
measurement of observable O with spectral decomp. Z Ay P

= —L[Hpl, H=H+uHh

» measurement outcome y with proba. :<1/)|Py|¢> = Tr (pPy>

depending on |¢), p just before the measurementy
» measurement back-action if outcome y:

~

P P,pP,
) o [y = — D = PrePy
(1B, 1) Tr (oP))

3. Tensor product for the description of composite systems (S, M):
> Hilbert space H = Hs ® Hum
» Hamiltonian H = H5 ® IM + H,,,t + /5 ® HM
» observable on sub-system M only: 0=1s® Op.

3S. Haroche and J.M. Raimond. Exploring the Quantum: Atoms, Cavities
and Photons. Oxford Graduate Texts, 2006.
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The Markov model (1)
R,

s |
|W>B \‘w>R2

W) 5 of the full system is separable

W)s =) ©|g).

» Just before the measurement in D, the state is in general entangled
(not separable):

(Whr, = Usm(|9) @ [g)) = (Mglth) @ [g) + (Me|)) @ e)

where Usy is a unitary transformation (Schrédinger propagator)
deflnmg the linear measurement operators M and M. on Hs. Since
U5M is unitary, M‘M + MfM =7
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The Markov model (2)

Hsm

The unitary propagator USM is derived from Jaynes-Cummings
Hamiltonian Hsy in the interaction frame.

Two kind of qubit/cavity Halmitonians:

resonant, Hsy/h = i(Q(vt)/2) (3" © 6 —305,),
dispersive, Hsy/h = (Q*(vt)/(20)) N ©5,,

X2

where Q(x) = Qope™ wZ, x = vt with v atom velocity, Qp vacuum Rabi
pulsation, w radial mode-width and where § = wq — wc is the detuning
between qubit pulsation w, and cavity pulsation w, (|d] < Qo).
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The Markov model (3)
Just before D, the field/atom state is entangled:

Mglv) © |g) + Me|th) @ |e)

Denote by y € {g, e} the measurement outcome in detector D: with

probability P, = (1/)|M;/\7Iy|1/)> we get y. Just after the measurement
outcome y, the state becomes separable:

s
I
i)

Vo = = (1) & ly) = ( ¢>) Bly).

>
<
+

)

Markov process (density matrix formulation p ~ |1)(¢)|)

Mg pii} . o o~
o W7 with probability P, = Tr (/\/Igp/\/lg);
+ = M pil] ] - PN
m, with probability P, = Tr (MEpM;L).

Kraus map: IE (p, /p) = K(p) = l\//\lgpl\7lg + M.pM;.
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Markov model with detection inefficiency

> With pure state p = |¢)(¥|, we have

Py =)y | =

yPM
Tr(M, pM} )

when the atom collapses in y = g, e with probabilty Tr (/\7@,,0/\7;)

> Detection efficiency: the probability to detect the atom is n € [0, 1].
Three possible outcomes for y: y = g if detection in g, y = e if
detection in e and y = () if no detection.

The only possible update is based on p: expectation p of |4 ) (14|
knowing p and the outcome y € {g, e, (0} (Bayesian inference).

Wl I
W ify =g, probablllty n Tr (Mgng>

Mephi} . . PO
i W if y = e, probability n Tr (MepMe>

(1- n)( gpMT+MepM*)
Tr((lfn)( gPMg+MePMeT))

Forn=0: p, = MgpMT + M.pM] = IC(p) E(p+ | p) defines a
quantum channel with Kraus operators /\/I and M

if y =0, probability 1 —n
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Markov model with detection errors

> With pure state p = |¢)(¥|, we have

1 PN
pr = )Yy | =

TMMPMZ
Tr (M.pM} )
when the atom collapses in ;1 = g, e with proba. Tr (I\7Iupl\72b>

» Detection error rates: P(y = e/ = g) = n, € [0, 1] the probability
of erroneous assignation to e when the atom collapses in g;
P(y = g/u =€) =ne € [0,1] (given by the contrast of the Ramsey
fringes).
Bayesian inference: expectation p of |1 ) (1| knowing p and the
imperfect detection y.
(1*77g)l\7’ipl\//\1;+’l’]e/\71ﬂl\7£
Tr((lfng)MgngT+neMepMef)

if y=g, prob. Tr ((1 — ng)A/;IgpAﬁg + nehﬁepﬂﬁl);

P+ = = PO
ngMgPM;+(1*"7&)MePMJ

Tr(11g Mg pMJ +(1—ne)MepM])

if y =-e, prob. Tr (ngl\//\lgpl?lg +(1- ne)l\//\lepl\Aﬂ;r).

p+ does not remain pure: the quantum state p; becomes a mixed state;

|t4) becomes physically irrelevant.
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Outline
Feedback stabilization of the photon box

Stabilization of Fock-state with a classical controller

Dynamics governed by Stochastic Master Equations (SME)

Stabilization with quantum controller

Autonomous Quantum Error Correction for bosonic codes
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A controlled Markov process (input u, hidden state p, output y)

Input u: classical amplitude of a coherent micro-wave pulse.

State p: the density operator of the photon(s) trapped in the cavity.
Output y: quantum projective measurement of the probe atom.
The ideal model reads

Dy, Mgp M1 D} L
w yk = g with probability P, x = Tr (Mgpkl\/lg,>
Tr (MgpkMg)

P+l =9 ~ =~ PPN
Do, Mepi M1 D},

. w=e with probability Pe x = Tr (Mepk/\ﬁg
Tr (MepkME)

. . Fa 5F 3 .
» Displacement unitary operator (u € R): D, = e"? ~42 with

3 = upper diag(v/1,v/2,...) the photon annihilation operator.

> Measurement Kraus operators in the linear dispersive case
I\7lg = cos (%) and M, = sin (%) /\/Ig/\/lg + MgMe =1
with N = 33 = diag(0,1,2,...) the photon number operator.
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Structure of the stabilizing quantum-state feedback scheme
With a sampling time of 80 us, the controller is classical

» Goal: stabilization of the steady-state |77) (7| (controller set-point).

» At each time step k:

read y, the measurement outcome for probe atom k.
update the quantum state estimation py_; to py from yi
compute uy as a function of py (state feedback).

4. apply the micro-wave pulse of amplitude wuy.

wh =

Observer/controller exploiting the quantum separation principle?:

1. real-time state estimation based on asymptotic observer: here
quantum filtering techniques;

2. state feedback stabilization towards a stationary regime: here
control Lyapunov techniques constructed with open-loop

martingales Tr (g(N)p) and inversion of a Laplacian matrix.

L. Bouten and R. van Handel: On the separation principle of quantum
control. In Quantum Stochastics and Information: Statistics, Filtering and

Control, V. P Belavkin and M. |. Guta (Eds.) World Scientific, 2008.
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Experimental closed-loop data Stabilization around 3-photon state

C. Sayrin et. al., Nature 477,
73-77, Sept. 2011.

Decoherence due to finite
photon life time around
70 ms)

Detection efficiency 40%
Detection error rate 10%
Delay 4 sampling periods

The quantum filter takes into
account cavity decoherence,
measure imperfections and
delays (Bayesian inference).

Truncation to 9 photons
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Outline
Feedback stabilization of the photon box

Stabilization of Schrddinger cats with a quantum controller

Dynamics governed by Stochastic Master Equations (SME)

Stabilization with quantum controller

Autonomous Quantum Error Correction for bosonic codes
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Stabilizing "Schrodinger cats" (|a) + il-a)) /v/2. ®

atom (controller) Cavity mode (system) Aim:
engineer atom-mode interaction,
to stabilize |-a.)+|ay

Box of \

atoms DC field:
(controls atom frequency)

ENS experiment

Jaynes-Cumming Hamiltionian
H(t)/h = weala®@ Iy + we(t)ls @ 3, /2 + iQ(t) (3" 0 & — a0 5,) /2

with the open-loop control t — wq(t) combining dispersive wq # w. and
resonant wg = wc interactions.

Key issues: convergence of py1 = K(pk) = I\ﬁgpkl\ﬁ; + /\7lepk/\77;f

5A. Sarlette et al: Stabilization of Nonclassical States of the Radiation Field
in a Cavity by Reservoir Engineering. Physical Review Letters, Volume 107,
Issue 1, 2011.
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Convergence of K iterates towards (lawoo) + if-cro ))/V2
Iterations pyi1 = K(pk) M pkMT + /\/lepkMT in the Kerr frame

-Kerr gKerr |
p= ele pKerrelH yle|dS

Pfiri KKerr( Kerr) MgKerrpierr(MKerr)T + //V\,Kerr Kerr(l/\/\,(le(err)‘l' .

5|n

with MKE” = cos(¥) cos(05/2) + sin(%) f 2 5t and
I\/IKerr =sin(3) cos(fg, ,/2) — cos(5) ESI"ifN/
Assume |u| < 7/2, 5 =0, 6, €]0,7[ for n > 0 and limuy 400 0n = /2,
then (Zaki Leghtas, PhD thesis (2012))

N

> exists a unique common eigen-state [¢)X*"") of MEe™ and Mg
prem = |ipKem) (yKer| fixed point of KKer.
> if, moreover n — 6, is increasing, limy, oo Pk = pker.

For well chosen experimental parameters, pis™ & | ) (o] and
—im/4

HKerr 7rN2/2. Since e—/3 N |aso) = ef (lorse) + il-aso)):

lim px= =2 <|ozoo> + I'|—Otoo>> (<0éoo| + i<‘a00|>

k=400

1 1 -
# 3looc ) (oo | + 3|-voc) (-aco]- 19/ 68



Outline
Feedback stabilization of the photon box

Dynamics governed by Stochastic Master Equations (SME)
Discrete-time SME

Stabilization with quantum controller

Autonomous Quantum Error Correction for bosonic codes
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Structure of dynamical models
Four modeling features®:
1. Schrédinger equations defining unitary transformations.

2. Randomness, irreversibility and dissipation induced by the measurement
of observables with degenerate spectra.
3. Entanglement and tensor product for composite systems.

4. Classical probability (Bayesian inference) to include classical noises,
measurement errors and uncertainties.

= Hidden-state controlled Markov system
Control input u, state p (density op.), measured output y:

Kug ye (ot H —
Pri1 = W;j’(:‘», with proba. ]P’(yt /pt,ut) = Tr(Kuye(pt))

where Kuy(p) = X7, 0y Mu pM{ ,, with left stochastic matrix (1,.,,) and

Kraus operators I\ﬁu‘u satisfying 3° I\//\llul\//\llw =T
Kraus map K, (ensemble average, quantum channel)

E (pesaloe) = Kulpe) = D Kuo(pe) = D Muupe ML .
y I3

®See, e.g., books: E.B Davies in 1976; S. Haroche with J.M. Raimond in
2006; C. Gardiner with P. Zoller in 2014/2015.

21/68



Outline
Feedback stabilization of the photon box

Dynamics governed by Stochastic Master Equations (SME)

Continuous-time SME

Stabilization with quantum controller

Autonomous Quantum Error Correction for bosonic codes
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Continuous dynamical models relying on Stochastic Master Equation (SME) *

- 1decoherence ~
, = Hilbertspace , /" (dissipation) N CLASSICAL WORLD
¢ |quantumstate p ~ )
PP [P s P T A A _‘_) dy =0 Te(Linp + pL,) dt + dW
\ +(’-..vpf-f., %(]‘:ﬂr_mp+pr_:"]_m]> dHﬁ(r_,,,pwr.,; T.-(r_,,,p+pr.f,,w) aw
~ 4
- — QUANTUM WORLD -

o e o o o o o o =
Continuous-time models: stochastic differential systems (Itd formulation)
Control input u, state p (density op.), measured output y:

o ~ ~ 1y e
dp: = (— i[Ho + utHx, pe] + Z LopeLl, — E(Ll/—vpt + PtL:r/Lv))dt

v=d,m

+ vV nm( mpPt + ptL — Tr ((Zm + /L\L)pt> pt) th
driven by the Wiener process W;, with measurement y;,
dy: = /1im Tr ((Zm + Z:r,,) pt) dt + dW, detection efficiencies n, € [0, 1].

Measurement backaction: dp: and dy; share the same noises dW;. Very
different from Kalman 1/O state-space description used in control engineering.

"A. Barchielli, M. Gregoratti (2009): Quantum Trajectories and
Measurements in Continuous Time: the Diffusive Case. Springer Verlag.
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Kraus maps and diffusive SME®

Linearity/positivity/trace preserving numerical integration scheme for
dpr = (i[p/,pr] + Z LupeL, — %(Zlfupt + pr@ﬂ)) dt
v (Lope+ oLl — Tr (L + Th)pe) pr) dWis,
dyve = Vil Tr (Lope + pel} ) dt + dWo. e

With Mo =1+ (— iH— 1 ThL,)dt, S = MM+ (Z LT, )dt set
|\7|0 = I\7’0§71/2, EV = ZV§71/2.

Sampling of dy,,+ = su,+V dt according to the following probability law:

w "’“N
o
<

]P((sy,t € [sv,50 + ds.]), \pt) =T <|\7|smpt|\/| +Z(1 —n)Lupeld dt> T[]

where I\~/Idyt = I\7I0 +>, ,/nydyy,tty. Exact Kraus-map formulation:
|\7|dytptl\7|2yt + 3,0 —m)Lupeldt
Tr (Mdyf/’tmijt +>, (1= nu)tupttldt)

Pt+dt =

8A. Jordan, A. Chantasri, PR, and B.Huard. Anatomy of fluorescence: quantum trajectory statistics
from continuously measuring spontaneous emission. Quantum Studies: Mathematics and Foundations,
3(3):237-263, 2016. 24 /68



Jump SME in continuous-time® (1)
General structure of a Jump SME in continuous time with counting process N; and
increment expectation value knowing p; given by (dN:) = (6_+ 7 Tr (VpeVT) ) dt,
with § > 0 (dark-noise rate) and 7 € [0, 1] (detection efficiency):

dpe = (*i[ﬁ,pt] +Vp VI = 3(VIVpe + pe VI \7)) dt

+ (s ) (e = (740 T (Vpe0T) ) o).

Here H and V are operators on an underlying Hilbert space H, A being Hermitian. At
each time-step between t and t + dt, one has the following recipe

> dN; = 0 with probability 1 — (9‘+ 7iTr <\7ptVT> ) dt
Tr (I\?Ioptl\?Ig + (1 —7)Vp: \7Tdt)

Pt+dt =
where Mo = | — (it + 3 VIV) dt.
> dN; = 1 with probability (é+ 7iTr (\7pt\7T> ) dt,

Op: + GV p VT
Pt+dt = — <~ ~.\°
G417 Tr(thVT)

9J. Dalibard, Y. Castin, and K. Mglmer. Wave-function approach to dissipative processes in
quantum optics. Phys. Rev. Lett., 68(5):580-583, 1992. 25 /68



General mixed diffusive/jump SME (1)

Combine in a single SME Wiener and Poisson noises induced by diffusive and counting
measurements:

dpt = <7i[ﬁ7 pt] + ,L\ptDL - %(Z‘L)L\pt + ptZTZ) + \7pt vt = %(\7r th + pt vt \7)) dt

+ \/ﬁ(l\ﬁt + ptZT — Tr ((Z-l— ZT)Pt> pt) dW;

Ope+iVpe VI (L= O 0ot
+ <§+ﬁ Te(VoevT) ”f) (o= (47T (Vor ) ) o)
With dy; = /7 Tr ((Z+ It pt> dt + dW; and dN; = 0 with probability
1-— (0_+ 7 Tr (\7pt \7f> > dt. Kraus-map equivalent formulation:
» for dN; = 0 of probability 1 — <§+ 7 Tr (\7pt\7T) ) dt

Mdyt/)t /\AAJM 4»(1777)2/)1['r dt+(1—7) Vo Vidt
Tr(ﬂ;ldn ptl/\;’;fyt +(1—n)Lp; LT dt4+(1—7) Vp, V' dt)

Pt+dt =

with Mgy, = 1 — (i + 3LTL+ 3VIV) dt + /iy
> for dN; = 1 of probability (9 47 Tr (vpth) ) dt:

Vidt Opr + ﬁ\//\pt vi

Vi, .t
M‘iytpiM‘iyﬁ with oy = ———F————~
Tr(Md}/tp[MdYt ) 0+ ’r_] Tr (th VT>

Bt
V5

+1—n)Lp LT de+(1—7)V
Pt+dt = 7

+(1—n)LpLtdt+(1—7) V5, Vidt
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General mixed diffusive/jump SME (2)1°

dpt = <—i['f’7 pel + Z Zuptz;t - %(Zizupt + Ptzlzu) + Z VuPt‘ZI - %(Al Vupt + PtV,I Vu)) dt
v m

+ Z Vi (IV"‘ + ptzi - Tr ((Zu + ZL)Pt) Pt)qu,t
v

éupr + Z“/ ’FIH,“/ V“/Ptvlj/
+2

- ANy e — (6, +3 7 Te (V ,peVE,) ) d
g—u*Zu’ My, Tr(Vu’PtVlJ " ( " (M %;mwt' r( e “/)) t>

where 7, € [0,1], 6, Ty ! > 0 with Myt = Z“ Ty ! < 1. The equivalent Kraus-map formulation
» When Vpu, dNy + = 0 (probability 1 — Z# (5# + 7 Tr (V“ptvl) ) dt) we have

May, peMj, + 5, (1 = )Ly pelfde + 3, (1 — 1) Ve Ve
Ptt+dt =

Tr (MypeM, + 5, (1 = mu)lupelldt + 32, (1 = 1) Viupe Vi d )

with I\)/\ld}/t =1 - (iH+ % > Z,T/ZI, + % ZH \ZI \7“) dt+3, 1/nl,dy,,rz,, and where
dy,e = /o Tr (L +Lf) pe) dt+ dWi e

> If, for some p, dN, + = 1 (probability (9_# + Z‘L/ Myl Tr (Vu/pt\/};,) ) dt) we have

Moy, e, + 5, (1 = mo)lupelfdt + 52,0 (1 = 7,1)V,, eV, e

Pt+de = ~ o ot
Tr (Mdytpthyt + (1 = m) Lo pellde + 5,0 (1= 7,0V, 5V dt)

0 Vo7,
L D DI W] ' PV,
with gy =

_ 1 :
05 7y (T 00V,

10

H. Amini, C. Pellegrini, and PR. Stability of continuous-time quantum filters with measurement
imperfections. Russian Journal of Mathematical Physics, 21(3):297-315—, 2014.
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Discrete-time models of open quantum systems

Four features!:

1. Bayes inference: P(u/y) = %

2. Schrodinger equations defining unitary transformations.

3. Randomness, irreversibility and dissipation induced by the
measurement of observables with degenerate spectra.

4. Entanglement and tensor product for composite systems.

= Control input u, constant parameter p_and measured output y
Set of operators MP . satisfying 3 (M )TM . = |, left stochastic
matrix (1) ,) (i.e. 77)’7# >0and nyw = 1), underling the SME:
K ¢ .
Prp1 = #‘y(p(/l)) with proba. Py, v, (p:) = Tr (’Cﬁhy.(pt))
with 5 (p) = Zuzl ny. HMpup(MP ). It is associated to the Kraus

map (ensemble average, quantum channel)

E (Pre1lpe, ue) = }Cﬁt(Pt) = Z’CE.,y(Pt Z MPt ut,p)T'
y

11See, e.g., books: E.B Davies in 1976; S. Haroche with J.M. Raimond in
2006; C. Gardiner with P. Zoller in 2014/2015.
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Likelihood function and adjoint state (1)

Consider N independent realizations with Input/Output trajectory data
"/ Y™ indexed by n€ {1,...,N}.

» Denote by P,(Y(™ | UM, pg, p) the probability of getting

("))

measurement trajectory number n, Y(") = (yt t=0,..., T, knowing

the initial state pé = pp, input control U™ = (u; (n )) —o0,...,T7 and
constant parameter p.
(n)
( Sy ()

» Since pt'lr)l = (KP( - )(p("))> with Tr (’Czﬁn)7y£n) (pﬁ"))) the
n yt“ t

probability of having detected y" knowing o, u{™ and p, one has

Po(Y™ | UM, P0,p) = Htho T (ICP(") (n) (P(tn))) =Tr (’Cp(n) (m ©---0° ICp(n) (n) (/)0)> .
u™ vy ul oy ug v
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Computation of the likelihood function via the adjoint state (2)

> With adjoint map K% (VA, B, Tr (K, (A) B) = Tr(A K, (B))):
Tr (IC m 00K (Po) )= T (po KPO w00 K70, (“)(A)) .
Yo Yo Yo Yo u

N o
p* (n)
: . . TR K o (ED)
» With the normalized adjoint quantum filter*s: E;"” = r Yo
(7w ()
Ye oYt

with Eg’+1 = I/ Tr( ) the likelihood probability P,(Y™ | U™ g, p) is

equal to
o, Tr(K7 ED) ) Tr(poES”) 2 ga(U,Y,p) Tr (poEd”
[l Tr ooy (Fe r{ Pokg &(U,Y,p) Tr{poEy” ).

> A simple expression of its gradients versus pg and p:

(n) p (n)

E(™ LA T’(Erﬂ <V o o @ )"“’))

VpplogPa= ——2— <, V,logPydp = > ,
Tr (POEo ) t=0 Tf(ﬁ@: ’Cp(n) NG (pg"))>

12M. Tsang. Time-symmetric quantum theory of smoothing. PRL 2009.
S. Gammelmark, B. Julsgaard, and K. Mglmer. Past quantum states of a

monitored system. PRL 2013.
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MaxLike tomography from 1/0 data U = { tizoii"'_+N)} and Y = {yi":i}_i:;+N)}

From P,(Y™ | U™, pg,p) = ga(U, Y, p) Tr (poEé")> we have
B(Y | U, 00,p) £ TN Ba(Y™) | U, g, p) = (T ga(U, Y.p)) (TTIy Tr (p0ES™))-

» MaxLike state tomography: p is known and o™ maximizes

o> 3 o (T (10E"))
n=1

a concave function on the convex set of density operators p:
a well structured convex optimization problem.

» MaxLike process tomography: /) is known and pM! max-
imizes p = f(p) = log P,(Y(™ | UM pg, p) those gradient is given by

(e (o p0)))
TN

The Hessian V2 can be computed similarly (Flsher mformation).

fo(p) <0p = ZQI:1 Zz—:o
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Stability issues

>

>

For pk+1 = K(pk), contraction for many distances'® (nuclear norm,
fidelity,...)

Adjoint map (unital map) A1 = K*(Ax) contracts spectrum®®:

)\min(Ak) S )\min(Ak+1) S Amax(Ak+1) S Amax(Ak)-

est)

% where yi is governed by

_ Ky, (pk) . es . H 2 es es :
Pk+1 = m with pg™ # po: fidelity Tr < VP PR/ PR t) 1S

always a sub-martingale®®

Quantum filter p§%f; =

Convergence issues around filtering and parameter estimation along
quantum trajectories: seminal works of Belavkin in continuous-time,
Van-Handel thesis at Caltech 2007. See also recent works of Nina Amini,
Maél Bompais, Tristan Benoit and Clément Pellegrini.

13D. Petz. Monotone metrics on matrix spaces. Linear Algebra and its
Applications, 244:81-96, 1996.

14R. Sepulchre, A. Sarlette, and PR.. Consensus in non-commutative spaces.
In Decision and Control (CDC), 2010 49th IEEE Conference on, pages
6596-6601, 2010.

15PR. Fidelity is a sub-martingale for discrete-time quantum filters. /EEE
Transactions on Automatic Control, 56(11):2743-2747, 2011.
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Measurement-based feedback

CLASSICAL WORLD - em Em oay
classical - =~
reference classical 4 : dEeimEmE N3 y
assical |inPut U g Hilbert space A . )
E;r?ts:gelller ‘ q“a"tgmétate Plquantum measurem'!nt
classical & QUANTUM WORLD J
outputyy ~ —
» P-controller (Markovian feedback®) for u: dt = k dy:, the ensemble

>

>

average closed-loop dynamics of p remains governed by a linear Lindblad
master equation.

PID controller: no Lindblad master equation in closed-loop for dynamics
output feedback

Nonlinear hidden-state stochastic systems: Lyapunov state-feedback'?;
many open issues on convergence rates, delays, robustness, ...

Short sampling times limit feedback complexity

16H

. Wiseman, G. Milburn (2009). Quantum Measurement and Control. Cambridge University Press.

17 - . .
See e.g.: C. Ahn et. al (2002): Continuous quantum error correction via quantum feedback

control.

Phys. Rev. A 65;

M. Mirrahimi, R. Handel (2007): Stabilizing feedback controls for quantum systems. SIAM Journal on

Control

and Optimization, 46(2), 445-467;

G. Cardona, A. Sarlette, PR (2019): Continuous-time quantum error correction with noise-assisted
quantum feedback. IFAC Mechatronics & Nolcos Conf.
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Coherent (autonomous) feedback (dissipation engineering)
Quantum analogue of Watt speed governor: a dissipative mechanical

system controls another mechanical system

CLASSICAL WORLD

- = o S
' System 1 < econerence
Hilbert space#, \
] . Hilbert space ||
I Aquantum E H="H;eH. I
E interaction v l
1 quantum L~ decoherence
1 controller [ |
Hilbert spaceH..
1
~ QUANTUM WORLD V4
~

18

Optical pumping (Kastler 1950), coherent
population trapping (Arimondo 1996)

Dissipation engineering, autonomous
feedback: (Zoller, Cirac, Wolf, Verstraete,
Devoret, Schoelkopf, Siddigi, Martinis,
Mglmer, Raimond, Brune,. .., Lloyd, Viola,
Ticozzi, Leghtas, Mirrahimi, Sarlette, PR,

)

(S.L,H) theory and linear quantum
systems: quantum feedback networks
based on stochastic Schrédinger equation,
Heisenberg picture (Gardiner, Yurke,
Mabuchi, Genoni, Serafini, Milburn,
Wiseman, Doherty, ..., Gough, James,
Petersen, Nurdin, Yamamoto, Zhang,
Dong, ...)

Stablllty analysis: Kraus maps and Lindblad propagators are always

ive diffusion and consensus).
18 J.C. Maxwell (1868): On governors. Proc. of the Royal Society, No.100.
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Coherent feedback involves tensor products and many time-scales
The closed-loop Lindblad master equation on H = Hs ® He:

d
dtp_—l[H ®I+I®H +HSC7 :|+ZDL V@[(p +Z]D)IS®L

with Dy(p) = ZpZT -1 (/L\T/L\p + pZTZ) and operators made of tensor products.

o Consider a convex subset D; of steady-states for original system S: each
density operator p, on Hs belonging to Ds satisfy i[Hs,p,] = >, D;_ ()

e Designing a realistic quantum controller C (ﬁC,ZC,V/) and coupling
Hamiltonian Hs stabilizing Ds is non trivial. Realistic means in particular
relying on physical time-scales and constraints:
> Fastest time-scales attached to H and H (Bohr frequencies) and
averaging approximations: ||Hs||, ||Hc|| > ||H.

> High-quality oscillations: ||Hs| > HL Lo and HH | > ||LC I,,Ac o

> Decoherence rates of S much slower than those of C:
L, Lol < ||LC o Lc.,/||: model reduction by quasi-static
approximations (adlabatic elimination, singular perturbations).
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Quantum feedback engineering for robust quantum information processing

g S decoh S
lecoherence
Y system 7] 1
CLASSICAL WORLD Hilbert space )
] = Hilbert space |
1 Aquantum H H=H:eH
classical = interaction v I
reference classical | = decoherence 1
- input U quantum Y
classical T controller ....................'——}
controller| Hilbert space . quantum measurem'ent

\
classical ~ QUANTUMWORLD ¢
-

outputy -, —

To protect quantum information stored in system S (alternative to usual QEC):
> fast stabilization and protection mainly achieved by a quantum controller
(coherent feedback stabilizing decoherence-free sub-spaces);
» slow decoherence and perturbations mainly tackled by a classical controller
(measurement-based feedback "finishing the job")
Underlying mathematical methods for high-precision dynamical modeling and
control based on stochastic master equations (SME):
> High-order averaging methods and geometric singular perturbations for coherent
feedback.

» Stochastic control Lyapunov methods for exponential stabilization via
measurement-based feedback.
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Watt regulator: classical analogue of a quantum controller. °

From WikiPedia .
The first variations of speed dw and
governor angle 6 obey to

d
/ d’ d 2
—00 = —N—900 — Q7 (00— biw)
dt? dt
\jdw with (a, b, A, Q) positive parameters.

Third order system
d3 d? >d s

Characteristic polynomial P(s) = s® + As? + Q2s + abQ? with roots
having negative real parts iff A > ab: governor damping must be strong
enough to ensure asymptotic stability.

Key issues: asymptotic stability and convergence rates.

19J.C. Maxwell: On governors. Proc. of the Royal Society, No.100, 1868.
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Reservoir/dissipation engineering and quantum controller (1) 2°

dissipation

"I/b];

R i int
€Servolr,

quantum controller ‘ ) SyStem

Engineered H

res interaction

'q = ﬁres'f‘ ﬁint + H\

If P, Pres @ |10) (1| exponentially with rate 1/7 > 0 then ......
(o]

20See, e.g., the lectures of H. Mabuchi delivered at the "Ecole de physique

des Houches", July 2011.
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Reservoir/dissipation engineering and quantum controller (2)

dissipation

int

Reservoir ‘ a
quantum controller SyStem

Engineered
Hres interaction H

I:I\ = I:I\res + /:I\int + H\
P Pres @ [) (] + 0p, if 7y < 1 then [5p| <1
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Quantum dynamics with dissipation (decoherence)
Gorini—-Kossakowski —Sudarshan—Lindblad (GKSL) master equation:

d — ~ ~ ~ 1~ ~ o~
p = =il + ufh, o] + Z (Lopll - S (LiLp+ pLiL))

> Preservation of trace, hermiticity and positivity: p lies in the set of
Hermitian and trace-class operators that are non-negative and of trace
one.

» Invariance under unitary transformations. R
A time-varying change of frame p — Ujpl?t with Uy unitary.
The new density operator obeys to a similar master equation where
’:I\o + Ul:l\l — Uj(ﬁo =+ Uﬁo)[j\t + I[j\;r (%Ut) and Zy = szy(’j\t

» "['_contraction" properties. Such master equations generate contraction
semi-groups for many distances (nuclear distance®, Hilbert metric on the
cone of non negative operators??).

» If the Hermitian operator A satisfies the operator inequality
~ ~ o~ 1 i~ ey~
i[Ho + ufy, A (LLAL, - S (LILA+ALLL)) <
i[Ho + u 1,A]+; 2( + )) <0
then V(p) = Tr (Ap) is a Lyapunov function when A > 0.

21 - . . . P
D.Petz (1996). Monotone metrics on matrix spaces. Linear Algebra and its Applications

22R. Sepulchre, A. Sarlette, PR (2010). Consensus in non-commutative spaces. IEEE-CDC. 44 /68
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Assumption of local errors in the phase-space (q, p)
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QEC: 2D redundancy to correct bit-flip and phase-flip errors

46 /68



Local noise assumption (1)
DV-QEC CV-QEC

pINT

<1/n¢7r
H=(C?)*N M1 = L*(R,C)

Dimension: 2V Dimension: —+oo

Wave function |¢) : R 5 g — ¢(q) € C, and Wigner function

+o0 .
R? 5 (q,p) — WIYN¥l(q, p) = i/ ¥ (q—2) ¢ (qg+4) e 2P du.

—0o0
Local error operators § and p ([§, p] = i) on |¢): small random
shifts along g (e/*P = e*€d/dq) and p (e*<4 = eT¢/dP) similar to
diffusion along g and p axis for WI¥X¥I.
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Local noise assumption (2)
For a density operator p, its Wigner function

R? > (q,p) — W*(q,p) € R

Since o o2
D(p) _ L 9 o Da(p) — 1 9 e
w 2ap2W’ "% 2(ww
and
2 2
D) L9 vy 2 oy 29 e 19 e
26q(q )+ 355, )erq2 29

dominant errors on p correspond to local differential operators in the
phase-space (q, p).
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—2/7)? ~
Wigner function of coherent state |/27) = \/% exp (—%) ~ |0)
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Wigner function of coherent state |-v/27) = \/% exp (—%) ~ (1)
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|[V27)+|-V27) (
V2

Wigner function of |+;) o "Schrédinger phase cat")
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|VZr) —|-V2r)
o ISR

Wigner function of |—;) "Schrédinger phase cat")
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Cat-qubit and autonomous correction of bit-flips
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Bosonic code with cat-qubits
» Quantum error corrrection requires redundancy.
» Bosonic code: instead of encoding a logical qubit in N physical qubits
living in (CZN, encode a logical qubit in an harmonic oscillator living in
Fock space span{|0), |1),...,|n),...} ~ L*(R,C) of infinite dimension.
» Cat-qubit 23: |y.) € span{|a), |-a)} where |a) is the coherent state of
real amplitude oz 3la) = ala) with 3= (§+ ip)/v/2 and [§, p] = i
m—av5f>
2

) ~ 6(q) € L2(R, C), Glv) ~ qu(q), Bl) ~ —ff’,—f@), o) ~ <r

> Stabilisation of cat-qubit via a single Lindblad dissipator L = 3> — o?.
For any initial density operator p(0), the solution p(t) of

d  ~~ 1 e
—p=Lpl" — Z(L'Lp+ pL'L
P =Lp S(L'Lp+pL'L)
converges exponentially towards a steady-state density operator since
% Tr (ZTZ,O) <=2Tr (ZTZp) . kerl = span{|a), |-a)}.

Any density operator with support in span{|a), |-a)} is a steady-state.

23\, Mirrahimi, Z. Leghtas, ..., M. Devoret: Dynamically protected cat-qubits: a
new paradigm for universal quantum computation. 2014, New Journal of Physics.
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Asymmetrically Threaded SQUID (ATS) stabilizing a cat-qubit 2

2R, Lescanne, ..., Z. Leghtas: Exponential suppression of bit-flips in a qubit
encoded in an oscillator. Nature Physics (2020)
Startup Alice&Bob (2020)

U. Reglade, ..., Z. Leghtas: Quantum control of a cat-qubit with bit-flip times

exceeding ten seconds. Nature (2024) 55 /68



Master equations of the ATS super-conducting circuit

Oscillator 3 with quantum controller based on a damped oscillator b:

%p =g [(32 - az)BT— ((@"? - 042)5, p] +kb (EpET —(B"'Ep—i—pETE)/Z)
with a € R such that o® = u/g, the drive amplitude u € R applied to mode b
and 1/kp > 0 the life-time of photon in mode b.

Any density operators p = p, @ |0)(0|, is a steady-state as soon as the support
of p, belongs to the two dimensional vector space spanned by the
quasi-classical wave functions |a) and |-«) (range(p.) C span{|a), |-a)})

Usually x5 > |g2|, mode b relaxes rapidly to vaccuum |0)(0], can be
eliminated adiabatically (singular perturbations, second order corrections) to
provides the slow evolution of mode 3

d _4\gz\2(AAT LTt T4 o0 D)) with T = 5 — o2
T e () E(LLp—&—pLL))wnhL_a 2.

Convergence via the exponential Lyapunov function V(p) = Tr (ZTZp) 25

2 . . .
5For a mathematical proof of convergence analysis in an adapted Banach space, see :R. Azouit, A.

Sarlette, PR: Well-posedness and convergence of the Lindblad master equation for a quantum harmonic
oscillator with multi-photon drive and damping. 2016, ESAIM: COCV.
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Cat-qubit: exponential suppression of bit-flip for large «.
Since (af-a) = e 2" ~ 0:
00) & Ja), [10) & |-a), |+ oc 2k o) oc led—fel,
Photon loss as dominant error channel (dissipator 3 with 0 < k1 < 1):

d
JPa = Da—az(p) + k1 Ds(p)

with D;(p) = LpLlt — %(Zﬁ_\p + p/L\TZ).
» if p(0) =10.)(0.] or |1.)(1|, p(t) converges to a statistical mixture of
3|

quasi-classical states close to 3|a)(a| 4 3|-a) (- in a time

202

Thit—fiip ~
K1

since 3]0;) =~ «|0.) and 3]1;) =~ —a|1;).
> if p(0) = |[+1)(+¢| or |[=1)(—¢|, p(t) converges also to the same
statistical mixture in a time
1

I phase—flip ™~
K1 ()(,2

since al4+.) = o] — L) and 3]—1) = a| + L).

Take « large to ignore bit-flip and to correct only the phase-flip with 1D code:

important overhead reduction.
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Grid-states and GKP-qubits

> Poisson summation formula: the Fourier transform of Dirac comb f(q)
of period T is a Dirac comb g(p) = \/% fj;’j f(q)e "% dq of period 27/ T.

l infinite energy grid-states H

g representation

|

p representation

10c) >, 6(q — 2ky/T) >k 0(p — ky/T)

[10) > 0(a—2(k +1)v) | 3,(=1)"(p — kv/7)
[+0) ~100) +110) > 0(q = k)v/'m) 2, 0(p — 2ky/T)
|=0) ~100) = [11) > (=D)*(a — k)vm) | 3, (p—2(k +1)V/m)

» Pauli operators of a GKP-qubit®® with Bloch coordinates (x, y, z) € R?:
Z = sign(cos(y/7g)), X = sign(cos(/7p)) and Y = —iZX.
» 4 stabilizer operators S relying on commuting modular operators in g and p:
VS € {2V VTP o2V o=2VTPY and V|4, ) € span{|0.), |1)}: S|ii) = v
> Finite energy regularization with 0 < ¢ < 1,
[0c) = e’€5f5|0L>, [1c) ~ e,€3T3|OL>7
where 313 = 1(g° + p*) ~ 1(q* + 8%/0q), provides a finite-energy code
space where any small local error can be corrected?”.

26D Gottesman, A. Kitaev and J. Preskill: Encoding a qubit in an oscillator.

Physical Review A, 2001.

27 . e . . .
3 recent experiments stabilizing GKP-qubits via classical controllers: Ph. Campagne-lbarcq et al.

“Quantum error correction of a qubit encoded in grid states of an oscillator” Nature (2020); B. de Neeve
et al. “Error correction of a logical grid state qubit by dissipative pumping” Nature (2022); V. Sivak et
al. “Real-Time Quantum Error Correction beyond Break-Even" Nature (2023).
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Wigner function of the GKP finite energy grid-state |0.) 22

€

2
20,y x o7 T, exp (_M) with ¢ = L.
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Wigner function of the GKP finite energy grid-state |1.) 2°

2
2|1) ~ e Y, exp (_M) with € = .
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Wigner function of the GKPfinite energy grid-state |+.) 3°

Pl a3 exp (AT ) = emep 0, ep ((22VE ),
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Wigner function of the GKP finite energy grid-state |—) 3!

€

— —Ky/TT 2 —€ — T 2
H-—me <d® S k(—1)<exp (—7(‘7 ky/m) ) = e’ >k EXp (_LP (2k+€1)f) )
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Exponential stabilisation of finite energy GKP-qubits3?

» 4 regularized stabilizers:

c - 57ikl ata i2ymg efikl ata
Sen 2770313 g2Vma (e=i)ala 1.2 3.

» Master equation with 4 dissipators M€,k =Sck—1

» Lyapunov function:

V(p) =Y Tr (M M.p) with % V < — (3272 + O()) V
k

ensuring exponential convergence towards the finite-energy code space

span { ™7 70,), e~ 7|1, }

32 A. Sellem, Ph. Campagne-lbarcq, M. Mirrahimi, A. Sarlette, PR:
Exponential convergence of a dissipative quantum system towards finite-energy

grid states of an oscillator: IEEE CDC 2022 (arXiv:2203.16836).
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Approximated Lindblad dissipators with exponentially small decoherence rates 33
Replace the ideal dissipators M. x by more realistic dissipators L. derived from
a first-order approximation in e:

» s ikmats W R iEsts
Ley2e277 (e_z"ee'zﬁq(l — 2ey/TP) — I) e 2

For p governed by master equation %p = Zi:o D; k(p):
> Energy Tr(3'ap) remains finite and for t large is less than 1 + 0(1).

» For any 27 periodic function f(6), one has

% Tr (F(v/7G)p) = —beme 2™ Tr ((sin(zﬁa)f’(\/%a) - ewe*“f”(ﬁa))p) .
» Spect. (An)n>0 of Witten LaplacianL,(f(6)) = sin(20)f'(0) — of"' ()
with 27-periodic function 7(0) and 0 < 0 < 1:
N=0<A~2e /7 <1< <A< <A<,
with eigenfunction f,(0) = sign(cos 6) corresponding to A1. Thus
z~ Tr(fi(v/7q)p) is almost constant: £z~ —16eexp (— L) z.
Similar exponentially small decays for (x, y, z) with quadrature noises,

e when £p =53 Dy (p)+ raDa(p) + 7pD(p) (as g < 1)

3BLA. Sellem, R. Robin, Ph. Campagne-lbarcq, PR: Stability and decoherence rates
of a GKP qubit protected by dissipation. IFAC WC 2023 (arXiv:2304.03806).
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Engineering modular dissipation with super-conducting Josephson circuits 34

a) b) o]
.
T 0+ ] ZI
5 —E&max 1, . ; . :
J s 37 . 57
X 3 )
/) (1
c) 3
e G R k|w ‘HH
IS
: 4l
2 ol I|| ol |II
™™y

- 1 0 (‘) ,1‘()
k

High impedance /L,/C, and low pulsatlon 1/v/L,C, for storage mode 3.
High pulsation 1/+/L,Cp of damped mode b (quantum controller Ry > 0).
Josephson energy E; between 71/+/L,C, and fi/+/LyCp.

Classical open-loop control signals ®5“(t) and ®*(t) made of short pulses.
Mathematical analysis to recover master equation with dissipators L.
Numerical simulations to test robustness versus experimental imperfections.

3#4LA. Sellem, A. Salette, Z. Leghtas, M. Mirrahimi, PR, Ph. Campagne-lbarcq: A
GKP qubit protected by dissipation in a high-impedance superconducting circuit
driven by a microwave frequency comb. PRX 2024 in press (arXiv:2304.01425 ).
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Quantum feedback engineering for robust quantum information processing

L s
Y4 System S ) decoherence - \
-H'Ib
CLASSICALWORLD I bert spacetts Hilbert space |

I Aquantum E H= HS & Hf
classical H interactionv 1
reference classical = decoherence 1
input U quantum Y
classical D 1 controller ....................'——»'
controller, Hilbert space. quantum measurem'ent

\
classical & QUANTUMWORLD ¢

output{y -, —

To protect quantum information stored in system S:

> fast stabilization and protection mainly achieved by quantum controllers
(autonomous feedback stabilizing decoherence-free sub-spaces);

» slow decoherence and perturbations, parameter estimation mainly tackled
by classical controllers and estimation algorithms (measurement-based
feedback and estimation "finishing the job")

Need of adapted mathematical and numerical methods for high-precision
dynamical modeling and control with (stochastic) master equations.
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Quantic research group ENS/Inria/Mines/CNRS/PSL, June 2023
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