Quantum Technologies Workshop : Homogeneization of

Markovian process and application to limit of strong
quantum Measurments

1) Emergence of jumps in quantum trajectories via homogeneization. T Benoist, C

Bernardin, R Chétrite, R Chhaibi, J Najnudel, C Pellegrini, Comm Math Phys 2021.

2) Spiking and collapsing in large noise limits of SDEs, C Bernardin, R Chetrite, R
Chhaibi, J Najnudel, C Pellegrini. Ann App Prob 2022.
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Caveat....Mathematical Physics and....Probability

"When you speak in front of an audience... you can assume that everybody knows
about Stein’s manifold or Betti's numbers of topological space; but if you need a
stochastic integral, you need to define filtrations, previsible processes,
martingales... from scratch. There is something abnormal in this. There are of
course many reasons for this - probabilists’ esoteric vocabulary, to start with.’
Laurent Schwartz
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Probabilitées € Mathématiques Physique Théorique € Physique
Math : traite d’idées abstraites qui existent | Physique : traite les propriétés
fondamentales de notre monde.
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Essentialization of a Markovian process

Markovian process on male characters
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Essentialization of a Markovian process

Markovian process on male characters

Decimation of states : Markov property lost in general

Coarse-graining : Dynkin criterium for conserve Markov property

Quantum Technologies Workshop : Homogen



Slow-Fast Quantum Trajectories

@ Field of open quantum system: quantum system which can exchange energy, particles with
the surrounding world AND which can be subjected to measurements.

Unread measure with 3 time scale : ode on E = {p € My (C)|p >0, Trp =1}

& pty=(7"L2 + L1 + Lo) (pe,7)
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with hermitian Hamiltonian H, € My (C)
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@ Field of open quantum system: quantum system which can exchange energy, particles with
the surrounding world AND which can be subjected to measurements.
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@ Field of open quantum system: quantum system which can exchange energy, particles with
the surrounding world AND which can be subjected to measurements.

Unread measure with 3 time scale : ode on E = {p € My (C)|p >0, Trp =1}

Pause culture G : measure in Quantum Mechanics

@ Basics : One shot projective measurment

Mathematicaly trivial : For a state p and a measure "of projector P;" such
that >, P; = Id, we have

@ Born rule : the probability to obtain i is Tr (P;p)
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o Collapse : just after the measure, the new state is TH(Pip) -

o Unread measure have an effect : p — >, PipP;
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@ Field of open quantum system: quantum system which can exchange energy, particles with
the surrounding world AND which can be subjected to measurements.

Unread measure with 3 time scale : ode on E = {p € My (C)|p >0, Trp =1}

Pause culture G : measure in Quantum Mechanics

@ Basics : One shot projective measurment

Mathematicaly trivial : For a state p and a measure "of projector P;" such
that 3=, Pi = Id, we have

@ Born rule : the probability to obtain i is Tr (P;p) Max Bom

. . PipP;
@ Collapse : just after the measure, the new state is TrI(P,-,;) o
@ Unread measure have an effect : p — >, PipP;
lohn von Neumann
Physically subtil : Random, Non linear, Discontinuous! Instantaneous!

Two major fact :

© theory works in an extraordinarly accurate way

© No one fully understand quantum theory. Richard Feynman : I think I can

safely say that nobody really understands quantum mechanics...”




Slow-Fast Quantum Trajectories

@ Field of open quantum system: quantum system which can exchange energy, particles with

the surrounding world AND which can be subjected to measurements.

Unread measure

with 3 time scale : ode on E = {p € My (C)|p >0, Trp =1}

Pause culture G : measure in Quantum Mechanics

@ Basics : One shot projective measurment

@ Generalization : Continuous Measurments

! detector
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Credit to Tilloy, Bater, Bernard Phys. Rev. A ‘15

y : Intensity of the measurement

Repeated interaction with probes

Scaling limit:
interaction time with the probes goes to zero
while
interaction goes to infinity

(see e.g. Benoist and
Pellegrini PhD thesis)

Effective equation for the density
matrix of the system

Quantum trajectory
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@ Field of open quantum system: quantum system which can exchange energy, particles with
the surrounding world AND which can be subjected to measurements.

Unread measure with 3 time scale : ode on E={p € My (C)|p >0, Trp =1}

sipen=(7L2 + L1 + Lo) (pe.)

with the Lindblad super-matrix

La=-i(lHo = rHa )+ [/Lg;) o)t~ 3 (l[LEf)]TL(Cf) + '[L@]TL(;))]

with hermitian Hamiltonian H, € M, (C) and kraus operators Lsf). We choose I, = 1.

Read measure : with 3 time scale : sde on E

Wz 0

dw,
%Ptﬁ=('¥2£2 +7L1 + [,o) (pev) + 702 (pry) =5 (th) gt F00 (pt,y)

with | 0o (p) = Na (Lap+ p(La)t = pTr ((La + (LQ)T) p))

Vocabulary, Biblio....
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Example without quantum complication : unidimensional sde with strong noise

0’2(0) SE 0'2(1)
Fo(0) > 0 et Fo(1) < 0.

0 L1 = £y (Xey) + 702 (Xery) Y with {
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Example without quantum complication : unidimensional sde with strong noise

I {02(0) =0=0(1)

dX;
0 %t = Fo(Xey) + 702 (Xey) G

Fo(0) > 0 et Fo(1) < 0.

Fo(x) = A (% — x)

@ Figures in the case
o2(x) = x(1 — x)

i
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Example without quantum complication : unidimensional sde with strong noise

— {02(0) =0=0(1)

dX;
0 2 = Fo(Xey) + Xiy) St
@ = Fo(Xeq) 4902 (X)) Fo(0) > 0 et Fo(1) < 0.

Fo(x) =X (% — x)
02(x) = x(1 — x)
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@ Figures in the case {
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Example without quantum complication : unidimensional sde with strong noise

0'2(0) SE 0'2(1)
Fo(0) > 0 et Fo(1) < O.

dX,

0 ZET = Fo(Xey) + 702 (Xey) & with {

— 1 _
@ Figures in the case {FO(X) =A (2 X)

AT,
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Example without quantum complication : unidimensional sde with strong noise

0’2(0) SE 0'2(1)
Fo(0) > 0 et Fo(1) < O.
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Example without quantum complication : unidimensional sde with strong noise

0'2(0) =0= 0'2(1)
Fo(0) > 0 et Fo(1) < 0.

o et = Fo(Xey) + 702 (Xey) % with {

Fo(x) =X (3 —x)
o2(x) = x(1 — x)
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@ Figures in the case {
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Example without quantum complication : unidimensional sde with strong noise

dxw _ aW, 2(0) =0 = 02(1)
° = Fo (Xi,y) + 702 (Xt ,y) 5t with {FO(O) = 0 et Fo(1) < 0.
Fo(x) = A (% = x)

o2(x) = x(1 — x)

Mo TT I T
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@ We have proven in (AHP 2022) that in this set-up we have |[limy_ oo Xer=X: |,

with X, a jump proc on {0, 1} with rates | Lor(0,1)=Fo(0) | and | Ler(1,0)=Fo(1) |
@ MAIN POINT : JUMP PROCESS AS SLOW-FAST LIMIT OF DIFFUSION
PROCESS.

@ Figures in the case {
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Pense béte

— 1
Lo = =i (lg = rHo ) + Laia)t = 2 Utaltte T TLaltla )]

dpt,y = (’»’262 +Ly + £o) (pm,) dt + yo3 (Pr.«/) AWt 2 + V/Yo1 (Pr,w) :dWt 1 + oo (Pt,w) dWi o
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Quantum Non Demolition : X ortho-codiagonalis in BON of C?
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Pense béte

dptyy = (v2L2 +vL1 + Lo) (pt,y) dt + 702 (pt,) -dWe 2 + VFo1 (pt,y ) -dWe 1 + o0 (pe, ) Wi 0

Lo= (g = Hy) + oot = 2 el ta * Tadti )]
oo (p) = na (chPer(La)T = Tr ((ch +(La)") p) P

Quantum Non Demolition : ,  ortho-codiagonalis in BON of C¢

Ex : Competition between 3 phenomenons :

d | : Strong (L2) and moderate (L1)

@ 1 : Measurement of the basis (e/)7, :
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dpt,y = (V2L2 +vL1 + Lo) (pt,y) dt + 702 (pt,~) -dWe 2 + vFox (pt, ) -dWe 1 + o0 (pt,) Wi 0

By = —i(/,_,a _ rHQ) + o gt~ 2 Taltie Fltaltie )] -
ga (p) = Na (Lap+ pla)t — T ((La F (La)T) p) P)

Quantum Non Demolition : ,  ortho-codiagonalis in BON of C?

Ex : Competition between 3 phenomenons :

@ 1 : Measurement of the basis (e;)?_, : Strong (L2) and moderate (L1)

d

@ 2 : Unitary evolution strong (H2) diagonale in ()¢ ,, general moderate Hy and weak Ho
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dpt,y = (7242 +vL1 + Co) (Pt,’y) dt + yo2 (I’r,'y) -dWe, 2 + V/7Yo1 (Pr,»y) -dWt,1 + 90 (Pt,'y) dWt o
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Quantum Non Demolition : ,  ortho-codiagonalis in BON of C?

Ex : Competition between 3 phenomenons :

@ 1 : Measurement of the basis (¢)?_, : Strong (Lz2) and moderate (L1)

@ 2 : Unitary evolution strong (H-) diagonale in (e;)¢

©_1, general moderate H; and weak Ho

@ 3 : Weak Measurment or Weak thermal interaction Lo
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Pense béte

dpty = (V2 L2 +vL1 + £0) (pt,y ) dt+ 702 (pe,y ) - dWe2 + vTo1 (Pt ) -dWe1 + o0 (Pt ) Wi 0

La==i(Ha = Ha) * |taiatt = % (taltta " Taltta
ga (p) = na (LaP‘*‘P(La)T —T"(<Loc +(La)')p) P

Quantum Non Demolition : ,  ortho-codiagonalis in BON of C?

Implication of QND on the quantum trajectory on vectorial form. We note

X, i = p, o
@ if pr = ( );’3 ) with { ti = Pri
g Ye,ij = Pt,ij
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Quantum Non Demolition : ortho-codiagonalis in BON of C?

Implication of QND on the quantum trajectory on vectorial form. We note
° _( X ) . Xe,i = Ptii
If pt ( Ve with {Yz i = P
o _ 0 —B}
D2<°>’L17(Bl D11 )

o
o
X
® ox(p) = ( "; ) - ( "g @ ) (same for o3 ) with oX (¢) = 0 (same for g ).
2

o
@ Then finnaly

oV

oy 2 ox, L 40ve,y |- (BI Veony +) + (A0Xt,y + CoYe,y) + 7% poMexe | moxinMxe | xE
vy A Ly "
w2 =2 (Dsz, +) + v (BiXe,y + D1Ye,y ) + (BoXe,y + DoYe,y ) + 70X 2700 4 o) —Et 4 of &

@ We have finaly that :

@ No 2 —drift on X. The manifold Y = 0 is stable by the strong dominant (red) dynamics (but not by the

intermediate (blue) and weak (black) dynamics) , it is also absorbing (i.e. decoherence) thanks to D> < 0.
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Quantum Non Demolition : ortho-codiagonalis in BON of C?

Implication of QND on the quantum trajectory on vectorial form. We note

@ Ifpr = ( % ) with { Xti = Prii
G Ye,ij = Ptij

o
o
X
® ox(p) = ( “g g ) ) - ( "g @ ) (same for o3 ) with oX (¢) = 0 (same for g ).

o

<=

@ Then finnaly

2
—r = ) — (8] ve,y +) + (ont,-y i COYt,’y) vo pozx | VoA o Mx.e | o
dv; y dWa Ly

7L =7 (Dsz, +) + v (BiXe,y + D1Ye,ny ) + (BoXe,y + DoYe,y ) +v0) =200 4 yyo) —Ht 4 oY

@ We have finaly that :
@ No 2 —drift on X. The manifold Y = 0 is stable by the strong dominant (red) dynamics (but not by the
intermediate (blue) and weak (black) dynamics) , it is also absorbing (i.e. decoherence) thanks to D> < 0.

@ On this manifold, the strong (red) and intermediate (blue) dy ics are driftess (Martingales) and live on the
symplexe with the pointer state (e;, 0) as absorbing points and extremal points, i.e. on the edges theses dynamics

are driftelss (as everywhere on this manifold) and the noise flow are along the edge : i.e.

X
& 3] o5 ref+(1—t)ej ~ (e —¢
’ o'{ te; + (1 — t) &) ~ (& — ¢
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intermediate (blue) and weak (black) dynamics) , it is also absorbing (i.e. decoherence) thanks to D> < 0.

@ On this manifold, the strong (red) and intermediate (blue) dy ics are driftess (Martingales) and live on the
symplexe with the pointer state (e;, 0) as absorbing points and extremal points, i.e. on the edges theses dynamics

are driftelss (as everywhere on this manifold) and the noise flow are along the edge : i.e.

X
& 3] o5 ref+(1—t)ej ~ (e —¢
’ o'{ te; + (1 — t) &) ~ (& — ¢




Theorem : Emergence of Quantum Jump when v — oo (strong

measure)

Assumptions : and

Weak convergence of p¢ : limy— oo pr,y = !Xfﬁ> <Xfﬁ’ with X& jump process on

\d
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Theorem : Emergence of Quantum Jump when v — oo (strong

measure)

Pure jump process Xfff on pointer basis, with

Leff i N=I(L 2
(e — €)=|( O)jf +
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Theorem : Emergence of Quantum Jump when v — oo (strong

measure)

Assumptions :

Weak convergence of py,y : limy o0 pey = [ X)) (XE"| with XS jump process on

\d

Pure jump process Xff’r on pointer basis, with

2+ [(HL)y 2] (L2)—(L2) |

L (& — &)=|(Lo); -

|72.il
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Theorem : Emergence of Quantum Jump when v — oo (strong

measure)

Weak convergence of pyy : limy o0 pey = [ X)) (XE"| with XS jump process on

\d

Pure jump process Xf'r’r on pointer basis, with

2+ |(H1>,,-|2|(Lz>,-,v2—uz>ﬂ|2

|72.il

L7 (e — ej)=}(L0)ji

@ 1 : Independant of L; .
@ 2 : Independant of Ho (zeno effect) : explain the renormalisation vHy + v Ha.

@ 3. Independant of efficiency 1o and 71 (to have access to the weak and intermediate measurment
change nothing).

@ 4. Depend of (Lz); : eigenvalue of the mesured operator have an impact on the effective dynamics.

v
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measure)
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Theorem : Emergence of Quantum Jump when v — oo (strong

measure)

Weak convergence of p¢ @ limy—eo pr,y = ‘Xff‘r> <Xff‘r’ with X jump process on

(ef);i:l

@ 2 :"Quantum jump see exp (Guerlin-Haroche et al, Nature 2007) :

Serge Haroche college de France
Evolution de la distribution de probabilité Cours 2007-2008 :

sur une longue séquence de mesures:

encore les sauts quantiques "Si le systéme est couplé & un réservoir qui

Cviecton cessEe () le fait relaxer, son évolution sous observation
continue se manifeste par des sauts discrets,
a des instants aléatoires entre valeurs propres
différentes. Ce sont les sauts quantiques. Ils

ont été observés sur des atomes et des ions

piégés et récemment sur un champ électro-

Distribution P,(n) obtenue & partir d'un échantillon «glissant» de 110 atomes

4
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Homogeneization of Markov Process : Mother-result

@ Set-up :
o Xt,~ is a markov process on E with gen A/sz 4+ L1 + Lo (op on V =Scalar field on E)

Q Xt,2 fictious process with L> and decomposition | E=TU,cr, R®) | with R ergodic region

R\" eraedic oo

. . conCRat A~
and T set of transcient region v AR

o
(%]
eff

@ Then |lim, o X;,=X" |, markov process on E°" with generator L°", i.e.

Iim"/ﬂoo EPO [f (va’Y)]zEpgﬁ [fEff (Xfffﬂ ’

Quantum Technologies Workshop : Homogen



Homogeneization of Markov Process : Mother-result

@ Set-up :
Q Xt,~ is a markov process on E with gen ~2La + L1 + Lo (op on V =Scalar field on E)

e Xt,2 fictious process with L> and decomposition TUaer, R() | with R ergodic region

Lentiak €0

and T set of transcient region iz

@) (x) = P absorbé dans R®
© We define {r(a)(x) =Py (Xz,[ absorbé dans R )

pi,, unique invariant measure when restricted to be in R

@ Then ’ limyy 00 Xty =X

, markov process on £°7 with generator L7, i.e.

Iim’YHOO EPO [f (va’Y)]zEpgﬁ [fEff (Xteff)} ’
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Homogeneization of Markov Process : Mother-result

@ Set-up :
Q Xt,~ is a markov process on E with gen ~2La + L1 + Lo (op on V =Scalar field on E)

e Xt,2 fictious process with L> and decomposition TUaer, R() | with R ergodic region

. . onCRnt €
and T set of transcient region Dol S %

@) (x) = P absorbé dans R®
© We define {r(a)(x) =Py (Xz,[ absorbé dans R )

pi,, unique invariant measure when restricted to be in R

@ We suppose the centering hypothesis <p(’:3, Ly r(b)>v =0 for all a, b

@ Then ’ lim,y 00 Xty =X

, markov process on £°7 with generator L7, i.e.

limy— o Epg [f (Xtvv)]ZEpgff [fEff (Xteff)} )
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Homogeneization of Markov Process : Mother-result

@ Set-up :
o Xt,~ is a markov process on E with gen A/sz 4+ vL1 + Lo (op on V =Scalar field on E)

Q X2 fictious process with L and decomposition TUacr, R®) | with R ergodic region

R e
and T set of transcient region v RN

© We define @)

r(a)(x) =P, (Xzyt absorbé dans R(a))
pi,, unique invariant measure when restricted to be in R®)

nv?

@ We suppose the centering hypothesis <p$a) Ly r“’)>v =0 for all a, b

@ Then ’ limy 00 Xe,=X£" |, markov process on £ with generator L7, i.e.

limy 00 Epo [F (Xm)]=Ep3” [fEff (Xteff)} )
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Homogeneization of Markov Process : Mother-result

@ Set-up :
Q Xt,~ is a markov process on E with gen ~2La + L1 + Lo (op on V =Scalar field on E)

with R® ergodic region

and T set of transcient region

© We define {

(a)

Pinv

2 (x) = P, (Xz,t absorbé dans R(a)>

unique invariant measure when restricted to be in R®)

@ We suppose the centering hypothesis <p(’:3, Ly r(b)> =0 for all a,b

@ Then ’ iMoo X, =X

, markov process on £°" with generator L7,

i.e.

limy 00 Epo [F (Xtvv’)]=Ep3” [feff (Xfffﬂ )

_ e = [R(9), 2 ¢ R reff (r12)) = <pf:3 f>
with Leff (R(a)‘R(b)) - <p$§3 (Lo _ LlL;1L1> ’(b)>v and PS” (R(a)) <p°7r(a)>‘/‘/
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End-Ouverture

Q TCL: lim, . feo— X0
) Y0

e
Q Ldev: P ((pV = 1X) (XD, = Q[o,t]> = exp (— [y dul(qu))....
© Reversibility properties of the effective process

Q@ Limit of functional foT f (pe,) dt + (g (pe,y), dpe.~), when limit not just in term of
X: ...anomaly (Yash Chopra PHD in the case of the entropy production).

@ The jew joke of the year : the wedding of the Lion

Quantum Technologies Workshop : Homogen i



APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

TRANSCENT =

o 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

E=TUer R® Egf= {R(“), ae Fz}
Ker (L;) = Span {pf:37 a€ F
Ker(Lz):Span{ r(a)>,ae Fz} =

limsy— o0 Epg [F (Xe.)] = E g [£7(XE7)]

() = (),
D
|




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

Ker (LT) = Span{P,,,w ae Fz} Ker <U) = Span {/a(x ¥) = 0:(x)pin, (v), 2 € Ba

f/f(x,y) = f(x
Ker (L2) = Span {|r1?) .2 € Fa} = Ker(Lz):{gpén({r}(/l y)f?w ac B}
s e [F ()] = E, g [F7067)] iy By [F e, Yo )] = g [47XE7)]
7 (R9) = (i 1),, FT(x) = [, v o0 )f(xwa(x

) = ~
E =T User, R® Eerr = {R(‘.')7 ERS Fz} R = {a} x Ez Eer El M
)




APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

T=0 RO ={a}xE Eg~E

Ker (L;) = Span {Ia(x,y) = 6a(x)p$:\)/(y), ae E1}

Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limsy o0 Epg [F (Xey, Yo )] = E,er [F7(XET)]

£ (x) = fey ' P50y ) (x,y') = F(x)

o 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

Xy X X Wx,0,t
il =Fo (Xt,'w Yt,'v) +og (Xt,’v: Vt,'y) dt
Sl (th- an’)
Sde : dYe,~ dWy o

@ - o3 (Xfﬂ‘yf-rﬂ’) a




APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

T-0 RO={a}xE Ex~E

Ker (L;) = Span {Ia(x,y) = 6a(x)p$:\)/(y), ae E1}

Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limoy s 0 Epg [f (Xer Yo )] = E o [fefr(xteff)]

£ (x) = fey ' P50y ) (x,y') = F(x)

o 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68
dXt, X X dWx,0,t
il =Fo (Xt,'w Yt,'v) +og (Xt,’v: Vt,'y) dt
d Sl (th-ytn')
<1y dYe Yy dWy 2 ¢ =
g = +vo3 (Xt,'w yt-f)') g
Y y Wy 0.t
+ g (Xe,y: Yey) + o8

dt




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T-=0 RO ={a}xE Eg~E

Ker (L;) = Span {Ia(x,y) = da(x )va(y)’ ae E1}

Ker (L2) = {f/f(x,y) = f(x)} = Span{ri(x, y) = d.(x);a € E1}
lims o0 Epg [F (Xev, Yo )] = E,er [F7(XEN)]

7 (x) = i, v/ oS0y ) (x, ) = F(x)

e 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

_FY 1/,Y (oY)
P _px o i) 208 (oo ) dW);t’o’t z :SFZ Vy)+ 3 <a2 («)" vy w>
2.y B
Sde 4 dYey _ i \j : (Xt v YtdA{W)y 2.t = F°Y’vy> + <FX VX>+
dt = vod (Xt Yeor) dth/ Lo = %<"g ("&/ Vys Vy>
v Y.,0.t
+ R (X, Yo,y ) + 0 — 32 +1 <a (a‘))()T Vi, Vx> ()VxVy




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T-0 RO={a}xE Ex~E

Ker (L;) = Span {Ia(x,y) = 5a(x)p§:\)/(y), ae E:I.}

Ker (L2) = {f/f(x,y) = f(x)} = Span{r?(x,y) = 8.(x);a € E1}
limoy—s 0 Epg [f (Xerys Yo )] = E o [fefr(xtefr)]

£ (x) = Je, ' P50y ) (x,y') = F(x)

e 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

2= (. vy)+ 3 (o (o3)" 9. 9y)

dthtl = Fq;( (Xt,’Yv Yté—yz/-*idé (Xt,’v:)yt,’v) dW)SEOYt Ly =0
VR (Xt Ve (R, vy) + (RS Vx)+ ‘
Sde = o Y 0 Vx
© dyjﬂ = +y0Y (Xt Yey) dW;Zl;'t ] Lo = +1 <ag’ (a){)f Yy, Vy
+ R (X Yeo) + og — %t +5 <"3( (&) v VX> + (Vx|

Effective process : Leff — <¥, VX> + % <0§ (o'l))()TVX, VX> =




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

feff (X) —

R@ = {a} x E>
Ker (L;) = Span {Ia(x,y) =0,(x)p(y),2 € By

Eerr ~ E1

inv

Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x,y) = 8.(x);a € E1}
limy— o0 Epg [f (Xe,vs Yey)] = E g7 [fefr(xteff)]

Jey @' P50 ) (x,y') = F()

}

V.

o 1: Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

dXt, X X Wx 0,
—7L=Fo (Xr,'w Vt,'v) + o (Xt,'w Vr,’v) at
ar wzey (Xt"y: Yt.ﬂ,)
e { av, AW
dtt’w = +yoY (Xt-wvytr’v) Zr’z‘t
AW
% y Wy o0,
+ Fo (Xt,w Yt,v) o —a@

Effective process : Leff = <¥, Vx> + % <U.é(

(aé)fvx, vx> =

L2*<F2V.,Vy>+%
I3 =0

<U; (f’zy)T Vys Vy>

o

-




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T=0 RO ={a}xE Eefr ~ Ex

Ker (L;) = Span {I"(X,y) = c?a(x)p,(.,'?\)/(y)7 ae El}

Ker (L) = {f/f(x,y) = f(x)} = Span{ri(x,y) = da(x);a € Ex}
limy 00 Epg [f (Xe,ys Ye,n ) = E o [fEFF(Xtef'F)]

F () = [y dy Py )F(x, ") = F(x)

@ 1 : Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

dXe dWx o0,t
i =F (Xm’ Ytﬁ) +og (Xtmrv Vt,w) i
sd v2F (Xtm”t,w)
<) 9ty y dWy 3 ¢ =
d = o2 (Xt)”!' Yf-"r') dt

AW
Y y Wy 0.t
+ Fo (Xr,"rv Yt,w) too —gt

. X XX T X e XX\ T dW,
Effective process : L6 = <F3<, vx> +1 <u§ (o{;)fvx, vx> = ZE=F 4o (a )Td—tf )

ox




APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

T=0 RO ={a}xE Eg~E

Ker (L;) = Span {Ia(x,y) = 5,(x)p(y), 2 € E1}
Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limy— o0 Epg [f (Xe,ys Yer)] = E g7 [fefr(xteff)]

£ (x) = fey ' P50y ) (x,y') = F(x)

o 1: H|storique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68
dXt, X dWx,0,t
il =Fo (Xt,'w Yt,'v) *("o (Xt a7 )Vt ’Y) dt
v2F3 (X Ve dXE \/:f
d ; FX. dWi
sdedf S av, ., . v My = =r+\og (o8)' &
i +vod (Xeoys Yi,7) &
y Wy o,t
+ R (Xe,y: Yeoy) + 08 —4




APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

R@ ={a} x &2 Eur ~ E
Ker (L;) = Span {I"(x“v) = 5a(x)p,(.:3(y), ae E1}
Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
liMy 00 Epg [f (Xe,ys Ye,r ) = E o [fefr(xteff)]

£ (x) = Jg, dv' Py )f(x,y") = F(x)

@ 1 : Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

dXt ~ X X dWx 0.t
L = R (v Ye) *("o (X Yy ) —
2y
Y Fy (Xt,ys Yi,y daxeff  — T dw,
Sde : ‘ S B XX (oX) T Ve
dvs, y Wy ,2,¢ dt 0 o \90) &
Tty _ +vyod (er~ Yr.,)) @
Y.0,t
+Fy (XM, Ytﬁ) 4 ol

@ 2 : Raffinement : Phys : overdamp limit of Langevin, Math : Papanicolau-Stroock-Varadhan 76
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APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

R@ ={a} x &2 Eur ~ E
Ker (L;) = Span {I"(x“v) = d.(x )pmv(y), ae E1}
Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limsy 00 Bpg [f (Xerys Yey)] = E o [fefr(xteff)]
F(x) = [, Ay Pl ) (x,¥') = F(x)

V.

@ 1 : Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68
Y T
X dWx o, L2 = (R, vy)+ 1 (3 (”2) Vy,Vy
82 =’ (X Yt,.y) + 08 (Xt Ve, ) —p 2t Lo < >

2
Sde || dv; a Fz (Xt s Y[d’\;l/)y 2.t Fg/’ Vy> <F0 VX> Y

, - (
dt A/UZ (Xt e y”7> ddV[VYOt Lo = +% <<7g (UO)TV}/ VY>
+4(

+Fg (Xeoy> Yey) +og 1 (X (a{{)T Vi Vx> ()VxVy

o

@ 2 : Raffinement : Phys : overdamp limit of Langevin, Math : Papanicolau-Stroock-Varadhan 76

[25 - ( AdCerna]) T (e @)

qFean
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APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

RO ={a} x B2 Eqr~E
Ker (L;) = Span {I"(x“v) = da(x )P,nv()’), ae E1}
Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limsy s o0 Epg [F (Xt Yoy )] = E,ar [ (X))
£ (x) = Jg, dv' Py )f(x,y") = F(x)

@ 1 : Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

@ 2 : Raffinement : Phys : overdamp limit of Langevin, Math : Papanicolau-Stroock-Varadhan 76

aXt dXo
le: ’Y+FX+0§ :
Sde

v y dWs dWs dWs
2y 2.y Y.,2,t y7 Sy f i y Wy o,t
dt V2EY +F) + Ry + oY g t Vo1 @ tog —ai >

= (R, vy)+1 (¥ (o {)Tvy,vy>

- @)+ (JF] o)+ 1A (D o) o,
)

- <F° ., Vy +<F°,VX>+ 1 <ag’ (O‘O)T vy,vy> 1 <o§ (UU)T vx,vx> (...)VxVy
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irreductible fast part

Famous case and new case
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Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
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£ (x) = Jg, dv' Py )f(x,y") = F(x)
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APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

R® ={a} x B2 Eep ~ Ey
Ker (L;) = Span {I"(x“v) = 5a(x)p,(.:3(y), ae E1}
Ker (L2) = {f/f(x,y) = f(x)} = Span {r?(x, y) = d.(x);a € E1}
limsy s o0 Epg [F (Xt Yoy )] = E,ar [ (X))

£ (x) = Jg, dv' Py )f(x,y") = F(x)

@ 1 : Historique : Phys ..., ,Math : Stratonovich 63-Khasminskii 68

@ 2 : Raffinement : Phys : overdamp limit of Langevin, Math : Papanicolau-Stroock-Varadhan 76
L2=(RY,vy)+1 (oY (a;’)'l' Yy, vy>
= (A {(R ] v+ 1 (D) o) +ewesy

lo= (R, Vy)+(RE, Vx)+1 <cr°Y (o{)T vy,vy> +1 <a§ (ag;)* V. vx> +(--)VxVy

e [ ) Y@ |

1 (o) (a}’)fvy,vy>+(.,.)vxvy )
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APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T=0 R®={a}xE Egn~E
Ker (L1) = Span {P(x,y) = 6,(:)p) ()i 2 € B }

=]




APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T=0 RO={a}xE Eg~E
{Ker (L;) = Span {I"(x,y) = 6.(x)p2(y)ia € E1}
T=E—{Ui(e,0)} R ={(e;,0)} Eer ={(;,0),i=[1,d]}
{Ker (L;) = span{ 19 (x, y) = 8e.(x)00(y), i € [1,d], }




APENDIX : Example : Diffusion process with non

irreductible fast part

Famous case and new case

=E—{ui(e;0)} R ={(e,0)} Eer = {(&;,0),i = [1,d]}
Ker (L;) = Span {I(i) (x,¥) = d¢;(x)d0(¥)Vi € [1, d]]}

| \

@ 1 : Historique : Phys ...., ,Math : Stratonovich 63-Khasminskii 68
@ 2 : Raffinement : Phys : overdamp limit of Langevin, Math : Papanicolau-Stroock-Varadhan 76

dXt o4 aw, X o,t
G ’Y FX 3
Sde :

dYi,~ y Wy 24 aw. dw:
Y y Wy 1.t Y.,0.t
dt VPE +yF 4 R o) —Rt + o] — gttt of — 5

p
Rappel Quantum traj with QND :

X aw,
Py _ 420y (BI Yooy +> + (AoXe,y + CoVey) + o —2=t s
y W2, v ¢ LT,
ot

dv;
Tty _ 2 (DzerJr 0X; .- )+W(B1X:,7+D1Yz,~,) (BoXt,~ + DoYe,) ct + g —22t 4+ /mo )




APENDIX : Example :
irreductible fast part

Diffusion process with non

Famous case and new case

=E—{ui(e,0)}
{Ker (L;) = Span {I(i) (x,¥) = d¢;(x)d0(¥)Vi € [1, d]]}

R = {(e;,0)} Eerr = {(e;,0),i = [1,d]}

| \

@ 1 : Historique : Phys .

@ 2 : Raffinement : Phys :

..., ,Math : Stratonovich 63-Khasminskii 68

: overdamp limit of Langevin, Math :

: Papanicolau-Stroock-Varadhan 76

Xty
Sde : a
s 5

at -

7%
’Y+FX+U&( X’O’t

y Wy 2 Wy 1,e
V2E) + Ry + Ry oY —52E + Ay 21,
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APENDIX : Example : Diffusion process with non
irreductible fast part

Famous case and new case

T=E—{Ui(e,0} RD={(e,0)} Eer = {(e,0),i=[1,d]}
Ker (L;) = Span {I(i) (x,¥) = d¢;(x)do(¥)Vi € [1, d]]}
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Explcit calculation of Les : Easy and difficult part
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