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The quantum Graal

H|¥) = E|D)

H isthe nonrelativistic Hamiltonian
N
h2 A,
H = -—
; 2m

Density n(r) = S, (U[6(r — r;)| D).

D Valri) + 3 Vellrs —x))

17

Atoms or small molecules: direct diagonalization
Solids: Density functional theory

Solids: Green functions with non-perturbative
approximations (GW approximation, Bethe-Sal peter
eguation)




/ The Gell-M ann and L ow theorem \

e Perturbation theory H = Hy + H;

N

Ho= =" 200N ), Hy= S Vil — 1)

2m
i=1 i=1 i#j

o Adiabatic switching H (et) = Hy + f(et) H,
e Interaction picture H'™*(t) = f(et)e!Hot H e~ Hot

e Evolution operator

Ut,t') = i (_ni!)n /dt1...dtnT(Hint(tl)...Hint(tn))

e If |®() isthe non-degenerate ground state of H:

W) = lim o0 0)D0)

IS an elgenstate of H
28 (0o [U(0, —00)[Bgy - 9

e Proof by Nenciu and Rasche (Helv. Phys. Acta 62 (1989)
p.372-88) if f, f' and f” arein L' and if H, and H; are
self-adjoint, H, is bounded from below and H; isbounded
with respect to Hy: for |¢) in the domain of Hy,

\_ )] < allHol)ll +blllv) | witha <1/
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The Gdl-Mann and L ow theorem: discussion

|Wqr,) isan eigenstate of H but not necessarily the ground
state of H.

Rule of thumb: The Gell-Mann and Low state is the
ground state of the interacting system if the energy
difference between the ground state and the first excitated
state of the non-interacting system is large compared with
the interaction energy.

This condition rarely satisfied in practice

The Gell-Mann and Low theorem is not valid for
degenerate or quasi-degenerate non-interacting systems

The standard Green function (i.e. many-body) theory does
not work for open shell systems.

/




4 A

Solution: Green functionsfor open shells

e Start from aset of low-energy states |7) of the
non-interacting system

e Transform them into states of the interacting system by
W;) = U(0, —o0)]i)

e Calculate the energy matrix of the interacting system

H;; = (i|U (400, 0) (Ho + Hint(o))U(Oa —00)|j)

e Diagonalizeit

e The matrix to diagonalize isvery small (it contains only
the lowest energy states of the non-interacting system)

e Powerful non-perturbative methods of the Green function
theory can be used to calculate ;.

e Describes the degeneracy splitting due to the interaction

N /




/ Green functionsfor open shells. density matrix \

e Start from adensity matrix p = » ;. pi;|i)(j| of the
non-interacting system

e Calculate the energy F(p) of the interacting system
e Minimize E(p) with respect to p
e Preservesthe symmetry of the system

e Green functions
— Salf-consistent determination of the orbitals

— Resummation of infinite families of terms of the
perturbative expansion

— Detailed description of the electron-hole interactions
through the Bethe-Salpeter equation

— Beyond the coupled-cluster method
e The many-body theory isrecovered for closed shells

e Thecrystal field equations are recovered as the first term
of the perturbative expansion of the equations for the
\Green functions for open shells /
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The Green functions \

One-body operators

()= D pom{@m| 3 )l Wa) = D tr(pf(re)).

Examples
— Theelectron density (n(r)) = >, tr(pd(r — r;)).
— Thevelocity (v) =, tr(pV;).

The one-body Green function G(x, y) withz = (r,t) is
such that, for any one-body operator f

o = - / 3(Gla, ) f(r)dr

T

Two-body operators (Coulomb energy, dielectric function)

(9) = Ztr(ﬁg(ri,rj))-

The expectation value of two-body operators can be
calculated from the two-body Green function

Ga(x1, 22,91, Y2) /




/ The generating function for the Green functions \

e Thereisafunction Z(j), withj = (j.,j_), that generates
all the Green functions. For example

a2
) @i

G(z,y)

e A(y) istheinteracting Hamiltonian

M) = o [ PR ol ele)

- 8meg r — 1’|

o 7Z(j)=e""PZy(j) with D = A(um) —A(w‘;_)

and Zy(5) = "ol with

Wol) = —%/j(x)Go(way)j(y)Jer(ﬂ +j2)
K,(k) = log (tr(ﬁ:eifdxw(x)k(x):))

e Cumulants of p (initial correlations)

K, (k) = / daerdys KO (1, 1) k(e k() +

K /da:dyK( ) (21, 2, y1, y2) k(1) k(22)k(y1)k(y2) ‘|'/




/ Correlation as propagators

e One-body correlation function

KW (@y) = 3 pulilb@l @)li) = =y

e One-body propagator: G = G° + K ﬁ”.

e Two-body correlation function

> ol @)v! )va)e(n) i) = R e g
ij

e Two-body propagator: Kf) (x1,T2,Y1,Y2)
— itiszero for asingle Slater determinant |7)

— It isthe source of the multiplets

e Three body propagator

T Y1

K/()3)(a:1,962,333,y1,y2793) —

2 Y2

T3 Y3

— beyond the multiplets

e For a M-fold degenerate system, up to M -body

\propagators

~

/




/ Perturbative expansion \

e Greenfunction G(z,y) = —Z7 19,00, Z

o Use Z = e P Z, and expand the exponential

== = — ey z + ||EB + Eﬁ

e Cancellation theorems

e Early history
— Schwinger 1960
— Kadanoff Baym 1962
— Keldysh 1965

e Assuming K é”) — 0 for n > 1: around 1000 papers

o Keeping all K\"): 4 papers, 49 pages
— Fujita 1969
— Hall 1975
\ — Tikhodeev and Kukharenko 1982 /




The Hopf algebra of derivations

Thealgebra

A: agebraof differential operators with constant
coefficients

Generators of A: partial derivatives 9; = 2-,

7

Basis of .A: multiple partial derivatives —2—— for
21 e o 0 Zn
n > 1.

Product: derivatives of derivatives 9;0; = 896?;%
Unitl:forany D € A, D1 =1D = D.
Example: \/%1+ e 4(% 5o € A

A with the product of derivationsis aunital associative
algebra.

/
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The Hopf algebra of derivations

The coproduct

e Action of the derivations on functions
1(f9) = fg.
0i(fg) = (0:f)g + f(Big).  (Leibni2)
0;05(fg) = (0:0;f)g + (9:.f)(9;9)+
(05 )(0ig) + f(0:059).
e D(fg) =2 (D, f)(Dwg).
e AN A—-ARA, AD=> Dy ® Dy,.
e Coproduct
Al=1®1.
AD; =0, 1+ 1® 0.
A0;0; = 0,0, 1+ 0, ®0; +0; ®0; +1® 0;0;.
e A(DD')=(AD)(AD")
A(0;0,)=(0;®1+1®0;)(0; ®1+1® 9;).

N /




/ Coproduct: splitting into two parts \
AD =) .Du ® Dy,

A(0;8;) = 8,0, @140, ® 0 + 0, ® 8 + 1 ® 0;0;

REHE

Splitting into three parts?

£° %%




/ Coassociativity \

AD =) Du @ D

> (ADy)® Dy = 3 D @ (ADy)

N /




The Hopf algebra of derivations

Coassociativity

e D(fg) =2_(Duy/)(D9).
e fgh=fgh=fgh.

o D(fgh)=2.(Du,(f9)(Dwh) =32 (Dayf)(Dex(9h))
=2 (D, [)(D9)(Ds)h).
o Example A0, =0, ®1+1® 0,.
(A®Id)A0; = (AJ;) @1+ (A1) ® 0,
=0, R1R1+1R®R0;,®1+1R®1K 0;.
(Id ® A)AY; = 0; ® (A1) + 1 ® (A;)
=0, R1R1+1R®R0;,®1+1R®1K 0.

® D(fi- fu) =2.(Dwyf1) - (D fr)-

N /
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Second step of the calculation of Z(5)

e \We want to calculate
Z = e Pz,
e Weput Z, = Vo with

—5 J3(@)G(z,9)i(y) + Kp(j+ +35-)
— K, isthe generating function of the cumulants of p

e We take the functional derivative with respect to j(x)

VA _ip 020 —iD( oWy Zo)-

5ixy 0 o) \gj(x)

e Coproduct

5?5,;) - Z((e_w)m%) ((e_w)@)ZO)-

e How to calculate Ae= P ?

N /
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\The degree of D7/, and D7,

Resummation of Ae—*Y

Perturbative formula

Ae P = 101+ Z (=) AD"

n!

- 1®1+Z n' DZ>®DZ>

n=1

Problem A D" containstheterm 1 ® D™ sothat Ae™*" is

an infinite series

Reduced coproduct with respect to D:

A'D = AD-1®D-D®1
= Y Da, ® Doy,
A (D" = Y DP, Dy ® DD,
Examples:

—1f D = §; then A’D" = 0

— If D = 6% then A'D"™ = 2737 @ 47

(2")

ISat least n

/




/ Resummation of Ae—*X \
e Main identity

AD™) = >

1+j+k=n

n!
D' D¥.

j 1
g oD @D

(2")

e Consequence (for any commutative Hopf algebra and any
D of degree > 0)

1
D n n
Ae D(1 )e ® De
n:O

= (AeP)(eP ®eP).

e Generating function

07 ()" n —ip OWo
5j(x) 2 Z(Dme 53'(3;))

n=0
Dy~ P 2
- S S (on i) (01 2)

with W, = e_iDW()

kThe sum is now finite /




/ Hierarchy of Green functions \

e Green function

027
G(r,y) = -— —

503 "
- (_Z)n n 52W1 n
_nz_o n Z(D“”éj(as)éj(y))(D”’)Z)
= (—i)" Y 0z
‘nz_o ! Z(D<1'>W)(D<2'>m)
e Indiagrams, for K, of degree 4

e = +~J&@++~%«
+~<ﬁ«@«+~%—
e + =2~

N e ol
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Hierarchy of connected Green functions

e The connected Green functions are generated by
W =logZ

e The reduced coproduct

Ad = Ad—-1®d-—d®1

e Main identity: if thedegreeof dis> 0

n

d(u") = Z (Z) u" " Z dyu . ..dgu,

k=1

e Consequence: if f(z) isanalytic

> f(k)
d(f(u)) Z / k,(U) Z dyu ... duyu,
k=1

e |n particular
=1
d(e") = e“Zydeu...d@u.
k=1

N /
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Hierarchy of connected Green functions

o WedefineW by Z = eV

e Werawrite
= Dn/ B E— Dn/
0j(x) T;) n! Z( (1)5j(x))< @° )
e For connected Green functions
ow i 0/
67 () Zdj(x)
(=) = 1 SW1
— — D",
n! Sj k! Sj( (1 )5](33))
n=0 k=1
(D?Z/)(l)W) o o e (DZ/)(E)W)'

e The sum isfinite because the degree of each D7.,,, ;) IS
greater than zero and their sum isthe degree of D"

(2")"
which isfinite

N /




/ What isyet to be done \

e Determine the structure of the Green functions

e Write Green functions in terms of one-particle irreducible
vertices
e For the one-body Green function G
— Closed shellsG = G + G'2G
— Open shells (Hall 1974)

G = MG+ X)M®1+2G)
with
M = 1+ ()" and M=1+Y (Z)
n=1 n=1

\—cmsedsheus:(i:i:?:o /




/ The self-energy: source of the problem

L (z@t - H())GO =1
e Closed shdll case:

e But (¢0, — Hy)f = 0 has solutions

e Hierarchy for G-

PR, - 1
B B
F O+ =R

e (i0; — Hy)G killsal the terms except for the first two
because

5K,

\ (i0, ~ Ho)~5 = 0.

~

G=G"+G'SG & (id,— Hy)G=1+3%G

/
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Signs of hope

e Define auxiliary Green functions

— —
= (1+GX)M

— —

G = M1+ XG)

— — —

G = MEZ+3IGD)M

e The Hall equation becomes G = G° + G°XG,

with

Y
(@)

1
7
— @

(@)
N~ —

Y
|
~
QT @

Ml Ml QlQl e =
N——

M
|
O
M ™M
N~ —

e GV isnow invertible

N




The Bethe-Salpeter equation

Two-body Green function Gy (x1, T2, Y1, Y2)
Closed shells Gy, = G1G1 + G1G1 K G,

K isatwo-particle irreducible kernel

Open shells ?

L egendre transforms ?




/ Conclusion

e The closed-shell caseiswell mastered
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The method of generating functions

A = f Hlnt
A= [daV(p :1:)) withz = (¢, r)

In fact
T [ HDRNI ol o)
The Smatrix is
S = U(-o00,00) =T(e ")
Generating function
S(j) = T(e—z‘A+iJ’dw(w>j(x>)
— exp ( _ A((S;(@i) ))T(eifdw(w)j(@).

/
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The generating function for the Green functions

e The one-body Green function G(z, y)
G(z,y) = tr(pST(H)T(¢(2)p(y)S(4)))li=0-
e Doubling of sources
Z(js,5-) = tx(pST(j-)S(1+))-

e Generates the Green functions

Z(j—i—v ]—)
074+ ()04 (y)

G(z,y) = (-1)°

i =j_=0-

e Calculation of the generating function, j = (j.,7_)

. . —10 . —10
20) = e~ A5 A )

tr (ﬁT G J dzp(a)j- (@) (¢! S dxcp(a:)j+(x)>>

N /




4 A

First step of the calculation of Z(j)

e \We want to calculate

26) = e (il o) +iAl )

- (ﬁT G J dxp(x)j- ()7 (e S dxcp(a;)j+(x)))

e Compute the trace

Zo(j) = tr([;f(eifdw<x>j_<x>)T(ev:fdw(w>j+<x>))
_ o3 JI@G (@w)i(y)+E, (G4 +i-)
with K, (j; + j_) = log (tr([;;ez'fdxso<x><j+<x>+j_<x>>;))
e Define the differential operator
—i6 —i6
07+ () '

e The generating function becomes

D = A

Z(j) = e "PZy().

N /




