Intersections modelling with a class of
“second order” models of traffic flow

Moutari
rty> and Michel Rascle!

iversity of Nice-Sophia Antipolis

tik, TU Kaiserslautern



» Outline

Outline

B Introduction

B The “Aw-Rascle” Traffic model
®m Junctions Modelling

® Numerical Examples

ow - Luminy - October 281 - November 1'st, 2007 - = =

Salissou Moutari

— Intersections Modelling —

ersité
CE 50PHIA ANTIPOLIS
aboratoire J. A. Dieudonné

Page 2



» Outline

Outline

® |ntroduction

B The “Aw-Rascle” Traffic model
® Junctions Modelling

® Numerical Examples

ow - Luminy - October 281 - November 1'st, 2007 - = =

Salissou Moutari

— Intersections Modelling —

ersité
CE 50PHIA ANTIPOLIS
aboratoire J. A. Dieudonné

Page 2



» Outline

Outline

B [ntroduction

® The “Aw-Rascle” Traffic model
®m Junctions Modelling

® Numerical Examples

ow - Luminy - October 281 - November 1'st, 2007 - = =

Salissou Moutari

— Intersections Modelling —

ersité
CE 50PHIA ANTIPOLIS
aboratoire J. A. Dieudonné

Page 2



» Outline

Outline

B [ntroduction

® The “Aw-Rascle” Traffic model
® Junctions Modelling

B Numerical Examples

ow - Luminy - October 281 - November 1'st, 2007 - = =

Salissou Moutari

— Intersections Modelling —

ersité
CE 50PHIA ANTIPOLIS
aboratoire J. A. Dieudonné

Page 2



ersité
SOPHIA ANTIPOLIS
oire J. A. Dieudonné

Introduction

Introduction

ow - Luminy - October 28" - November 1't, 2007 - = = Salissou Moutari — Intersections Modelling — Page 3



ersité
G O al CE SOPHIA ANTIPOLIS
aboratoire J. A. Dieudonné

® Boundary Conditions and Riemann Problem for the

“Aw-Rascle” Model through a junction:
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® Boundary Conditions and Riemann Problem for the

“Aw-Rascle” Model through a junction:

¢ Preserve the mass flux and the pseudo momentum,;
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® Boundary Conditions and Riemann Problem for the

“Aw-Rascle” Model through a junction:
¢ Preserve the mass flux and the pseudo momentum,;

¢ Maximize the total flux at the junction.
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»Outline B Boundary Conditions and Riemann Problem for the
“Aw-Rascle” Model through a junction:

“Aw-Rascle” Model

Junctions

¢ Preserve the mass flux and the pseudo momentum;

¢ Maximize the total flux at the junction.

® Holden & Risebro (1995), Coclitte, Garavello & Piccoli
(2005), Garavello & Piccoli (2005), Lebacque & Khoshyaran
(2005), Haut & Bastin (2005), Siebel & Mauser (2005), Herty
& Rascle (2006) ...
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“Aw-Rascle” Model

The “Aw-Rascle” macroscopic model
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The “Aw-Rascle” (AR) macroscopic model of traffic flow:

» A-R Model
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The Model

The “Aw-Rascle” (AR) macroscopic model of traffic flow:

1)

»A-R Model atp -+ ax (pv) = 0,
dt(pw) + 9 (pvw) = 0,
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»Outine The “Aw-Rascle” (AR) macroscopic model of traffic flow:

Introduction

“Aw-Rascle” Model

3049 0
»A-R model on a network ( U) p—
» Riemann Problem tIO * IO ' (1 )

» Optimization at (pZU) -+ Bx (pUZU) — O,

Junctions

where,

¢ o: adimensionless local density
(the fraction of space occupied by cars),

¢ v: the macroscopic velocity of cars

¢ and w: a Lagrangian marker. E.g. w = v+ p(p), where
o — p(p) is a known function such that

or" (o) +2p'(0) > 0. (2)
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B The system IS strictly hyperbolic (except for p = 0).

» A-R Model
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B The system IS strictly hyperbolic (except for p = 0).

B The eigenvalues of the 2 x 2 matrix

» A-R Model

M=v—pp'(0) and Ay =0
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The model :::'.‘;. oy

B The system IS strictly hyperbolic (except for p = 0).

B The eigenvalues of the 2 x 2 matrix

» A-R Model

M=v—pp'(0) and Ay =0

B A\ is genuinely nonlinear: 1-shock or 1-rarefaction whose
curves coincide here (Temple system).
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The model T Vich corme emraus
»Outine B The system (1) is strictly hyperbolic (except for p = 0).
Introduction
“Av-Rascle’ Model B The eigenvalues of the 2 x 2 matrix
» A-R model on a network
» Riemann Problem
» Optimization )\1 =0 — pp, (‘0) and )\2 = 0

Junctions

® A, is genuinely nonlinear: 1-shock or 1-rarefaction whose
curves coincide here (Temple system).

m )\, is linearly degenerate: 2-contact discontinuity.
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The A-R model on a network

Basic notations:

» A-R model on a network
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The A-R model on a network

Basic notations:

Road Network: Finite directed graph G = (Z, )
with |Z| =T and |N| = N.
¢ Eacharc:i=1...1Icorresponds to a road.

¢ Each vertex n = 1...N corresponds to junction.
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»Outline Basic notations:

Introduction

s cll o Road Network: Finite directed graph G = (Z, )

» A-R Model

» Riemann Problem -
» Optimization Wlth |Z’ — I and ’N| = N

Junctions

¢ Eacharci=1...1I corresponds to a road.

¢ Each vertex n = 1...N corresponds to junction.

For a fixed junction n,
¢ 0, : the set of incoming k roads to n,

¢ 0.7 the set of outgoing roads j to n.
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»Outline Basic notations:

Introduction

s cll o Road Network: Finite directed graph G = (Z, )

» A-R Model

» Riemann Problem -
» Optimization Wlth |Z’ — I and ’N| = N

Junctions

¢ Eacharci=1...1I corresponds to a road.

¢ Each vertex n = 1...N corresponds to junction.

For a fixed junction n,
¢ 0, : the set of incoming k roads to n,

¢ 0.7 the set of outgoing roads j to n.
Each road i is modelled by I; = |a;, b;].
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The A-R model on a network ?j-?l;_;;;;;g;-;

B We required the A-R system (1) to hold on each arc i € 7 of
the network.

» A-R model on a network
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The A-R model on a network s

»Outline ® We required the A-R system to hold on each arci € 7 of
Introduction the network
iR m Weak solutions U; = (p;, p;v;) of the network problem:

» Riemann Problem
» Optimization

Junctions Z / / ( '01 > . at(,bl —I_ < plvl > * ax¢dedt
i=1J0 Ja \ piw; PiviW;

—I—/bi Fi0 - ¢;i(x,0)dx =0 (3)
a Pi,0Wi,0 Y ’

for any set of smooth functions {¢; };c7 : [0, +oo[x [; — R?
having compact support and also smooth across a junction
n,l.e.

gbk(bk) — 4)](61]) Vk € 6,, and YES (52_ (4)
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The A-R model on a network

The Rankine—Hugoniot condition for piecewise smooth

solutions
Y ()b = Y (p)(alt),  (5a)
ked— jeot
> (okowe) (b, 1) = ) (pjojwy)(al,t).  (5b)
ked— jeot

Conservation of mass and (pseudo)-“momentum”.
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Riemann Problem on an incoming road

» Riemann Problem
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Incoming half Riemann Problem

Riemann Problem on an incoming road

m Classical: connect the left Riemann data U, = (o, , v, )
through a 1-wave of negative speed to the state

» Riemann Problem

Uy = {w = wie (U )} N {oxv = g}, (6)
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»Outline Riemann Problem on an incoming road

Introduction

e m Classical: connect the left Riemann data U, = (p, , v} )
ST — through a 1-wave of negative speed to the state

» Optimization

Junctions u]j_ — {wk — wk(uk_)} M {pkv — qk}/ (6)

® g, is still unknown, depends on the demand(s) and
supply(ies).

Mathematical Models of Traffic Flow - Luminy - October 281 - November 1'st, 2007 - = ad Salissou Moutari — Intersections Modelling — Page 11



Incoming half Riemann Problem

horatoire J. A. Dieudonné

p1v “

» Riemann Problem Uz \

ol y di(pr;wi; wi(U))

Y R At W Ut

1—s/r

1 Incoming Road

Figure 1: (Half-)Riemann Problem on an incoming road.
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Outgoing half Riemann Problem

Riemann Problem on an outgoing road

» Riemann Problem
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Outgoing half Riemann Problem

Riemann Problem on an outgoing road

B First, connect the right Riemann data LI;L = (p]?L,v;L)

» Riemann Problem through a 2-contact discontinuity (of speed v;r > (0) to the
iIntermediate state

Ui = {w; =a;} N{v = U]—i_} (7)
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»Outline Riemann Problem on an outgoing road
Introduction
YT B First, connect the right Riemann data LI]* = (,O;L,v]?L)

» A-R model on a network

through a 2-contact discontinuity (of speed v]?L > 0) to the
Intermediate state

Junctions

LI;‘ = {w; =w;} N{v = v;r} (7)

B Then, connect LI;‘ (on the right) through a 1-wave of positive
speed to the state

U~ ={w; =} N{psv = g;}, (8)
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»Outline Riemann Problem on an outgoing road

Introduction

“Aw-Rascle” Model [ F”-St, Connect the rlght Rlemann data u]_*_ p— (p]_*_,vj_)

» A-R Model

» A-R model on a network

through a 2-contact discontinuity (of speed v]?L > 0) to the
Intermediate state

Junctions

LI;‘ = {w; =w;} N{v = v;r} (7)

B Then, connect LI;‘ (on the right) through a 1-wave of positive
speed to the state

U~ ={w; =} N{psv = g;}, (8)

B g; (Rankine-Hugoniot) and w; still unknown.
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P20 “

» Riemann Problem

U

Sy

0 Outgoing Road

Figure 2: (Half-)Riemann Problem on an outgoing road.
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Homogenization

® A-R model in Lagrangian mass coordinates

©)

» Riemann Problem

atT — ax’U = O,
atw = O,

where

w=v+ P(71), (10)

T=F(v,w) =P Y(w—0) = % and P(t) =p (%) :
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Homogenization

® A-R model in Lagrangian mass coordinates

atT — ax’() = O,
9
{atw = O, ( )
where
w=v+ P(71), (10)

T=F(v,w) =P Y(w—0) = % and P(t) =p (%) :

® w and any F(v,w), in particular T can be homogenized
cf. [P. Bagnerini and M. Rascle (2003)].
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m If several incoming roads and if influence of w on the
propagation, then homogenization is needed.

» Riemann Problem

ow - Luminy - October 28" - November 1't, 2007 - = =1 Salissou Moutari — Intersections Modelling — Page 16
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m If several incoming roads and if influence of w on the
propagation, then homogenization is needed.

® |n particular,

» Riemann Problem
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Homogenization

horatoire J. A. Dieudonné

m If several incoming roads and if influence of w on the
propagation, then homogenization is needed.

® |n particular,

» Riemann Problem

;=) Bixwi(Uxo), (11)
ked—

ow - Luminy - October 28" - November 1't, 2007 - = =1 Salissou Moutari — Intersections Modelling — Page 16



. . (‘!qﬁm
Homogenization HI T v

OLIs
L Laboratoire J. A. Dieudonné

»Outline m |f several incoming roads and if influence of w on the
Inioducton propagation, then homogenization is needed.
S ® In particular,

» A-R model on a network

» Riemann Problem

» Optimization ’Z,(_)] = Z ,B]kwk(uk,())’ (11)
keo—

=) [3jkP]-_1(Wk(Uk,o) — ), (12)
ked—

Junctions

where B, still unknown are the homogenization coefficients.
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Optimization Problem

Notations

® 4, := demand on incoming road k;

m s; := supply on outgoing road j;

» Optimization

® g, := total flux on incoming road k;

W g = total flux on outgoing road j;

B g := flux on road j coming from road k.
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Optimization Problem

Notations

B fj; := proportion of flux on road j coming from road k
qjk
i

and ) Bix=1 - Vjes". (14)
ked—

» Optimization ﬁ]k — (13)
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» Outline Notations

Introduction

AwRascle” Mode B B := proportion of flux on road j coming from road k

»A-R Model
»A-R model on a network
» Riemann Problem q]k

K= (13)

B =7

and ) Bx=1 - Vjes". (14)
ked—

Junctions

B q; := proportion of flux on road k willing to go to road ;.

9

So, aj = 15
jk 0 (15)

IS assumed to be known V k, j and

Y =1, Vk €. (16)
jEST
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Maximization Problem:

» Optimization “]'k dk

sS4 S B Vkedé ,Vjest
) OSCIJ SSj(’(Jj,,Bjk,kzl..w_D \V/j€5+;
Bikqj = ajqr Yk € ,Vj€dt;
) :3]k =1 \V/] c 5+;
keo—
\Oﬁﬁjkﬁl Vk€5_,Vj€5+.

(17)
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Junctions

Junctions
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The case of a merging junction

We pose
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The case of a merging junction

We pose
m k= 1,2 (for incoming roads);
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The case of a merging junction

We pose
m k= 1,2 (for incoming roads);
m j = 3 (for the outgoing road);
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The case of a merging junction

We pose
m k= 1,2 (for incoming roads);
m j = 3 (for the outgoing road);
B a3 =3 = 1.
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The case of a merging junction

We pose
m k= 1,2 (for incoming roads);
m j = 3 (for the outgoing road);
B a3 = a3 = 1.

Let set

Ba1 = B1 (18)

and

Bz = (1—B1). (19)
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The case of a merging junction

On the incoming roads:

wi(U) = v+ pr(pok) = wi (20)
or

wi(U) = v+ Pe(1i) = wy (k=12),  (21)
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The case of a merging junction

On the incoming roads:

wi(U) = v+ pr(pok) = wi (20)
or

wi(U) = v+ Pe(1i) = wy (k=12),  (21)

On the outgoing road nearby the junction:

wi(U) =v+ P3(13) =, (22)

with

W = Prwi + (1 — ,31)&)2. (23)
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The case of a merging junction

Homogenization of T on the outgoing road:

(X, 1) = Y BakP H(wp —o(X, 1)), (24)
ked—
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The case of a merging junction

Homogenization of T on the outgoing road:

(X, 1) = Y BakP H(wp —o(X, 1)), (24)
ked—

Hence 173 = 111 + (1 — ‘Bl)Tz.
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The case of a merging junction

Homogenization of T on the outgoing road:

B(X,t) = Y BaP ' (wp —v(X,1)). (24)
keé—
Hence 173 = 111 + (1 — ‘Bl)Tz.
With p(p) = p7 (or P (t) =1/t")and y =1fori =1,2,3,
we get

Ty = :Bl 4+ (1_181) (25)

wy — 0 Wy — 0
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Introduction 1 - w - 7] ZU - 7] 7]
s = B1 +( ’81):>p30: (w2 — ) (w —0) - 26)
Aw-Rascle” Model wl — 0 wz — 0 ‘31 (wz — wl) + wl — 0
The supply on the outgoing road is therefore
( (wy—v3)(w1—03)03 : .
B1(wy—wy)+w;—v3 if v3 < e
s3(v3, B1) = < (27)
(w2 —vc) (w1 —0c)vc ;
\ B1 (w2 —wq)+w; —oc if 03> Ve
v. the velocity corresponding to the maximal flux on the
outgoing road.
d(03v
0, 2030 _ (28)

dv
for any fixed B;.
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The case of a merging junction

The maximization problem:

(max g3 rmax%

0 < Brgs < dy; 0<‘13<5f
P=140<(1-p1)q3 <dy; <:><0<q3<(1 ) (29)

0 < g3 <s3(vs,B1); 0 < g3 <s3(vs3,B1);

\0< 61 <1; 0<B1 <1,
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The case of a merging junction
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Solution of the maximization problem when w; > w».

61 1 6 B7 1 B

Figure 3: Examples of the optimal solution.
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The case of a merging junction

horatoire J. A. Dieudonné

Solution of the maximization problem when w; > w».

Figure 4: Examples of the optimal solution.
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e

»Outiine Numerical Results

Introduction
pv pv
0.05 T 0.05 T
“Aw-Rascle” Model
0.045 0.045
Junctions 0.04 0.04
» Merge
. 0.035 0.035
» Diverge
» Roundabout 0.03 0.03
» Conclusion and outlook
< 0.025 +~ 0.025
0.02 0.02
0.015 0.015
0.01 0.01
0.005 0.005
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
X X

Figure 5: Plots of the level curves of the flux on the incoming roads:
road 1 (left) and road 2 (right).
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»Outiine Numerical Results

Introduction
pv
:
“Aw-Rascle” Model
Junctions 6.6
» Merge
» Diverge 164
» Roundabout
» Conclusion and outlook
46.2

6

538

56

Il Il Il Il Il Il
0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: Plots of the level curves of the flux on the outgoing road 3.
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> Outline In this case, k = 1 for the incoming road and j = 2, 3 for the
Introduction OUthlng rOadS
“Aw-Rascle” Model We have

Junctions

» Merge (X . ql
o= _
» Rounabout 13]1 _ / ] _ 2/ 3' (30)
» Conclusion and outlook q]

Since there is only one incoming road, g; = aj141, j = 2,3 and
therefore 1821 = 1331 = 1.

Obviously, here, no homogenization is needed, since there is a
single incoming road: Therefore the maximization problem
reduces to a linear program.
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Extension to a roundabout ;}g:iim;

Combination of merging and diverging junctions.

» Roundabout

Figure 7. Roundabouts for a 4—4 junction.
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Conclusion and outlook ;j{iim;

m Study of the boundary condition and solution to the Riemann
problem through a junction.

m Further investigations:
¢ Extension to a road network.

» Conclusion and outlook
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ersité
SOPHIA ANTIPOLIS
oire J. A. Dieudonné

Thank You!
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