High-field limit from a kinetic equation to multidimensional scalar conservation laws

F. Berthelin^1, N. J. Mauser^2 and F. Poupaud^1

1 Laboratoire J. A. Dieudonné, UMR 6621 CNRS, Université de Nice, Parc Valrose, 06108 Nice cedex 2, France e-mail: Florent.Berthelin@unice.fr

2 Wolfgang Pauli Institute c/o Fak. f. Mathematik Nordbergstr. 15, A-1090 Wien, Austria e-mail: mauser@courant.nyu.edu

Abstract

We study the relaxation of kinetic BGK models involving a high-field term in the transport operator. This leads to multidimensional scalar conservation laws with a flux which is perturbed with respect to classical relaxation. The proof of the relaxation limit makes appear modified Maxwellians. We consider ”pseudo distribution functions” which can take also negative values and introduce appropriate admissible states. This is a first step towards adapting this kind of analysis to quantum kinetic BGK models.

Key-words: high field limit – scalar conservation laws – admissible states – hydrodynamics limit – entropy solutions – modified Maxwellian

Mathematics Subject Classification: 35L65, 82C40, 35B35, 82D37

Financial support by the European network HYKE, funded by the EC as contract HPRN-CT-2002-00282, by the French-Austrian ”Amadeus” programme (AD) and by the START project Y137-TEC is acknowledged.

Contents

1 Introduction 2

2 The kinetic model, for pseudo distribution functions 4 2.1 BGK model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Well-posedness of the kinetic model . . . . . . . . . . . . . . . . 5 2.3 Admissible states . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Formal relaxation and modified Maxwellian 8 3.1 Formal limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 Modified Maxwellian . . . . . . . . . . . . . . . . . . . . . . . . 9

4 Kružkov entropies and transport equations 10

5 Proofs of Theorems 1.1, 1.2 13 5.1 The case of a constant force F (x in D dimensions) . . . . . . . 15 5.2 Relaxation for F (x) (x in one dimension) . . . . . . . . . . . . . 20

1 Introduction

”Fluid dynamics limits” are motivated by the derivation of fluid mechanics as the zero mean free path limit of kinetic equations. A lot of significant progress has been made in the last years (for example, we can cite [2], [3], [23], [17], [32], [33], . . . ). The passage to the limit in the case of a BGK model with an operator of transport of the form ∂_t + a(v) · ∂_x towards a scalar conservation law was obtained in [30], the case of systems is solved only in particular cases (see for example [37], [35], [25], [4], [32], [17], [5], [6],...). See also [26] for kinetic formulation in the multidimensional scalar case. Recently, different scalings of the Vlasov equation make appear new interesting models [1], in particular, the case of high-field equations. For example this yields important new semiconductor models. This approach first appears in [31] and we refer to [29], [13] and the references therein for such problems. Similar problems are in the domain of strong magnetic field ([15], [18], [34]), quasi-neutral limit for plasmas ([19], [9], [10]) and strong friction ([21]).

In this paper we study the high-field limit of a kinetic model towards a scalar conservation law, that is the relaxation limit when ε → 0 of the BGK model

∂_tf + div_x(a(x, v) f) +

F (x) ε ∂_vf = χ_ρ − f ε , (t, x, v) ∈ R × R^D × R, (1.1)

where

χ_ρ(v) = { sgn(ρ) if (ρ − v)v ≥ 0, 0 for all other v,

with ρ(t, x) = ∫ R f(t, x, v) dv.

The function sgn is defined as usual by sgn(u) = 1 for u > 0, sgn(u) = −1 for u < 0 and sgn(0) = 0. The velocity field a : R^D × R → R^D and the scalar force field F : R^D → R are given. Note that the ”kinetic variable” v ∈ R is a scalar which means that (x, v) has the character of a true ”phase space” only in the case D = 1.

The important new point is that the term F/ε modifies the obtained hydrodynamic limit. Indeed, in the traditional case, that is to say the case with F = 0, the obtained limit is

∂_tρ + div_x A(x, ρ) = 0, A(x, ρ) =

∫_ρ 0 a(x, u) du, (1.2)

where

div_x A(x, ρ) = D∑ i=1 ∂_{xi} A_i(x, ρ),

whereas in the case F ≠ 0, we obtain here

∂_tρ + div_x B(x, ρ) = 0, (1.3)

with

B(x, ρ) =

∫_ρ 0 ∫_{+∞} 0 a(x, v + F (x)u) e^{−u} du dv. (1.4)

Moreover, we give a first approach to make it possible to take into account quantum effect in such a situation: we are able to deal with the the possibility for the microscopic kinetic distribution f to have oscillations (i.e. negative values f < 0, like it is typical for ”Wigner functions” ([24], [16]), although observable macroscopic quantities, like the density ρ(t, x) = ∫ f(t, x, v) dv, remain positive.

An other new aspect is that since the obtained scalar equation is modified, the thermodynamic equilibrium is also modified. Indeed, when ε → 0, the distribution f does not converge to the Maxwellian χ_ρ but to a modified Maxwellian M_ρ.

To our knowledge this work is also the first time that the convergence of kinetic equations towards conservation laws with x-dependent flux is proved.

We note C^1_b (Ω) the set of continously differentiable real functions on Ω which are bounded with bounded derivatives. We define C^{2,1}_b (R^D × R) as the space of bounded continuous functions which are two times continuously differentiable with respect to x and one times with respect to v with bounded derivatives. The space of bounded measures on Ω is denoted by M_1(Ω). The set BV (Ω) is the set of integrables functions whose distribution derivatives belong to M_1(Ω). The sets L^p, W^{1,p}, ... are the usual Sobolev spaces.

We obtain the two following results. The first one deals with the case F (x) = F constant for x ∈ R^D:

Theorem 1.1 Let f_I ∈ L^1(R^D × R), F ∈ R a constant and a ∈ C^{2,1}_b (R^D × R). Then ρ_ε = ∫ R f_ε dv, where f_ε is the solution of the BGK model (1.1) with the Cauchy data f_ε(0) = f_I , satisfies ρ_ε → ρ in L^1([0, T ] × K)) for any T > 0 and any compact subset K ∈ R^D. The limit ρ is a weak solution of

∂_tρ + div_x B(x, ρ) = 0, ρ(0) = ρ_I = ∫ R f_I dv, (1.5) with B given by (1.4). The distribution function f_ε → M_ρ in L^1([0, T ]×K×R)). In particular we have the Kružkov entropy relations:

∀k ∈ R, ∂_t|ρ − k| + div_x ( (B(x, ρ) − B(x, k)) sgn(ρ − k) ) +(div_x B)(x, k) sgn(ρ − k) ≤ 0. (1.6)

The second result deals with the case of a x−dependent force field F (x) but in one space dimension (x ∈ R). Furthermore, we have to assume that the sequence (∫ R |f_ε(t, x, v)| dv ) ε>0 is bounded in L^∞([0, +∞[×R). (1.7)

Theorem 1.2 Let f_I ∈ L^1(R × R), F ∈ C^1_b (R), F^′ ∈ L^1(R), and a ∈ C^{2,1}_b (R × R). Let ρ_ε = ∫ R f_ε dv, where f_ε is the solution of the BGK model (1.1) with Cauchy data f_I . We moreover assume that (1.7) holds. Then ρ_ε → ρ in L^∞(R^+ × R) weak * (up to a subsequence). The limit ρ is a weak solution of (1.5) with B given by (1.4).

If we assume that k → B(x, k) are nonlinear (in the sense that there exists no interval on which the function is linear), ρ_ε → ρ holds for the whole sequence in L^1([0, T ] × K)) for any T > 0 and any compact subset K ∈ R^D. The distribution function f_ε → M_ρ in L^1([0, T ] × K × R)). In particular we have the Kružkov entropy inequalities (1.6).

The organisation of the paper is: In Section 2, we present the kinetic model we use. We prove the wellposedness of this model and we introduce the concept of ”quantum admissible states”. In Section 3, we give the formal asymptotics which leads from the kinetic model to the conservation law (1.3). In particular, we introduce the modified Maxwellians. The Section 4 is devoted to some Remarks about transport equations and Kružkov entropies. Finally, in Section 5, we give the rigorous proofs of the convergence of kinetic equations towards conservation laws in two cases. In the multidimensional case we assume F = constant. We use BV techniques and Kružkov entropies. In the one-dimensional case, we can consider general F (x) by using compensated compactness techniques. However we have to assume the uniform L^∞ bounds (1.7).

2 The kinetic model, for pseudo distribution functions

In this section, we study the kinetic equation (1.1) which is the basis of our high-field model. In particular we prove the existence of solutions and we introduce the concept of admissible states.

2.1 BGK model

We consider the following BGK model

∂_tf + div_x(a(x, v) · f) +

F (x) ε · ∂_v f = χ_ρ − f ε , (2.1) with f = f(t, x, v) ∈ R with t ≥ 0, x ∈ R^D, v ∈ R, a : R^D × R → R^D, F : R^D → R, ε ∈]0, +∞[ and where the density is

ρ(t, x) = ∫ R f(t, x, v) dv, (2.2)

and χ is the classical Maxwellian for scalar conservation laws

χ_ρ(v) = { sgn(ρ) if (ρ − v)v ≥ 0, 0 if not. (2.3)

This Maxwellian satisfies ∫ R χ_k(v) dv = k, (2.4) ∫ R |χ_k(v) − χ_k′ (v)| dv = |k − k^′|, (2.5)

∀B ∈ C^1(R), ∫ R χ_k(v)B^′(v) dv = B(k) − B(0). (2.6)

For kinetic models that generate L^1-contractions, see for example [38]. We also refer to [7] for the construction of BGK models.

2.2 Well-posedness of the kinetic model

We prove here the existence of solutions for the kinetic equation (2.1) for any a(x, v) and any F (x).

Theorem 2.1 For a ∈ C^1_b (R^D × R) and F ∈ C^1_b (R^D), the kinetic model (2.1)- (2.3) completed by the Cauchy data f(0) = f_I ∈ L^1(R^D × R) is well-posed in C(R, L^1(R^D × R)).

Proof. It is well known that the transport operator T^ε = div_x(a·) + ∂_v( F ε ·) generates a continuous group (G^ε_t )_{t∈R} in L^1(R^D × R). Moreover this group satisfies ∀f ∈ L^1(R^D × R), ∀t ∈ R, ∫ R^D×R

G^ε_t (f) dx dv = ∫ R^D×R

f dx dv, ‖G^ε_t (f)‖_L1_{xv} = ‖f‖_L1_{xv} , (2.7) f ≥ 0 implies G^ε_t (f) ≥ 0. (2.8) Then the existence and uniqueness result of the above Theorem holds because the (non linear) operator, f →^1_ε (χ_ρ − f) with ρ = ∫ R f dv, is Lipschitz in L^1(R^D × R). Indeed, thanks to (2.5) we get ‖ 1 ε (χ_{ρ1} − f_1) − 1 ε (χ_{ρ2} − f_2)‖_L1_{xv} ≤ 2 ε ‖f_1 − f_2‖_L1_{xv} .

We also remark that the solution f(t) of (2.1)-(2.3) solves ∂_t(e^{t/ε}f(t)) + T^ε(e^{t/ε}f(t)) = e^{t/ε} ε χ_{ρ(t)}, then the Duhamel formula yields f(t) = e^{−t/ε}G^ε_t (f(0)) +

∫_t 0 G^ε_{t−s}(χ_{ρ(s)}) e^{−(t−s)/ε} ε ds. (2.9) It follows that f(t) can be obtained as the limit in L^1(R^D × R) of the following sequence f^0(t) = f(0), ρ_n(t) = ∫ R f_n(t) dv, f_{n+1}(t) = e^{−t/ε}G^ε_t (f(0)) +

∫_t 0 G^ε_{t−s}(χ_{ρn(s)}) e^{−(t−s)/ε} ε ds, (2.10) and the convergence is uniform with respect to time on every bounded intervals.

2.3 Admissible states

We now define the admissible states which are compatible with this model. We first introduce the characteristics related to the transport operator T^ε: ∂_tX_ε(t, x, v) = a(X_ε(t, x, v), V_ε(t, x, v)), ∂_tV_ε(t, x, v) = 1 ε F (X_ε(t, x, v)), X_ε(0, x, v) = x, V_ε(0, x, v) = v.

(2.11)

The classical theory of transport equations leads to the following facts.

• The jacobian of the change of variables (x, v) → ( X_ε(t, x, v), V_ε(t, x, v) ) is given by J_ε(t, x, v) > 0 which solves { ∂_tJ_ε(t, x, v) = J_ε(t, x, v) div_x a ( X_ε(t, x, v), V_ε(t, x, v) ) , J_ε(0, x, v) = 1.

(2.12)

• The group (G^ε_t )_{t∈R} is explicitly given by

G^ε_t (f)(x, v) = f ( X_ε(−t, x, v), V_ε(−t, x, v) ) J_ε(−t, x, v). (2.13) We are now ready to give the following definition

Definition 2.2 ”Admissible states” :

a) We define as ”admissible initial state” for the kinetic model (2.1) a function f_I such that ∫ R f_I (X_ε(−t, x, v), V_ε(−t, x, v) ) dv ≥ 0, ∀x ∈ R^D, t ∈ R^+. (2.14)

We note I^ε_F the set of all admissible initial state.

b) The admissible solutions f(t) have to satisfy the following property : We define as ”admissible state” a function f(t, x, v) such that ∫ R f(t, x, v) dv ≥ 0, ∀t ≥ 0, and for a.e. x ∈ R^D. (2.15)

We note A the set of all admissible states.

These definitions can be understood by looking at the free transport equation ∂_tf(t) + T^ε(f(t)) = 0 whose solution is f(t) = G^ε_t (f(0)). Indeed, due to (2.13), the admissibility condition (2.14) is equivalent to ∫ R G^ε_t (f(0)) dv ≥ 0, ∀t ≥ 0.

We prove now that this property is kept even in the case of a BGK righthand side. We use the iteration (2.10). We have f^0 ∈ A and assuming that f_n ∈ A we get ρ_n(s) ≥ 0 for every s ≥ 0. Since G^ε_s and k → χ_k preserve the non negativity, we have

∫_t 0 G^ε_s (χ_{ρn(s)}) ds ≥ 0,

f_{n+1} ≥ e^{−t/ε}G^ε_t (f(0)), ρ_{n+1} ≥ e^{−t/ε} ∫ R G^ε_t (f(0)) dv ≥ 0.

Therefore f_{n+1} ∈ A. Then f is the limit of a sequence of A which is closed in L^1(R^D × R). It ends the proof.

Remark 2.1 The admissible property means that we allow for oscillations with negative values for f, but that the macroscopic observable ρ have to remain positive. These conditions are not enough to get classical physical quantum admissible states but it is a first step towards such model.

Remark 2.2 There exists admissible initial states such that f^0 < 0 occurs. For example, with F = 1 and a(x, v) = v, we can take

f^0(x, v) = (b|x|^2 + cv)1I_{|v|≤R}, with b, R > 0, c < 0.

Remark 2.3 A natural extension of our model to a quantum kinetic model would be the Wigner equation

∂_tf + v · ∂_xf + 1 ε Θ^{h̄}[U] · f = 1 ε (χ_ρ − f), (2.16) where (x, v) ∈ R^D ×R^D and f the Wignerfunction that can take negative values. In the ”relaxation term” χ_ρ is defined as previously and the classical field term becomes now the pseudo-differential operator

(Θ^{h̄}[U] · f)(t, x, v) = i 2π ∫ R U(x + h̄ξ/2) − U(x − h̄ξ/2) h̄ e^{ivξ} f̂(t, x, ξ) dξ,

(2.17) with U smooth and ^. the Fourier transform in the variable v. This equation is related to the Schrödinger equation with a potential U by a Wigner transform ([16]). Formally, we have Θ^{h̄}[U] · f →_{h̄→0} −∂_xU · ∂_vf,

(see [24], [27] for the mathematical study of this last fact).

The problem with the model (2.16) is that for a mathematical study the term χ needs an L^1 theory and the term Θ^{h̄}[U] needs an approach in L^2...

3 Formal relaxation and modified Maxwellian

This section is devoted to the formal hydrodynamic limit ε → 0. We notice first that the case F = 0 or |F | ≪ 1 can be treated as in [30], but we give the improvement that a also depends on x. However in the case F ≠ 0, the highfield force modifies the kinetic equilibrium, that is to say the Maxwellians. As a consequence it modifies the limit conservation law.

In the first Subsection we present a formal derivation of this conservation law. This derivation will be made rigorous in the next Section for two cases: in any D ≥ 1 if the force field is constant, for any force field if D = 1.

In the second Subsection we introduce the modified Maxwellian which will be useful in the next Section.

3.1 Formal limit

We present here the formal limit which is obtained from the BGK model of the previous section. Formally, passing to the limit as ε → 0 in (2.1), gives

F (x) ∂_vf = χ_ρ − f. (3.1)

On the other hand, an integration with respect to v of (2.1) yields

∂_t ∫ R f dv + div_x ∫ R a(x, v)f dv = 0. (3.2)

The task is now to compute the flux ∫ R a(x, v)f dv in term of the density ρ = ∫ R f dv. For any function b(x, v), by using (3.1), we get ∫ R b(x, v)F (x)∂_v f dv = ∫ R (χ_ρ − f)b(x, v) dv

= B(x, ρ) − ∫ R fb(x, v) dv, (3.3) where we set B(x, v) =

∫_v 0 b(x, u) du. (3.4) We notice that the last equality comes from (2.6). Then we have ∫ R ( b(x, v) − F (x)∂_vb(x, v) ) f dv = B(x, ρ).

It remains to compute the solution of the equation b(x, v) − F (x) ∂_vb(x, v) = a(x, v). (3.5) If we impose that b is bounded, we obtain

b(x, v) =

∫_{+∞} v a(x, u) F (x) e^{(v−u)/F (x)} du for F (x) > 0, a(x, v) for F (x) = 0, − ∫_v −∞ a(x, u) F (x) e^{(v−u)/F (x)} du for F (x) < 0.

By using the change of variables u → uF + v we get

b(x, v) =

∫_{+∞} 0 a(x, v + uF (x)) e^{−u} du. (3.6)

Since B is defined by (3.4), we obtain that B is given by (1.4). Taking now the function b and reporting in (3.5), gives

B(x, ρ(t, x)) = ∫ R f(t, x, v)a(x, v) dv.

Finally (3.2) becomes ∂_tρ + div_x B(x, ρ) = 0. (3.7) We notice that the high-field has an impact on the obtained scalar equation because classically we obtain the flux A defined by

A(x, ρ(t, x)) =

∫_{ρ(t,x)} 0 a(x, u) du

instead of B given by (1.4).

3.2 Modified Maxwellian

The equation (3.1) shows that f does not converge to χ_ρ but to a modified Maxwellian. In this section, we compute this Maxwellian M_ρ. Two cases appear.

First, in the case of a constant force F , the modified Maxwellians M_k(v) does not depend on x. It results that if a is divergence free (div_x a = 0), M_k is a particular solution of the kinetic equation. Then we can use the classical approximated entropy inequalities.

Secondly, for general F (x), the Maxwellian M_k(x, v) has an unusual dependence on x. Therefore M_k is no more a solution of the kinetic equation. It is also the case if a is non divergence free. Then the theory of classical entropies does not apply.

We remark that x is only a parameter in (3.1). Then the Maxwellian M_k(x, v) have to satisfy F (x) ∂_vM_k(x, v) + M_k(x, v) = χ_k(v), (3.8) with ∫ R M_k(x, v) dv = k. (3.9) By the same computation as in the previous Subsection we get M_k(x, v) =

∫_{+∞} 0 χ_k(v + F (x)u) e^{−u} du. (3.10) From the above formula, it is easy to check that (3.9) holds by using (2.4) and Fubini’s Theorem. By the same way using (2.5), we get, for any k, k^′ ∈ R, sgn(M_k(x, v) − M_k′ (x, v)) = sgn(k − k^′), (3.11) ∫ R |M_k(x, v) − M_k′ (x, v)| dv = |k − k^′|, (3.12) ∫ R a(x, v)M_k(x, v) dv = ∫ R b(x, v)χ_k(v) dv = B(x, k). (3.13)

4 Kružkov entropies and transport equations

We begin this Section with a general result on transport equations. Lemma 4.1 Let c ∈ ( W^{1,p}_{loc} (R^N )

)_N

a vector field, u ∈ L^1([0, T ]; L^q_{loc}(R^N )) a real function and S ∈ L^1([0, T ]; L^1_{loc}(R^N )), R ∈ M([0, T ] × R^N ) source terms which satisfy

∂_tu(t, y) + div_y(cu)(t, y) = S(t, y) + R(t, y), on [0, T ] × R^N in the distributions sense.

If R = 0, then for any real function G ∈ C^1(R) satisfying G^′ ∈ L^∞(R), we have ∂_tG(u)+div_y(c G(u))−div_y(c)(G(u)−G^′(u)u)−S G^′(u) = 0, on [0, T ]× R^N in the distributions sense. The set {(t, x) ∈ [0, T ] × R^N / u(t, x) = 0, S(t, x) ≠ 0} is negligeable for the Lebesgue measure and ∂_t|u| + div_y(c |u|) = S sgn(u), on [0, T ] × R^N in the distributions sense.

If R ≠ 0, then for any real function G ∈ C^1(R) satisfying G^′ ∈ L^∞(R), we still have

∂_tG(u) + div_y(c G(u)) − div_y(c)(G(u) − G^′(u)u) − S G^′(u) ≤ ‖G^′‖_∞ |R|, on [0, T ] × R^N , and ∂_t|u| + div_y(c |u|) − S sgn(u) ≤ |R|, on [0, T ] × R^N in the distributions sense.

Proof. The first assertion is now a classical result due to Di Perna and Lions, cf [14]. We recall the main ingredients of the proof. It is based on Friedrichs regularization and more precisely on the fact that, in the above conditions, we have for any compact subset K ⊂ R^N

r^δ = div_y(cu) ∗_y η^δ − div_y(c(u ∗_y η^δ)) →_{δ→0} 0 in L^1([0, T ] × K), where η^δ is an approximation of unity

η^δ(y) = η(y/δ)/δ^N , η ∈ C^∞_c (R^N ; R^+), ∫ R^N

η(y) dy = 1, η even.

We can use the chain rule for u^δ = u ∗_y η^δ which solves ∂_tu^δ + div_y(cu^δ) = S ∗_y η^δ + R ∗_y η^δ − r^δ.

If R = 0, the first equation of the Lemma is obtained by multiplying the above equation by G^′(u^δ) and letting δ → 0.

We use now the first equation of the Lemma with G^′ = sgn^α and G(λ) = |λ|_α =

∫_λ 0 sgn^α(s) ds where sgn^α ∈ C^0(R; [−1, 1]) is a smooth regularization of the sign function. We impose that sgn^α(0) = d ∈ [−1, 1] in such a way that sgn^α →_{α→0} sgn_d everywhere. The function sgn_d is defined as the function sgn except that sgn_d(0) = d. (We have sgn = sgn_0.) We also remark that G(λ) − λ G^′(λ) = |λ|_α − λ sgn^α(λ) tends to 0 uniformly. Letting α → 0 we obtain ∂_t|u| + div_y(c |u|) = S sgn_d(u).

Since S sgn_d(u) defines the same distribution for any d, the set {u = 0, S ≠ 0} is negligeable.

If R ≠ 0 the sequence R ∗ η^δG^′(u ∗ η^δ) is possibly not converging but it remains bounded. Indeed let φ a non negative test function, we have

∫_T 0 ∫ K R ∗ η^δ G^′(u ∗ η^δ)φ dt dx ≤ ‖G^′‖_∞

∫_T 0 ∫ K φ ∗ η^δ |R| dt dx.

It leads to the second part of the Lemma.

The consequences for the kinetic entropy inequalities are detailed below.

We assume that a ∈ [C^1_b (R^D × R)]^D and F ∈ C^1_b (R^D). Let f_1 and f_2 be two solutions of (2.1) belonging to L^1([0, T ] × R^D × R) with source terms S_1 + R_1 and S_2 + R_2. We assume that S_1 and S_2 belong to L^1([0, T ] × R^D × R) and that R_1, R_2 ∈ M_1([0, T ] × R^D × R). We have

∂_t(f_1 − f_2) + div_x(a(x, v)(f_1 − f_2)) +

F (x) ε ∂_v(f_1 − f_2) = χ_{ρ1} − f_1 − χ_{ρ2} + f_2 ε + S_1 − S_2 + R_1 − R_2, with ρ_1 = ∫ R f_1 dv, ρ_2 = ∫ R f_2 dv.

Using Lemma 4.1, and integrating in v, we get ∂_t ∫ R |f_1 − f_2| dv + div_x ∫ R a(x, v)|f_1 − f_2| dv − ∫ R (S_1 − S_2) sgn(f_1 − f_2) dv ≤ ∫ R |R_1 − R_2| dv + 1 ε ∫ R |χ_{ρ1} − χ_{ρ2} | dv − 1 ε ∫ R |f_1 − f_2| dv.

Now by (2.5), ∫ R |χ_{ρ1} − χ_{ρ2} | dv = |ρ_1 − ρ_2| = | ∫ R (f_1 − f_2) dv| ≤ ∫ R |f_1 − f_2| dv.

We have obtained the following lemma.

Lemma 4.2 Let a ∈ [C^1_b (R^D × R)]^D and F ∈ C^1_b (R^D). Let f_1 and f_2 be two solutions of (2.1) with source terms S_1 + R_1 and S_2 + R_2. We assume that all the functions f_1, f_2, S_1, S_2 belong to L^1([0, T ] × R^D × R) and that R_1, R_2 ∈ M_1([0, T ] × R^D × R). Then we get

∂_t ∫ R |f_1 − f_2| dv + div_x ∫ R a |f_1 − f_2| dv − ∫ R (S_1 − S_2) sgn(f_1 − f_2) dv ≤ ∫ R |R_1 − R_2| dv + 1 ε ( |ρ_1 − ρ_2| − ∫ R |f_1 − f_2| dv )

≤ ∫ R |R_1 − R_2| dv. (4.1)

It follows that, if S_2 = div_x(a(x, v)M_k(x, v)) ∈ L^1([0, T ] × R^D × R), we have the following entropy inequality for all solution f of (2.1) and all k ∈ R, ∂_t ∫ R |f − M_k| dv + div_x ∫ R a |f − M_k| dv + ∫ R div_x ( a M_k ) sgn(f − M_k) dv ≤ 0. (4.2) In the case where F is a constant and a is divergence free, M_k is a solution of (2.1). Then the last term in (4.2) vanishes. This simplifies considerably the proofs of the next Section. But in the general case, M_k is not a solution to the kinetic equation. An attempt to overcome this problem is to introduce the stationary solutions of (2.1) which satisfies

ε div_x ( a(x, v)M^ε_k (x, v) ) + F (x) ∂_vM^ε_k (x, v) + M^ε_k (x, v) = χ_k(v), (4.3) ∫ R M^ε_k (x, v) dv = k − ε∂_x ∫ R a(x, v)M^ε_k (x, v) dv.

For example, the case a(x, v) = a (constant) gives ∫ R M^ε_k (x, v) dv = k + Ce^{−x/(εa)},

and this approximation can have too large values to be a good way to pass to the limit in (2.1). Therefore we use the Maxwellian M_k instead of M^ε_k in the following.

5 Proofs of Theorems 1.1, 1.2

We are interested, in this Section, in the rigorous derivation of the relaxation limit. First, we consider the case F = constant in any dimension D ≥ 1. In this case it is possible to justify everything using BV technique and approximated entropy inequalities. Next, we consider the case of more general F (x) in one dimension (D = 1) by using compensated compactness techniques. However we have to assume L^∞ bounds for ∫ f_ε dv.

We prove the following estimates in the general case, that is to say for a(x, v) ∈ C^1_b (R^D × R, R^D) and F (x) ∈ C^1_b (R^D).

Proposition 5.1 For f_I ∈ L^1(R_v × R^D_x ), the sequence ( ∫ R |f_ε(t, x, v)| dv)_{ε>0} is bounded in L^∞(R^+_t , L^1(R^D_x )). In particular, the sequence (ρ_ε(t, x))_{ε>0} is bounded in L^∞(R^+_t , L^1(R^D_x )).

We assume moreover that |∇_xF | ∈ L^1(R^D). Let k = k(t, x) be a BV_{loc}(R ×

R^D)-function, we have for any T > 0 for any compact subset K ⊂ R^D ∫ R |f_ε − M_k| dv − |ρ_ε − k| → 0, in L^1([0, T ] × K). (5.1)

Moreover, if for a subsequence ρ_ε → ρ in L^1([0, T ] × K) then

|f_ε − M_ρ| → 0, in L^1([0, T ] × K × R). (5.2)

Proof. We use (4.1) with f_1 = f_ε and f_2 = 0. An integration with respect to x yields that ∫

R^D ×R

|f_ε(t, x, v)| dx dv

is a non increasing function of time. This yields the L^1-estimates.

For the second part of the Proposition, let us first consider k ∈ BV (R×R^D). We use (4.1) with f_1 = f_ε and f_2 = M_k. We have S_1 = S_2 = R_1 = 0 and R_2 = ∂_tM_k + div_x(aM_k). From (2.3), it is easy to check that

∂_kχ_k = δ(v − k), ∂_vχ_k = δ(v) − δ(v − k).

Therefore, using (3.10), we get

∫_T 0 ∫ R^D ∫ R |∂_tM_k| dv dx dt ≤

∫_T 0 ∫ R^D ∫ R ∫_{+∞} 0 |∂_tk(t, x)|δ(v − F (x)u − k) e^{−u} du dv dx dt ≤ ∫_T 0 ∫ R^D

|∂_tk(t, x)| dx dt and ∫_T 0 ∫ R^D ∫ R |∇_xM_k| dv dx dt ≤

∫_T 0 ∫ R^D ∫ R ∫_{+∞} 0 (|∇_xk(t, x)|δ(v − F (x)u − k) +|∇_xF (x)|(δ(v − F (x)u − k) + δ(v − F (x)u))) e^{−u}du dv dx dt ≤ ∫_T 0 ∫ R^D

|∇_xk(t, x)| + 2|∇_xF (x)| dx dt. (5.3) Then R_2 is uniformly bounded in M_1([0, T ] × R^D × R). Then by integration with respect to t and x of (4.1) we get 0 ≤ ∫_T 0 ∫ R^D | | | | ∫ R |f_ε − M_k| dv − |ρ_ε − k| | | | | dx dt ≤ ∫_T 0 ∫ R^D ( ∫ R |f_ε − M_k| dv − |ρ_ε − k| ) dx dt (5.4) ≤ ε ∫ R^D ∫ R |f_I − M_{k(0,.)}| dv dx + ε

∫_T 0 ∫ R^D ∫ R |R_2| dv dx dt.

It leads to (5.1). (Multiply k by a cutoff function equal to 1 on K in the general case.)

We now prove (5.2) for a subsequence satisfying ρ_ε → ρ in L^1([0, T ] × K). Let (ρ^δ)_{δ>0} be a BV regularization of ρ: ρ^δ ∈ BV (R^+ × R^D), ρ^δ →_{δ→0} ρ in L^1(R^+ × R^D).

We have

∫_T 0 ∫ K ∫ R |f_ε − M_ρ| dv dx dt ≤

∫_T 0 ∫ K [∫ R |f_ε − M_ρδ | dv − |ρ_ε − ρ^δ| ] dx dt + ∫_T 0 ∫ K 2|ρ^δ − ρ| + |ρ − ρ_ε| dx dt.

Using (5.1) and the convergence ρ_ε → ρ, we obtain lim_{ε→0} ‖f_ε − M_ρ‖_L1_{([0,T ]×K×R)} ≤ 2‖ρ^δ − ρ‖_L1_{([0,T ]×K)}.

The limit δ → 0 concludes the proof of the Proposition.

Let B and b defined by (3.6) and (3.4). A consequence of the above Proposition is the following result.

Lemma 5.2 Let us define j_ε = ∫ R a(x, v) f_ε(t, x, v) dv. Under the same assumptions as in Proposition 5.1 we have j_ε − B(x, ρ_ε) → 0, in the distribution sense ∫ R a(x, v) |f_ε − M_k|(t, x, v) dv − sgn(ρ_ε − k) ( j_ε − B(x, k) ) → 0 in L^1([0, T ] × K) for any T > 0 and any K compact subset of R^D. Proof. We use the computation made in Section 3.1 without neglecting the terms of order ε. We obtain ∫ R a(x, v)M_k(x, v) dv = B(x, k), (5.5) ∫ R a(x, v)f_ε(t, x, v) dv = B(x, ρ_ε) − r_ε,

r_ε = ε ( ∂_t ∫ R b(x, v)f_ε(t, x, v) dv + ∑ i ∂_{xi} ( ∫ R b(x, v)a_i(x, v) f_ε(t, x, v) dv ) − ∑ i ∫ R ∂_{xi} b(x, v)a_i(x, v)f_ε(t, x, v) dv ) . We remark that a, b and ∇_xb are bounded functions. Then thanks to the uniform estimate of Proposition 5.1, we get that r_ε tends to 0 in the distributions sense.

Now, we use (5.1). Setting S(v) = sgn(f_ε − M_k) − sgn(ρ_ε − k), we have | | | ∫ R a(x, v)|f_ε − M_k| dv − sgn(ρ_ε − k) ∫ R a(x, v)(f_ε − M_k) dv | | | ≤ 2‖a‖_∞ ∫ supp S

|f_ε − M_k| dv

≤ ‖a‖_∞ (∫ R |f_ε − M_k| dv − |ρ_ε − k| ) → 0.

It remains to use (5.5) to finish the proof.

5.1 The case of a constant force F (x in D dimensions)

In this section, we prove the validity of the previous formal relaxation limit in the case of a constant force. We take F (x) = F ∈ R and a(x, v) ∈ C^1_b (R^D × R). Using (2.11) and (2.12), we obtain

∀t ∈ R, ∀(x, v) ∈ R^D × R, V (t, x, v) = v + t ε F. (5.6)

Since div_x a is bounded, we also have that for any T ≥ 0, there is a constant C_T > 0 independent on ε such that

∀t ∈ [−T, T ], ∀(x, v) ∈ R^D × R, 1 C_T

≤ J_ε(t, x, v) ≤ C_T . (5.7)

We use now the outline of the proof of [30] to justify the asymptotics of Section 3.1.

First, we prove the compactness of the sequence (ρ_ε)_{ε>0}.

Proposition 5.3 We assume that F is constant and that a ∈ C^{2,1}_b (R^D × R). For f_I ∈ L^1(R; BV (R^D)), the family {ρ_ε(t), ε > 0, 0 ≤ t ≤ T } is bounded in BV (R^D). Moreover for all T > 0 and for all compact subset K ⊂ R^D, the sequence (ρ_ε)_{ε>0} is precompact in C^0([0, T ]; L^1(K)). As a consequence, there is a subsequence still denoted by (ρ_ε)_{ε>0} and ρ ∈ C^0([0, T ]; L^1(R^D)) such that ρ_ε(t, x) →_{ε→0} ρ(t, x), ∀t ≥ 0, for a.e. x ∈ R^D, (5.8) ∫ K |ρ_ε − ρ|(t, x) dx →_{ε→0} 0, for any compact subset K ⊂ R^D, (5.9) uniformly with respect to time on any intervals [0, T ], T > 0.

Moreover ρ is a weak solution of the conservation law ∂_tρ(t, x) + div_x B(x, ρ(t, x)) = 0, ∀t > 0, ∀x ∈ R^D, (5.10) ρ(0, x) = ρ_I (x) = ∫ R f_I (x, v) dv, ∀x ∈ R^D. (5.11)

Proof. In view of (5.6), we have

∂_tD_xX_ε(t, x, v) = D_xa(X_ε(t, x, v), v + F t/ε) · D_xX_ε(t, x, v), with D_xX_ε(0, x, v) = I_D . Therefore D_xX_ε is uniformly bounded with respect to ε on [−T, T ] × R^D × R. In the same way, differentiating (2.12), we get that ∇_xJ is also uniformly bounded with respect to ε on [−T, T ] × R^D × R.

Let us introduce the norm ‖f‖_L1_{(BV )} = ∫ R^D×R

(|f| + |∇_xf|)(x, v) dx dv.

We now use (2.13) with (5.6) and (5.7) to obtain

|∇_xG^ε_t (f)(x, v)| ≤ C_T |∇_xf(X_ε(−t, x, v), v + F t/ε)| |D_xX_ε(−t, x, v)| +|f(X_ε(−t, x, v), v + F t/ε)| |∇_xJ_ε(−t, x, v)|, (5.12) and thus ‖G^ε_t (f)‖_L1_{(BV )} ≤ C(T )‖f‖_L1_{(BV )}. (5.13) We also have ∇_xχ_ρ = ∇_xρ δ(v − ρ), therefore ‖χ_ρ‖_L1_{(BV )} ≤ ‖ρ‖_L1_{(BV )}.

Thanks to the above estimate and (5.13), the sequence defined in (2.10) belongs to L^1(R; BV (R^D)) and satisfies

‖f_{n+1}(t)‖_L1_{(BV )} ≤ C(T ) ( e^{−t/ε}‖f_I ‖_L1_{(BV )} +

∫_t 0 ‖f_n(s)‖_L1_{(BV )} e^{−(t−s)/ε} ε ds ) .

It gives a bound in L^1(R; BV (R^D)) which unfortunately depends on ε. However, we obtain that f_ε(t) ∈ L^1(R; BV (R^D)). We have to work more to get a uniform estimate. For h ∈ R^D, we use (4.1) with f_1 = τ_hf_ε and f_2 = f_ε where τ_hf(t, x, v) = f(t, x + h, v). We have S_1 = S_2 = R_2 = 0 and R_1 = div_x ( (a − τ_ha)τ_hf_ε ) . Then by integrating with respect to x we obtain d dt ∫ R^D ∫ R |τ_hf_ε − f_ε| dv dx ≤ ∫ R^D ∫ R | | | div_x ( (a − τ_ha)τ_hf_ε )| | dv dx ≤ C(a) ‖f_ε(t)‖_L1_{(BV )} |h|.

We pass to the limit τ → 0 with h = τe for any fixed unit vector e ∈ R^D and we get ∫ R^D ∫ R |∇_xf_ε| dv dx ≤ ∫ R^D ∫ R |∇_xf_I | dv dx + C(a)

∫_t 0 ‖f_ε(s)‖_L1_{(BV )} ds,

and thus

‖f_ε(t)‖_L1_{(BV )} ≤ ‖f_ε(t)‖_L1 + ‖f_I ‖_L1_{(BV )} + C(a)

∫_t 0 ‖f_ε(s)‖_L1_{(BV )} ds .

Using Proposition 5.1 and a Gronwall Lemma show that for all T > 0 the sequences (f_ε(t))_{ε>0}, t ∈ [0, T ] belong to a bounded set of L^1(R; BV (R^D)). In the same way the family (ρ_ε(t))_{ε>0}, t ∈ [0, T ] belongs to a bounded set of BV (R^D) which is compact in L^1(K) for any bounded subset K ⊂ R^D.

We will see now that the family t ∈ [0, T ] → ρ_ε(t) ∈ L^1(K), ε > 0 is equicontinuous. Indeed we deduce from the conservation law (3.2) that

|∂_tρ_ε(t)| ≤ C ∫ R (|f_ε(t)| + |∇_xf_ε(t)|) dv. (5.14)

It follows that

‖ρ_ε(t, .) − ρ_ε(s, .)‖_L1_x ≤ C(T )‖f_I ‖_L1_{(BV )} |t − s|, ∀t, s ∈ [0, T ].

Thanks to Ascoli Theorem, it allows to conclude that (ρ_ε)_{ε>0} is precompact in C^0([0, T ]; L^1(K)). The Cantor diagonal process allows to end the proof of the compactness of (ρ_ε)_{ε>0}.

We now want to pass to the limit in (3.2). Moreover, since we have |B(x, ρ_ε) − B(x, ρ)| ≤ ‖b‖_∞|ρ − ρ_ε|, (5.8) and (5.9) imply that for any T > 0, for any compact subset K ⊂ R^D,

B(x, ρ_ε(t, x)) →_{ε→0} B(x, ρ(t, x)), ∀t ≥ 0, for a.e. x ∈ R^D

and in L^1(K) uniformly with respect to time on [0, T ]. (5.15)

Therefore using Lemma 5.2 we get ∫ R a(x, v)f_ε(t, x, v) dv →_{ε→0} B(x, ρ(t, x)), in the distributions sense. Then we can pass to the limit in (3.2) and conclude the proof of the proposition.

We are now able to prove the first main result of this paper.

Proof of Theorem 1.1 Since the BGK equation (2.1) generates a contraction group in L^1(R^D × R) we can assume without loss of generality that the initial data is smooth, see [11]. Then the results of Proposition 5.3 hold. It remains to prove that the entropy inequalities are satisfied. In view of (4.2) we get for any k ∈ R,

∂_t ∫ R |f_ε−M_k| dv+div_x ∫ R a(x, v)|f_ε−M_k| dv+ ∫ R (div_x a)M_ksgn(f_ε−M_k) dv ≤ 0.

In view of the convergences stated in (5.9) and in (5.2) (cf Proposition 5.1), there is no problem to pass to the limit in the two first terms. The third one is much more delicate.

First, at the price of extracting an other subsequence, we may assume that f_ε → M_ρ almost every where on R^+ × R^D × R. On the set {ρ ≠ k}, we have sgn(M_ρ − M_k) = sgn(ρ − k) ≠ 0. Thus we have sgn(f_ε − M_k) → sgn(ρ − k) a.e. on {ρ ≠ k}. The problem is on the set {ρ = k} where the sequence sgn(f_ε − M_k) may oscillate between −1, 0 and 1. We have

Lemma 5.4 Let u be a measurable real function on Ω a measurable set of R^N . Then there is a countable set C ⊂ R such that ∀k ∈ R \ C, the set {u = k} is negligeable.

Proof : Let Ω_n = Ω∩B_n where B_n is the ball of radius n. Since the measurable sets {u = k} ∩ B_n are disjoint, we have

∑_I

i=1 meas({u = k_i} ∩ B_n) ≤ meas(B_n) for all distinct k_i, i = 1, ..., I. Therefore the familly (meas({u = k} ∩ B_n))_{k∈R} is summable. Then there is a countable set C_n such that for any k ∈ R \ C_n, meas({u = k} ∩ B_n) = 0. We thus get the result with C = ∪_{n≥1}C_n.

We use this Lemma with Ω = R^+ × R^D and u = ρ. We obtain by this way that, except for k ∈ C, sgn(f_ε − M_k) → sgn(ρ − k) a.e. on R^+ × R^D and

∂_t ∫ R |M_ρ−M_k| dv+div_x ∫ R a(x, v)|M_ρ−M_k| dv+ ∫ R (div_x a)M_ksgn(ρ−k) dv ≤ 0.

Using (3.11)- (3.13), the above inequality becomes

∀k ∈ R \ C, ∂_t|ρ − k| + div_x ( (B(x, ρ) − B(x, k)) sgn(ρ − k) ) +(div_x B)(x, k) sgn(ρ − k) ≤ 0. (5.16)

Thanks to the Lemma below, we finally obtain that the entropy inequalities (5.16) hold for all k ∈ R. This result with the continuity of ρ(t) at time t = 0 in L^1(R^D) allows to use the uniqueness result of Kružkov, [22]. Therefore the whole sequences (f_ε)_{ε>0} and (ρ_ε)_{ε>0} converge. It ends the proof of the Theorem.

Lemma 5.5 Let ρ ∈ C^0(R^+; L^1(K)) for all compact subset K ⊂ R^D, a weak solution of (1.5) which satisfies the entropy inequalities (5.16) for a.e. k ∈ R. Then it satisfies (5.16) for all k ∈ R .

Proof. For a.e. k ∈ R, we have

∂_t|ρ − k| + div_x ( (B(x, ρ) − B(x, k)) sgn(ρ − k) ) + ( (div_x B)(x, k) − (div_x B)(x, ρ) ) sgn(ρ − k) +(div_x B)(x, ρ) sgn(ρ − k) ≤ 0.

We take the convolution of these inequalities with respect to k with

η^α(k) = 1 α η ( k α ) , η ∈ C^∞_c (R; R^+), ∫ R η(k) dk = 1, η is even.

By this way we obtain for all k

∂_t|ρ − k| ∗_k η^α(k) + div_x ( ((B(x, ρ) − B(x, k)) sgn(ρ − k)) ∗_k η^α(k) ) + ( ((div_x B)(x, k) − (div_x B)(x, ρ)) sgn(ρ − k) ) ∗_k η^α(k) +(div_x B)(x, ρ) sgn^α(ρ − k) ≤ 0,

where sgn^α = sgn ∗_k η^α. We remark that the first three terms are convolutions of η^α with functions which are continuous with respect to k. Therefore they converge as α → 0 for every k ∈ R. For the last term we use that sgn^α(0) = 0 therefore sgn^α converges everywhere which implies that sgn^α(ρ − k) →_{α→0} 0 for every k. Then the limit α → 0 gives the desired result.

Admissible states We assume here that a does not depend on x. For admissible states, we want that the solution of the relaxation satisfies ρ ≥ 0. In this sense, the solution is said to be admissible. If the initial condition f_I satisfies ∫ R f_I ( x − ∫_t 0 a(v + αu) du, v ) dv ≥ 0, ∀x ∈ R^D, ∀t ∈ R^+, ∀α s.t. F α > 0, (5.17) then f_I ∈ I^ε_F , ∀ε > 0, thus f_ε ∈ A, ∀ε > 0, that is to say ρ_ε = ∫ f_ε dv ≥ 0, and the limit satisfies ρ ≥ 0. Hence we obtain :

Corollary 5.6 If f_I is an admissible initial data in the sense of (5.17), then ρ ≥ 0.

Remark 5.1 There exists admissible initial data such that f_I < 0 is possible. The function given in Remark 2.2 is such an example.

5.2 Relaxation for F (x) (x in one dimension)

In this section, we prove Theorem 1.2, that is to say we consider the rigorous relaxation proof for more general F ∈ C^1(R), but only in one-dimension. Indeed, since F depends on x, we can’t get BV estimates in this case and we turn to compensated compactness argument.

We restrict our proof to the following case: we will assume that (1.7) holds.

We denote by f_ε the solution of Theorem 2.1 associated to an initial data f_I and ρ_ε(t, x) = ∫ R f_ε(t, x, v) dv.

Using (4.1), we have for any k ∈ C^1(R × R^D)

∂_t ∫ R |f_ε − M_k| dv + ∂_x ∫ R a(x, v)|f_ε − M_k| dv ≤ M^k_ε , (5.18)

where M^k_ε = − ∫ R ∂_x [a(x, v) M_k(x, v)] sgn(f_ε − M_k) dv.

If we assume that F^′ ∈ L^1(R), then we get by (5.3), that M^k_ε is a bounded sequence of measures. Furthermore the first term of (5.18) is bounded in W^{−1,∞} and the second one is bounded as a measure, thus we can apply the compensated compactness argument of [28], [36], as it was done in [30]. The inequality (5.18) combined with the conservation law (3.2) gives that, up to a subsequence,

< ρ_ε ∫ R a(x, v)|f_ε − M_k| dv > − < ∫ R a(x, v)f_ε dv ∫ R |f_ε − M_k| dv >= ρ < ∫ R a(x, v)|f_ε − M_k| dv > − < ∫ R a(x, v)f_ε dv >< ∫ R |f_ε − M_k| dv >

where < u_ε > denotes the weak * L^∞ limits of the sequence u_ε and where ρ =< ρ_ε >. Thus using (5.1) and Lemma 5.2 we get

< (ρ_ε − ρ) sgn(ρ_ε − k) (j_ε − B(x, k)) > = ⟨ |ρ_ε − k|(j_ε− < B(x, ρ_ε) >) ⟩ that is

< (k − ρ) sgn(ρ_ε − k) (j_ε − B(x, k)) > = ⟨ |ρ_ε − k|(B(x, k)− < B(x, ρ_ε) >) ⟩ . Then letting k → ρ we have ⟨ |ρ_ε − ρ|(B(x, ρ)− < B(x, ρ_ε) >) ⟩ = 0.

Arguing as in [36], we obtain < B(x, ρ_ε) >= B(x, ρ). (5.19) Thus using Lemma 5.2 we pass to the limit in (3.2). By this way, we obtain that ρ is a solution of (1.3).

We turn now to the strong convergence and the entropy inequalities. We assume that k → B(x, k) is nonlinear. We denote by μ the Young measure associated to the sequence (ρ_ε). We have

ρ_ε ⇀ ρ = ∫ λ dμ(λ) =< μ, λ >, B(x, ρ_ε) ⇀ ξ =< μ, B(x, λ) >, where <, > is the distribution duality bracket. The relation (5.19) gives that ξ = B(x, ρ). Now from (5.18), we have ∂_t|ρ_ε − k| + ∂_x (sgn(ρ_ε − k)(B(x, ρ_ε) − B(x, k))) ≤ M^k_ε + ∂_tE^k_1 + ∂_xE^k_2 , (5.20) with E^k_1 = |ρ_ε − k| − ∫ R |f_ε − M_k| dv, and E^k_2 = sgn(ρ_ε − k)(B(x, ρ_ε) − B(x, k)) − ∫ R a(x, v)|f_ε − M_k| dv.

These two last terms tend to 0 in H^{−1}_{loc} from Proposition 5.1, Lemma 5.2 and the L^∞ bounds. Therefore the div-curl lemma applied between (5.20) and (3.2) gives

< μ, λ sgn(λ − k)(B(x, λ) − B(x, k)) − |λ − k| B(x, λ) > = < μ, λ >< μ, sgn(λ − k)(B(x, λ) − B(x, k)) > − < μ, |λ − k| >< μ, B(x, λ) >, We are now able to perform a rather similar proof as in [36] to get that Conv(suppμ) = [α, β] is reduced to a single point. By a translation, we assume that ρ = B(x, ρ) = 0. The difficult case is for α < 0 < β. We define M and N by 0 outside [α, β] and such that M^′ = λμ, N^′ = B(x, λ)μ. The relation < μ, λ sgn(λ − k)(B(x, λ) − B(x, k)) − |λ − k| B(x, λ) >= 0 can be rewritten as

< M^′, sgn(λ − k)(B(x, λ) − B(x, k)) >=< N^′, |λ − k| >, or also < M∂_λB(x, λ) − N, ϕ(λ) >= 0, with ϕ(λ) = ∂_λ|λ − k|. This relation can be extended to any continuous ϕ with a compact support, and thus we get M∂_λB(x, λ) − N = 0.

By the definition of M and N, we also have N^′λ = M^′B(x, λ), and thus ∂_λ(B(x, λ)M − λN) = 0.

With the compact support property, it gives B(x, λ)M − λN = 0, and thus B(x, λ) − λ∂_λB(x, λ) = 0,

which leads to B(x, λ) = c(x)λ, on [α, β],

and finally the Young measure μ is a Dirac measure since there is no interval on which λ → B(x, λ) is linear. We obtain that ρ_ε converges strongly in L^1_{loc}. Then we proceed as in the case of F constant and we get (1.6).

About uniqueness of the solution The obtained solution is in L^1([0, +∞[×R) (not necessary continuous in time at 0) and satisfies the entropy inequalities, thus the question to know if it leads to the unique solution of Kružkov is important. This problem has been solved for one dimension in [12], then for the multi-dimensional case in [39] with a non-degeneracy assumption on A(ρ).

Acknowledgement. The authors thank F. Bouchut for fruitful discussions.

Final remark. This work was essentially finished when the third author passed away, so his inclusion as co-author ”post mortem” is appropriate.

References

[1] A. Arnold, J.A. Carrillo, I. Gamba, C.-W. Shu, Low and high field scaling limits for the Vlasov- and Wigner-Poisson-Fokker-Planck system. The Sixteenth International Conference on Transport Theory, Part I (Atlanta, GA, 1999), Transport Theory Statist. Phys. 30 (2001), no. 2-3, 121–153.

[2] C. Bardos, F. Golse, C.D. Levermore, Fluid dynamic limits of kinetic equations, I. Formal derivations, J. Statist. Phys. 63 (1991), no. 1-2, 323–344.

[3] C. Bardos, F. Golse, C.D. Levermore, Fluid dynamic limits of kinetic equations, II. Convergence proofs for the Boltzmann equation, Comm. Pure Appl. Math. 46 (1993), no. 5, 667–753.

[4] F. Berthelin, F. Bouchut, Kinetic invariant domains and relaxation limit from a BGK model to isentropic gas dynamics, Asymptotic analysis, Vol. 31, No. 2 (2002) 153–176.

[5] F. Berthelin, F. Bouchut, Relaxation to isentropic gas dynamics for a BGK system with single kinetic entropy, Methods Appl. Anal. 9 (2002), no. 2, 313–327.

[6] F. Berthelin, A. Vasseur, From kinetic equations to multidimensional isentropic gas dynamics before shocks, to appear in SIAM, J. of Math. Anal. (2005).

[7] F. Bouchut, Construction of BGK models with a family of kinetic entropies for a given system of conservation laws, J. Statist. Phys. 95 (1999), 113–170.

[8] F. Bouchut, F. Golse, M. Pulvirenti, Kinetic equations and asymptotic theory, Series in Appl. Math., Gauthiers-Villars, 2000.

[9] Y. Brenier, Convergence of the Vlasov-Poisson system to the incompressible Euler equations, Comm. Partial Diff. Equations 25 (2000), no. 3-4, 737–754.

[10] Y. Brenier, N.J. Mauser, M. Puel, Incompressible Euler and e-MHD as scaling limits of the Vlasov-Maxwell system, Comm. Math. Sciences, 1 (3) (2003) 437 - 447.

[11] M. Crandall, A. Majda, Monotone difference approximations for scalar conservation laws, Math. Comp. 34 (1980), no. 149, 1–21.

[12] G.-Q. Chen, M. Rascle, Initial layers and uniqueness of weak entropy solutions to hyperbolic conservation laws, Arch. Ration. Mech. Anal. 153 (2000), no. 3, 205–220.

[13] P. Degond, A. Jüngel, High-field approximations of the energy-transport model for semiconductors with non-parabolic band structure, Z. Angew. Math. Phys. 52 (2001), no. 6, 1053–1070.

[14] R. Di Perna, P.-L. Lions, Ordinary differential equations, transport theory and Sobolev spaces, Invent. Math. 98 (1989), no. 3, 511–547.

[15] E. Frénod, E. Sonnendrücker, Long time behavior of the two-dimensional Vlasov equation with a strong external magnetic field, Math. Models Methods Appl. Sci. 10 (2000), no. 4, 539–553.

[16] P. Gérard, P.A. Markowich, N.J. Mauser, and F. Poupaud. Homogenization limits and Wigner transforms, Comm. Pure Appl. Math. 50 4 (1997) 323–379.

[17] F. Golse, L. Saint-Raymond, The Navier-Stokes Limit for the Boltzmann Equation, C. R. Acad. Sci. Paris. Sér. I Math. 333 (2001) 897–902.

[18] F. Golse, L. Saint-Raymond, The Vlasov-Poisson system with strong magnetic field in quasineutral regim, Math. Models Methods Appl. Sci. 13 (2003), no. 5, 661–714.

[19] E. Grenier, Oscillations in quasineutral plasma, Comm. Partial Diff. Equations 21 (1996), no. 3-4, 363–394.

[20] S. Hwang, A.E. Tzavaras, Kinetic decomposition of approximate solutions to conservation laws: applications to relaxation and diffusion-dispersion approximations, Comm. Partial Diff. Equations 27 (2002), no. 5-6, 1229–1254.

[21] P.-E. Jabin, Macroscopic limit of Vlasov type equations with friction, Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), no. 5, 651–672.

[22] S.N. Kružkov, First order quasilinear equations in several independant variables, Math. Sb., 81:285-255, 1970 ; Math. USSR Sb, 10:217–243, 1970.

[23] P.-L. Lions, N. Masmoudi, From the Boltzmann equations to the equations of incompressible fluid mechanics, I, II, Arch. Ration. Mech. Anal. 158 (2001), no. 3, 173–193, 195–211.

[24] P.-L. Lions, T. Paul, Sur les mesures de Wigner, Rev. Mat. Iberoamericana 9 (1993), no. 3, 553–618.

[25] P.-L. Lions, B. Perthame, P.E. Souganidis, Existence and stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates, Comm. Pure Appl. Math. 49 (1996), 599–638.

[26] P.-L. Lions, B. Perthame, E. Tadmor, A kinetic formulation of multidimensional scalar conservation laws and related equations, J. Amer. Math. Soc. 7 (1994), 169–191.

[27] P. Markowich, N.J. Mauser, The Classical Limit of a Self-consistent Quantum-Vlasov Equation, Math. Mod. And Meth. in Appl. Sciences 3 (1993) 109-124.

[28] F. Murat, Compacité par compensation : condition nécessaire et suffisante de continuité faible sous une hypothèse de rang constant, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 8 (1981), no. 1, 69–102.

[29] J. Nieto, F. Poupaud, J. Soler, High-field limit for the Vlasov-Poisson- Fokker-Planck system, Arch. Rational Mech. Anal. 158, no. 1, 2001 pp. 29–59.

[30] B. Perthame, E. Tadmor, A kinetic equation with kinetic entropy functions for scalar conservation laws, Comm. Math. Phys. 136 (1991), 501–517.

[31] F. Poupaud, Runaway phenomena and fluid approximation under high fields in semiconductor kinetic theory, Z. Angew. Math. Mech. 72 (1992), no. 8, 359–372.

[32] L. Saint-Raymond, From the BGK Boltzmann model to the Navier-Stokes equations, Ann. Sci. ?cole Norm. Sup. (4) 36 (2003), no. 2, 271–317.

[33] L. Saint-Raymond, Convergence of solutions to the Boltzmann equation in the incompressible Euler limit, Arch. Ration. Mech. Anal. 166 (2003), no. 1, 47–80.

[34] L. Saint-Raymond, Control of large velocities in the two-dimensional gyrokinetic approximation, J. Math. Pures Appl. (9) 81 (2002), no. 4, 379–399.

[35] D. Serre, Relaxation semi-linéaire et cinétique des systèmes de lois de conservation, Ann. Inst. H. Poincaré Anal. non linéaire 17 (2000), 169–192.

[36] L. Tartar, Compensated compactness and applications to partial differential equations, Nonlinear analysis and mechanics: Heriot-Watt Symposium, Vol. IV, pp. 136–212, Res. Notes in Math., 39, Pitman, Boston, Mass.- London, 1979.

[37] A.E. Tzavaras, Materials with internal variables and relaxation to conservation laws, Arch. Ration. Mech. Anal. 146 (1999), 129–155.

[38] A.E. Tzavaras, Derivation of fluid equations for kinetic models with one conserved quantity, preprint.

[39] A. Vasseur, Strong traces for solutions of multidimensional scalar conservation laws, Arch. Ration. Mech. Anal. 160 (2001), no. 3, 181–193.