From kinetic equations to multidimensional isentropic gas dynamics before shocks

F. Berthelin and A. Vasseur

Laboratoire J. A. Dieudonné, UMR 6621 CNRS, Université de Nice, Parc Valrose, 06108 Nice cedex 2, France e-mail: Florent.Berthelin@unice.fr, Alexis.Vasseur@unice.fr

Abstract

This article is devoted to the proof of the hydrodynamical limit from kinetic equations (including B.G.K. like equations) to multidimensional isentropic gas dynamics. It is based on a relative entropy method, hence the derivation is valid only before shocks appear on the limit system solution. However, no a priori knowledge on high velocities distributions for kinetic functions is needed. The case of the Saint-Venant system with topography (where a source term is added) is included.

Key-words: Hydrodynamic limit, Entropy method, B.G.K. equation, Isentropic gas dynamics, Saint-Venant system.

Mathematics Subject Classification: 35L65, 82C40, 76Nxx, 35F20

Contents

1 Introduction 2 1.1 Context and results . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Numerical motivation . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 Idea of the proof . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Study of the abstract problem 6 2.1 The key estimate . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Weak and strong solutions . . . . . . . . . . . . . . . . . . . . . 9 2.3 Strong and approximated solutions . . . . . . . . . . . . . . . . 10 2.4 Approximation from a kinetic equation . . . . . . . . . . . . . . 11 2.5 Proof of Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Study of system structure 13

4 Study of the kinetic structure 14 4.1 BGK structure for isentropic gas with 1 < γ ≤ (n + 2)/n . . . . 15 4.1.1 Control of the entropy dissipation . . . . . . . . . . . . . 17 4.1.2 Extension to every γ . . . . . . . . . . . . . . . . . . . . 25 4.2 Fokker-Planck . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.2.1 The kinetic model . . . . . . . . . . . . . . . . . . . . . . 27 4.2.2 Control of the entropy estimate and convergence result . 28

5 Appendix: Euler 31

1 Introduction

1.1 Context and results

This article is devoted to the study of the hydrodynamical limit of kinetic equations to the multidimensional system of isentropic gas dynamics: { ∂_tρ + div_x(ρu) = 0, t ∈ R^+ , x ∈ R^n , ∂_t(ρu) + div_x(ρu ⊗ u + Iρ^γ ) = ρF, t ∈ R^+ , x ∈ R^n , (1.1)

for 1 ≤ γ ≤^{n+2}_n , and a given extern force field F .

This is a simplified situation of the long term problem concerning the compressible limit of the Boltzmann equation. In this case, the hydrodynamical limit has been performed by Caflisch [9] only for smooth data during a small time. The asymptotic limit of the Boltzmann equation in low Mach number towards incompressible Euler (or Navier-Stokes) system have been achieved recently by Saint-Raymond [25] and Lions, Masmoudi [21] following the pioneering work of Bardos, Golse and Levermore [1]. As our work, they are still local time results, since it is valid in the lapse of time in which the limit solution remains smooth. However, at the kinetic level, no strong smoothness property is needed. Notice that in our case we deal with compressible gases, and even the existence of a solution to (1.1) after shocks appear is not known in the multi D situation.

At the kinetic level, we consider a Fokker-Planck equation for the isotherm case (γ = 1) and a B.G.K. like equation for the other values of γ. Originally, B.G.K. equations have been introduced by Bathnagar, Gross and Krook as a simplification of the Boltzmann equation. This model has been extended in order to construct kinetic equations associated to different hydrodynamical system (see the book of Perthame [23] for a survey of this field). In our particular case, the B.G.K. model we use has been introduced for the full range of γ by Bouchut [5]. Our main result is the following:

Theorem 1.1 Let F be in C^2(R^n ) ∩ L^∞(R^n ). Let (ρ^0, ρ^0u^0) ∈ L^1(R^n ) be the initial data of a solution U = (ρ, ρu) ∈ C^1([0, T [×R^n ) ∩ L^1([0, T [×R^n ) to (1.1) such that ρ > 0, ρ, u, ∂_xρ, ∂_xu are bounded with respect to (t, x) and ρu^2, h(ρ) are integrable with respect to (t, x), where h(ρ) = ρ^γ /(γ − 1) for γ > 1 and h(ρ) = ρ ln ρ for γ = 1. Consider a family of kinetic initial values f^0_ε verifying f^0_ε ∈ L^1(R^{2n} ), H(f^0_ε , v) ∈ L^1(R^{2n} ) (where H is the kinetic entropy associated to the system 1.1, see section 4). We assume that it verifies: ∫ R^n (f^0_ε , vf^0_ε , H(f^0_ε , v)) dv →_{ε→0}(ρ^0, ρ^0u^0, ρ^0(u^0)^2/2 + h(ρ^0)) in L^1(R^n ).

Let f_ε be the solution to the BGK equation (4.1) for 1 < γ ≤ n/(n + 2) or the solution to the Fokker-Planck equation (4.5) for the isotherm case (γ = 1). We denote:

(ρ_ε, ρ_εu_ε) = ( ∫ R^n f_ε dv, ∫ R^n vf_ε dv). Then ρ_ε converges strongly in C^0(0, T ; L^p_{loc}(R^n )) to ρ for every 1 ≤ p < γ and ρ_εu_ε converges strongly to ρu in C^0(0, T ; L^q_{loc}(R^n )) for every 1 ≤ q < 2γ/(γ+1).

In the monodimensional case (n = 1) a stronger result has been achieved by Berthelin and Bouchut [3] in the similar situation where we have only one entropy. This result is valid even when shocks appear. The simpler case dealing with the complete family of entropies has been performed by Berthelin and Bouchut [2] (see also Serre [26] for regular systems). However, notice that in our case, no a priori assumption on the support of f_ε in v is needed. Everything is controlled by the energy bound.

The main tool is a relative entropy method. It relies on the “weak-strong” uniqueness principle, established by Dafermos for multidimensional systems of hyperbolic conservation laws admitting a convex entropy functionals [10]. It is close to the concept of dissipative solutions for the Euler equations of Lions [20]. It has been frequently used for system of particles and rarefied gas dynamics, see Yau [27], Golse, Levermore and Saint-Raymond [14] (see also Goudon, Jabin and Vasseur [17] ). For different asymptotic problems it is called “modulated energy” method (Brenier [7], Masmoudi [22], Brenier [8]).

1.2 Numerical motivation

The kinetic structure of hyperbolic conservation laws have been used for a long time to construct entropic numerical schemes (see Kaniel [19], Giga and Myakawa [13], the ”transport-collapse” method of Brenier [6],...). This method has been intensively developed by the group of Perthame (see [23] for a review).

In this framework, study of hydrodynamical limit of BGK like equations can give a first step for the proof of the convergence of those schemes.

Recently an intense activity has been produced to solve numerically Hyperbolic conservation laws with source terms. As a test, the Saint-Venant system with bottom topography is often proposed:

∂_th + div_x(hu) = 0 t > 0, x ∈ R^2 , ∂_t(hu) + div_x(hu ⊗ u) + ∇_xh^2 + Z^′(x)h = 0, t > 0, x ∈ R^2 , (h, hu)|_{t=0} = (h^0, h^0u^0). x ∈ R^2 ,

(1.2)

where Z is the given bottom topography, h is the unknown depth of the water, and u the unknown velocity of the water. This system modelize the evolution of a river. Different numerical methods have been proposed to solve such problem (see Gosse [16], [15], Jin [18], Gallouët, Hérard and Seguin [12],...). Botchorishvili, Perthame and Vasseur [4] developed a kinetic procedure to construct numerical schemes and showed the convergence in the scalar case. This method has been successfully implemented by Perthame and Simeoni [24] for the Saint-Venant System. Notice that the Saint-Venant system correspond exactly to the sytem (1.1) with γ = 2 and Z^′ = F . Our result can be seen as a first attempt to show the convergence of kinetic scheme in this framework.

1.3 Idea of the proof

As mentioned above, the proof relies on a relative entropy method. Let us consider the following abstract conservation law

∂_tU + div_x A(U) = Q(U, x), (1.3)

with U(t, x) ∈ U ⊂ R^p for t ∈ R^+ , x ∈ R^n , A : U → R^p and Q : U × R^n → R^p . We assume that there exists an entropy, entropy flux couple (η, G) with η ∈ C^2(U, R) convex such that

∂_iG_k(W ) = ∑ j ∂_j η(W ) ∂_iA_{jk}(W ), ∀k, i, ∀W. (1.4) For smooth solutions of this system, we have the entropy equality

∂_tη(U) + ∂_xG(U) = η^′(U)Q(U, x). (1.5)

Following the notations of Dafermos, for every function Φ ∈ C^1(R^p ) of U we introduce the associated related quantity Φ(·|·) ∈ C^0(R^p × R^p ):

Φ(U_1|U_2) = Φ(U_1) − Φ(U_2) − ∇Φ(U_2)(U_1 − U_2). (1.6)

For example, the relative entropy is defined by

η(U_1|U_2) = η(U_1) − η(U_2) − η^′(U_2) · (U_1 − U_2), (1.7)

and the entropy flux by

A(U_1|U_2) = A(U_1) − A(U_2) − A^′(U_2) · (U_1 − U_2). (1.8)

We notice that if Φ is convex then Φ(U_1|U_2) ≥ 0. Moreover, if it is strictly convex, then Φ(U_1|U_2) = 0 if and only if U_1 = U_2.

We consider in the same way an abstract kinetic equation

∂_tf_ε + v · ∇_xf_ε + q(f_ε) = Q(f_ε, v) ε , (1.9)

where f_ε = f_ε(t, x, v) ∈ R with t ∈ R^+ , x, v ∈ R^n and q a linear operator, Q : R × R^n → R and with a : R^n → R^p , where the collision term Q satisfies ∫ R^n a(v)Q(f, v) dv = 0, for any f ∈ R. (1.10)

We assume the existence of a kinetic entropy H : R × R^n → R which is well related to the entropy η of the hyperbolic system we want to relax. In more precise words, we need that the following nonincrease is checked for the solution of the kinetic equation: d dt ∫∫ R^{2n} H(f_ε, v) dv dx ≤ ∫ R^n η^′(U_ε)Q(U_ε) dx, (1.11)

where U_ε(t, x) = ∫ R^n a(v)f_ε(t, x, v) dv, (1.12) and that the following compatibility between the entropy η and the kinetic entropy H is satisfied: η(U_ε) ≤ ∫ R^n H(f_ε, v) dv. (1.13) In addition we assume that | | | ∫ R^n ( |a(v)| + |a(v) ⊗ v| ) f_ε dv + ∫ R^n a(v)q(f_ε) dv | | | ≤ ∫ R^n ( f_ε + H(f_ε, v) ) dv. (1.14)

Then we have the following abstract theorem:

Theorem 1.2 Let U ∈ [C^1([0, T ] × R^n )]^p be a strong solution on [0, T ] of the multidimensional hyperbolic system (1.3), system with a convex, C^2 entropy, for an initial data U^0. We assume in addition that U, η^′(U) and ∂_xη^′(U) are bounded and that U and η(U) are integrable with respect to x. Let f_ε be solution to the kinetic equation (1.9), satisfying (1.10)-(1.14) and f_ε +H(f_ε, v) integrable with respect to x and v for every t. We set U_ε(t, x) = ∫ R^n a(v)f_ε(t, x, v) dv. We assume the convergence of initial data ∫ R^n η(U^0_ε |U^0) dx ≤ C_0 √ ε, (1.15) and the following compatibility for the initial data | | | ∫ R^n H(f^0_ε , v) dv − η(U^0_ε ) | | | ≤ C^0 √ ε. (1.16)

If we have the control of the kinetic quantities: ∫_T 0 ∫ R^n | | |A(U_ε) − ∫ R^n v ⊗ a(v)f_ε dv | | | dx dt ≤ C_1√ε, (1.17) ∫_T 0 ∫ R^n | | |Q(U^ε, x) + ∫ R^n a(v)q(f_ε) dv | | | dx dt ≤ C^1 √ ε, (1.18)

and the control of the relative flux and the source terms by the relative entropy as |A(U_ε|U)| ≤ C_2 η(U_ε|U), (1.19) |Q(U)η^′(U_ε|U) + [Q(U_ε) − Q(U)](η^′(U_ε) − η^′(U))| ≤ C_2 η(U_ε|U), (1.20)

where C_1 and C_2 are positive constants, then we get, for a constant C, ∫ R^n η(U_ε|U)(t, x) dx ≤ C √ ε for any t ∈ [0, T ]. (1.21)

Hypothesis (1.15) and (1.16) are compatibility conditions on the initial data, Hypothesis (1.19) and (1.20) are structure conditions on the system (1.3). This theorem shows that if (1.17) and (1.18) are fulfilled (which will derive from kinetic dissipation), and that the system (1.3) has a good structure, then the total relative entropy of U_ε with respect to U converges to 0. This applies the convergence of U_ε to U. Notice that this presentation splits nicely the kinetic dissipation effect from the control of the nonlinearities. The kinetic dissipation is needed in order to fulfill the consistency (1.17) and (1.18). The nonlinearity are driven by the relative entropy method which can be applied if (1.3) verifies (1.19) and (1.20). Notice that the method depends only on the structure of the system whatever the kinetic equation is.

Then we show that the isentropic system (1.1) verifies the structure compatibility and that the involved kinetic equations verifies the dissipation properties needed. Notice that the full Euler system (with the added energy equation) does not verify (1.19). Hence this method cannot be applied directly to the convergence from the Boltzmann equation to the Euler system, for instance (see the appendix). The problem relies already in the structure itself of the system (the relative flux cannot be controlled by the relative entropy because of the high macroscopic velocities). Of course an additional difficulty relies at the kinetic level to control high velocities to obtain (1.17) and (1.18).

2 Study of the abstract problem

We consider the abstract equation (1.3) and abstract kinetic equation (1.9). This section is devoted to the proof of Theorem 1.2.

2.1 The key estimate

In the following proposition, we describe the evolution of the relative entropy using canonical quantities associated to the system (1.3) and entropy equation (1.5). We do not claim any originality in this result. It can be found in [10], except for the slight generalization concerning the source term Q. However we give the proof for the sake of completeness.

Proposition 2.1 For the entropy η ∈ C^2(R^p ) and for any U, V ∈ [C^1(R^n )]^p, we have

∂_tη(V |U) = [∂_tη(V ) + div_x G(V ) − η^′(V )Q(V )] − [∂_tη(U) + div_x G(U) − η^′(U)Q(U)] −η^{′′}(U) · [∂_tU + div_x A(U) − Q(U))] · (V − U) −η^′(U) · [∂_tV + div_x A(V ) − Q(V )] +η^′(U) · [∂_tU + div_x A(U) − Q(U))] + div_x [G(U) − G(V )] + ∑ ik ∂_{xk} [∂_iG_k(U)(V_i − U_i)] + ∑ jk ∂_j η(U)∂_{xk} [A(V |U)] +Q(U)η^′(V |U) + [Q(V ) − Q(U)](η^′(V ) − η^′(U)). Remark 2.1 Notice that if U and V are regular solutions to (1.3), the 5 first lines vanish. The sixth line has a divergence form, hence its integral is vanishing. Finally the two last terms are quadratic with respect to V − U (at least when |V − U| ≤ R) as η is. Hence, from this proposition, we can expect to have a good structure to use Gronwall lemma on ∫ η(V |U) dx. Proof. From the definition of relative quantity (1.6), we have ∂_tη(V |U) = ∂_tη(V ) − ∂_tη(U) − ∂_t [η^′(U)] · (V − U) − η^′(U) · ∂_t(V − U) = [∂_tη(V ) + div_x G(V ) − η^′(V )Q(V )]

− [∂_tη(U) + div_x G(U) − η^′(U)Q(U)] −η^{′′}(U) · [∂_tU + div_x A(U) − Q(U))] · (V − U) (2.22) −η^′(U) · [∂_tV + div_x A(V ) − Q(V )] +η^′(U) · [∂_tU + div_x A(U) − Q(U))] + R_1 + R_2, where R_1 = η^′(V )Q(V ) − η^′(U)Q(U) − η^{′′}(U) · Q(U) · (V − U) −η^′(U) · Q(V ) + η^′(U) · Q(U) = Q(U)η^′(V |U) + [η^′(U) − η^′(V )] · [Q(U) − Q(V )], (2.23) and R_2 = div_x [G(U) − G(V )] +η^{′′}(U) · div_x A(U) · (V − U) +η^′(U) · div_x [A(V ) − A(U)] .

The existence of the associated entropy flux G gives the relation (see (1.4)). ∂_iG_k(W ) = ∑ j ∂_j η(W ) ∂_iA_{jk}(W ), ∀k, i, ∀W. A derivation of this relation with respect to W_l gives ∑ j ∂_{lj} η(W )∂_iA_{jk}(W ) = ∂_{il}G_k(W ) − ∑ j ∂_j η(W )∂_{il}A_{jk}(W ). We use this relation with W = U and get η^{′′}(U) · div_x A(U) · (V − U) = ∑ ∂_{lj}η(U)∂_{xk} [A_{jk}(U)](V_l − U_l) = ∑ ∂_{lj}η(U)∂_iA_{jk}(U)∂_{xk} U_i(V_l − U_l) = ∑ ∂_{il}G_k(U)∂_{xk} U_i(V_l − U_l) − ∑ ∂_j η(U)∂_{il}A_{jk}(U)∂_{xk} U_i(V_l − U_l), now −∂_j η(U)∂_{il}A_{jk}(U)∂_{xk} U_i(V_l − U_l) = ∂_j η(U) [−∂_{xk} [∂_lA_{jk}(U)] (V_l − U_l)] = ∂_j η(U) [−∂_{xk} [∂_lA_{jk}(U)(V_l − U_l)] + ∂_lA_{jk}(U)∂_{xk} (V_l − U_l)] , therefore, we obtain

R_2 = div_x [G(U) − G(V )] + ∑ ∂_{il}G_k(U)∂_{xk} U_i(V_l − U_l) + ∑ ∂_j η(U) [−∂_{xk} [∂_lA_{jk}(U)(V_l − U_l)] + ∂_lA_{jk}(U)∂_{xk} (V_l − U_l)] +η^′(U) · div_x [a(V ) − A(U)] = div_x [G(U) − G(V )] + ∑ ∂_{xk} [∂_lG_k(U)](V_l − U_l) − ∑ ∂_j η(U)∂_{xk} [∂_lA_{jk}(U)(V_l − U_l)] + ∑ ∂_j η(U)∂_lA_{jk}(U)∂_{xk} (V_l − U_l) + ∑ ∂_j η(U)∂_{xk} [A_{jk}(V ) − A_{jk}(U)]. Permuting index i and l, we can rewrite (1.4) in the following way ∑ j ∂_j η(U)∂_lA_{jk}(U) = ∂_lG_k(U). Thus we find

R_2 = div_x [G(U) − G(V )] + ∑ ∂_{xk} [∂_iG_k(U)(V_i − U_i)] + ∑ ∂_j η(U)∂_{xk} [A(V |U)] . (2.24) Equations (2.22) with (2.23) and (2.24) gives the desired relation.

Remark 2.2 We notice that in particular, the term R_2 of the proof satisfies ∫ R^n R_2 dx = ∫ R^n ∑ jk ∂_j η(U)∂_{xk} [A(V |U)] dx = − ∫ R^n ∑ jk ∂_{xk} [∂_j η(U)] A_{jk}(V |U) dx. This result is now used to obtain information if one deals with weak, strong or/and approximated solutions.

2.2 Weak and strong solutions

This subsection is completely imbedded in Dafermos [10] (except for the slight generalization of the source term). Moreover it is completely independent of the remaining of the paper. We give it since it clarifies the structure conditions (1.19) and (1.20) needed to use relative entropy method without a priori condition on V in L^∞ for instance. We assume here that U is a strong solution of (1.3) (and as a consequence (1.5) is satisfied), and that V is a weak solution of (1.3) satisfying the entropy inequality

∂_tη(V ) + ∂_xG(V ) ≤ η^′(V )Q(V ). (2.25)

Thus applying Proposition 2.1 (on a regularization of V and passing to the limit in the regularization), we get with the notations (2.23) and (2.24)

∂_tη(V |U) ≤ R_1 + R_2, (2.26)

and using Remark 2.2, it leads to the result:

Corollary 2.2 Let U ∈ [C^1([0, T ] × R^n )]^p be a strong solution of (1.3) such that U, η^′(U), ∂_xη^′(U) bounded and U, η(U) integrable. Let V be an entropy weak solution of (1.3). Then we have d dt ∫ R^n η(V |U) dx ≤ − ∫ R^n ∑ jk ∂_{xk} [∂_j η(U)] A_{jk}(V |U) dx + ∫ R^n Q(U)η^′(V |U) dx (2.27) + ∫ R^n [Q(V ) − Q(U)](η^′(V ) − η^′(U)) dx. This result clarifies necessary information needed on the structure of the system (1.3). If we have for every V, U ∈ R^p |A(V |U)| ≤ Cη(V |U), (2.28) and |Q(U)η^′(V |U) + [Q(V ) − Q(U)](η^′(V ) − η^′(U))| ≤ Cη(V |U), (2.29) then we get d dt ∫ R^n η(V |U) dx ≤ (C(U) + 1)C ∫ R^n η(V |U) dx, and by a Gronwall’s argument, it gives ∫ R^n η(V |U)(t, x) dx ≤ ∫ R^n η(V |U)(0, x) dx e^{(C(U)+1)Ct}. Thus if U^0 = V^0, then η(V |U)(t, x) = 0, ∀t ∈ [0, T ], a.e. x ∈ R^n . It gives V = U if η is strictly convex. We recover here part of the classical results for weak=strong solutions. In fact, estimates as (2.28)-(2.29) are the important point to perform our entropy method. It we do not have a source term, it says that we need a control of the relative flux of the system by the relative entropy. This was already the case in Brenier [8]. We want now to extend the possible applications by studying the link between a strong solution and some approximations of it.

2.3 Strong and approximated solutions

We now assume that U is a strong solution of (1.3) and U_ε is any approximation of a solution, coming for example from a kinetic model. We get from Proposition 2.1:

Corollary 2.3 Let U ∈ [C^1([0, T ] × R^n )]^p be a strong solution of (1.3) such that U, η^′(U), ∂_xη^′(U) bounded and U, η(U) integrable. Then we have, for any function U_ε ∈ [C^1([0, T ] × R^n )]^p,

∂_tη(U_ε|U) = [∂_tη(U_ε) + div_x G(U_ε) − η^′(U_ε)Q(U_ε)] −η^′(U) · [∂_tU_ε + div_x A(U_ε) − Q(U_ε)] + div_x [G(U) − G(U_ε)] + ∑ ∂_{xk} [∂_iG_k(U)((U_ε)_i − U_i)] + ∑ jk ∂_j η(U)∂_{xk} [A(U_ε|U)] +Q(U)η^′(U_ε|U) + [Q(U_ε) − Q(U)](η^′(U_ε) − η^′(U)).

In this situation we have d dt ∫ R^n [η(U_ε|U) − η(U_ε)] dx = − ∫ R^n η^′(U_ε)Q(U_ε) dx − ∫ R^n η^′(U) · [∂_tU_ε + div_x A(U_ε) − Q(U_ε)] dx − ∫ R^n ∑ jk ∂_{xk} [∂_j η(U)] A_{jk}(U_ε|U) dx + ∫ R^n Q(U)η^′(U_ε|U) dx + ∫ R^n [Q(U_ε) − Q(U)](η^′(U_ε) − η^′(U)) dx.

We use now this relation in the case where U_ε comes from a kinetic equation.

2.4 Approximation from a kinetic equation

We consider f_ε solution to the kinetic model (1.9) which satisfies (1.10)-(1.14) with f_ε + H(f_ε, v) integrable with respect to x and v for every t. Let U_ε be the moments of f_ε defined by (1.12). We set

Δ_ε = η(U_ε|U) + ∫ R^n H(f_ε, v) dv − η(U_ε). (2.30) From (1.13) and the convexity of η, we have Δ_ε ≥ 0. (2.31) Using (1.11) and the relation of the previous section, we obtain (again after a regularization) d dt ∫ R^n Δ_ε dx ≤ − ∫ R^n η^′(U) · [∂_tU_ε + div_x A(U_ε) − Q(U_ε)] dx − ∫ R^n ∑ jk ∂_{xk} [∂_j η(U)] A_{jk}(U_ε|U) dx + ∫ R^n Q(U)η^′(U_ε|U) dx + ∫ R^n [Q(U_ε) − Q(U)](η^′(U_ε) − η^′(U)) dx. Now multiplying the kinetic equation (1.9) by a(v), then integrating it with respect to v and using (1.10), we have

∂_tU_ε + div_x ∫ R^n v ⊗ a(v)f_ε dv + ∫ R^n a(v)q(f_ε) dv = 0. It gives

∂_tU_ε + div_x A(U_ε) − Q(U_ε) = div_x ( A(U_ε) − ∫ R^n v ⊗ a(v)f_ε dv )

− [∫ R^n a(v)q(f_ε) dv + Q(U_ε) ] . Therefore we get the following result.

Proposition 2.4 We assume that the system (1.3) admit a strictly convex entropy η ∈ C^2(R^p ). Let U ∈ [C^1([0, T ] × R^n )]^p be a strong solution of (1.3) such that U, η^′(U), ∂_xη^′(U) bounded and U, η(U) integrable. Let f_ε be a solution of (1.9) such that (1.10)-(1.14) are satisfied and f_ε + H(f_ε, v) are integrable with respect to x and v for every time t. We set U_ε(t, x) = ∫ R^n a(v)f_ε(t, x, v) dv.

Then there exists a constant C(U) such that d dt ∫ R^n [ η(U_ε|U) + ∫ R^n H(f_ε) dv − η(U_ε) ] dx ≤ C(U) (∫ R^n | | |A(U^ε) − ∫ R^n v ⊗ a(v)f_ε dv | | | dx (2.32) + ∫ R^n | | | |Q(U^ε) + ∫ R^n a(v)q(f_ε) dv | | | | dx (2.33) + ∫ R^n | Q(U)η^′(U_ε|U) +[Q(U_ε) − Q(U)](η^′(U_ε) − η^′(U)) | dx (2.34) + ∫ R^n |A(U_ε|U)| dx ) . (2.35)

Remark 2.3 This inequality uncouples the various structures which come into play. The term (2.32) is related to the kinetic approximation, the term (2.35) is related to the structure of the system, the term (2.33) is related to the kinetic structure of the source term and the term (2.34) is related to the structure of the source term with respect to the hyperbolic system.

We use this majoration to get the convergence result from a solution of a kinetic equation to a strong solution of a multidimensional hyperbolic system, that is Theorem 1.2.

2.5 Proof of Theorem 1.2

We use again the notation Δ_ε given by (2.30). From Theorem 2.4, we get d dt ∫ R^n Δ_ε(t, x) dx ≤ C(U) (∫ R^n | | |A(U^ε) − ∫ R^n v ⊗ a(v)f_ε dv | | | dx + ∫ R^n | | | |Q(U^ε) + ∫ R^n a(v)q(f_ε) dv | | | | dx +2C_2 ∫ R^n η(U_ε|U) dx ) , and thus, for t ∈ [0, T ], ∫ R^n Δ_ε(t, x) dx ≤ ∫ R^n Δ_ε(0, x) dx + 2C(U)C_1 √ ε + 2C(U)C_2 ∫_t 0 ∫ R^n Δ_ε(s, x) dx ds. By Gronwall’s argument, it gives ∫ R^n Δ_ε(t, x) dx ≤ (∫ R^n Δ_ε(0, x) dx + 2C(U)C_1 √ ε ) e^{2C(U)C2 t}.

From (1.15)-(1.16), we have | | | | ∫ R^n Δ_ε(0, x) dx | | | | ≤ C √ ε, and consequently, since 0 ≤ η(U_ε|U) ≤ Δ_ε, we obtain the result.

Two independant studies to apply this result for a given example are thus necessary: the study of the system structure and the study of the dissipation of the kinetic model.

3 Study of system structure

We consider here the case of the multidimensional isentropic gas dynamics system (1.1) avoiding the appearance of the vacuum. The associated entropy is η(ρ, ρu) = ρ u^2 2 + h(ρ), (3.1)

where h(ρ) =^1_{γ−1} ρ^γ for γ > 1 and h(ρ) = ρ ln ρ for the isotherm case γ = 1. The existence of strong solution for this problem is related to the classical result for regular solution for hyperbolic systems endowed with a strong entropy (see for instance [11]). In order to apply the convergence result of the previous section, we require that the structure of the system and the source terms is controlable by the relative entropy. For the system 1.1, the relative entropy is given by

η(U_1|U_2) = ρ_1 2 |u_1 − u_2|^2 + h(ρ_1|ρ_2). (3.2)

The relative flux of the system is

A(U_1|U_2) = ( 0, ρ_1(u_1 − u_2) ⊗ (u_1 − u_2) + h(ρ_1|ρ_2)I ) . (3.3)

We clearly have the existence of a constant C such that

|A(U_1|U_2)| ≤ Cη(U_1|U_2), (3.4)

for every U_1, U_2 ∈ R^{n+1} . This fulfills estimate (1.19).

For the system (1.1), the source terms reads Q(ρ, ρu, x) = (0, ρF (x)). (3.5) This gives Q(U_2)η^′(U_1|U_2) = −(u_2 − u_1)(ρ_2 − ρ_1)F, (3.6) and [Q(U_1) − Q(U_2)](η^′(U_1) − η^′(U_2)) = (u_2 − u_1)(ρ_2 − ρ_1)F, (3.7)

and finally

Q(U_2)η^′(U_1|U_2) + [Q(U_1) − Q(U_2)](η^′(U_1) − η^′(U_2)) = 0. (3.8)

Thus the term (1.20) associated to the system (1.1) is invisible in the system structure study.

We turn now to the study of the terms related to the kinetic structure.

4 Study of the kinetic structure

Let us begin introducing the kinetic model we are dealing with. For γ > 1 we consider the following BGK kinetic equation

∂_tf_ε + v · ∇_xf_ε + F (x) · ∇_vf_ε = Mf_ε − f_ε ε , (4.1)

where the unknown is f_ε = f_ε(t, x, v) ∈ R with t ∈ R^+ , x, v ∈ R^n . The force term F : R^n → R^n is given. The equilibrium function Mf_ε is defined in the following way Mf_ε(t, x, v) = M(ρ_ε(t, x), ρ_εu_ε(t, x), v), (4.2) with ρ_ε(t, x) = ∫ R^n f_ε(t, x, v) dv, ρ_εu_ε(t, x) = ∫ R^n vf_ε(t, x, v) dv, where the Maxwellian M : R^p × R^n → R is given by M(ρ, ρu, v) = 1_{|u−v|}n_{≤cnρ} for γ = n + 2 n , (4.3) M(ρ, ρu, v) = c ( 2γ γ − 1 ρ^{γ−1} − |v − u|^2 )_{d/2} + else. (4.4)

The constant are given by c_n = n/|S_n|, d = 2 γ − 1 − n,

c = ( 2γ γ − 1 )_{−1/(γ−1)} Γ (_γ γ−1 ) π^{n/2}Γ(d/2 + 1) . In the isotherm case γ = 1 we consider the following Fokker-Planck equation

∂_tf_ε + v · ∇_xf_ε + F (x) · ∇_vf_ε = 1 ε div_v((v − u_ε)f_ε + ∇_vf_ε), (4.5)

where ρ_ε = ∫ R^n f_ε dv, ρ_εu_ε = ∫ R^n vf_ε dv. (4.6) This section is devoted to the proof of the estimates needed to apply Theorem 1.2 for each model. For each case, we will first show that it verifies (1.10)– (1.14), and in second step that it verifies the more difficult estimates (1.17) and (1.18).

4.1 BGK structure for isentropic gas with 1 < γ ≤ (n + 2)/n In this section, we start by the study of kinetic BGK equations which hydrodynamic limit is the isentropic system with an extern force field.

Let us denote

U_ε = (ρ_ε, ρ_εu_ε), U = (ρ, ρu), a(v) = (1, v), q(f) = F (x) · ∇_vf, Q(f, v) = Mf − f. The Maxwellian M satisfies (see Bouchut [5]) ∫ R^n a(v)M(U, v) dv = U, ∀U ∈ R^p , (4.7) ∫ R^n v ⊗ a(v)M(U, v) dv = A(U), ∀U ∈ R^p , (4.8) ∫ R^n a(v)q(M(U, v)) dv = −Q(U, x), ∀U ∈ R^p , x ∈ R^n . (4.9) This is the classical compatibility conditions required for the kinetic equation to be related to the system. Notice that thanks to (4.7), we have (1.10).

The kinetic entropy is the following: H(f, v) = |v|^2 2 f, for γ = n + 2 n , H(f, v) = |v|^2 2 f + 1 2c^{2/d} f^{1+2/d} 1 + 2/d else.

We have (see Bouchut [5]) that, for any f satisfying ∫ R^n (f + H(f, v)) dv < ∞, and denoting U = ∫ R^n a(v)f(v) dv, the following minimization principle holds ∫ R^n H(M(U, v), v) dv ≤ ∫ R^n H(f) dv, (4.10) and a compatibility between the entropy η and the kinetic entropy H is satisfied as ∫ R^n H(M(U, v), v) dv = η(U), for any U ∈ R^p . (4.11)

First notice that (1.14) is verified. As a consequence of (4.10) and (4.11), we get η(U) = ∫ R^n H(M(U, v), v) dv ≤ ∫ R^n H(f, v) dv, which in particular gives (1.13). Let us prove now the decrease (1.11). We give it for γ = (n + 2)/n. The other case is similar. Multiplying (4.1) by |v|^2/2 then integrating in (v, x), we get d dt ∫∫ R^{2n} |v|^2 2 f_ε dv dx = ∫∫ R^{2n} F (x) · vf_ε dv dx + 1 ε ∫∫ R^{2n} |v|^2 2 (Mf_ε − f_ε) dv dx, (4.12) since ∫∫ R^{2n} |v|^2 2 F (x) · ∇_vf_ε dv dx = − ∫∫ R^{2n} F (x) · vf_ε dv dx. In particular, from (4.10), it gives d dt ∫∫ R^{2n} H(f_ε, v) dv dx ≤ ∫ R^n F (x) · ( ∫ R^n vf_ε dv) dx ≤ ∫ R^n F (x) · ρ_εu_ε dx. (4.13)

Since ∫ R^n η^′(U_ε)Q(U_ε) dx = ∫ R^n F (x) · ρ_εu_ε dx, this leads to (1.11).

We want now to prove (1.17)-(1.18). Since

A(U_ε) = ∫ R^n v ⊗ a(v)Mf_ε dv, and Q(U_ε) = ∑ j ∫ R^n F_j (x)∂_{vj} a(v)Mf_ε dv, it gives ∫_T 0 ∫ R^n | | |A(U^ε) − ∫ R^n v ⊗ a(v)f_ε dv | | | dx dt = ∫_T 0 ∫ R^n | | | ∫ R^n v ⊗ a(v)(Mf_ε − f_ε) dv | | | dx dt, (4.14) and ∫_T 0 ∫ R^n | | | |Q(U^ε, x) − ∫ R^n F (x)∇_va(v)f_ε dv | | | | dx dt = ∫_T 0 ∫ R^n | | | ∫ R^n F (x)∇_va(v)(f_ε − Mf_ε) dv | | | dx dt. (4.15)

We have ∫ R^n ∂_{vi} a_j(v)(f_ε − Mf_ε) dv = δ_{i+1,j} ∫ R^n (f_ε − Mf_ε) dv = 0, thus the kinetic structure of the source term (1.18) vanishes. In order to apply the convergence result for this kinetic model, it only stays to control the entropy dissipation (1.17). It is the technical point of this example.

4.1.1 Control of the entropy dissipation

This subsection is devoted to the proof of the following Proposition:

Proposition 4.1 Let f_ε be solution to the BGK equation of the previous section with initial value f^0_ε bounded in L^1(R^{2n} ) verifying (finite energy): ∫∫ R^{2n} |v|^2f^0_ε (x, v) dv dx ≤ C^0 < ∞, (4.16)

and with γ = (n + 2)/n. Then there exists C_n such that for every ε < 1, we have ∫_T 0 ∫ R^n | | | ∫ R^n v ⊗ a(v)(Mf_ε − f_ε) dv | | | dx dt ≤ C_n√ε.

Let us define D_ε(t, x) = ∫ R^n |v|^2(f_ε(t, x, v) − Mf_ε(t, x, v)) dv. From (4.13), we have d dt ∫∫ R^{2n} H(f_ε, v) dv dx ≤ ‖F ‖_L∞ ∫∫ R^{2n} |v|f_ε dx dv ≤ ‖F ‖_L∞ ∫∫ R^{2n} (1 + |v|^2)f_ε dx dv ≤ ‖F ‖_L∞ ( ‖ρ_ε‖_L1 + 2 ∫∫ R^{2n} H(f_ε, v) dx dv ) , thus by a Gronwall’s argument, we obtain ∫∫ R^{2n} |v|^2f_ε(t, x, v) dv dx ≤ C, 0 ≤ t ≤ T. (4.17)

Integrating now (4.13) with respect to t leads to ∫_T 0 ∫ R^n D_ε(t, x) dx dt ≤ ε (∫∫ R^{2n} |v|^2f^0(x, v) dv dx − 2 ∫∫∫ [0,T ]×R^{2n} F (x)vf_ε dv dx dt )

≤ ε ( C^0 + 2‖F ‖_L∞ ∫∫∫ [0,T ]×R^{2n} |v|f_ε dv dx dt )

≤ ε ( C^0 + 2‖F ‖_L∞ ∫∫∫ [0,T ]×R^{2n} (1 + |v|^2)f_ε dv dx dt )

≤ ε ( C^0 + 2‖F ‖_L∞ T ‖f^0_ε ‖_L1 + 2‖F ‖_L∞ C ) ≤ ε C̃. (4.18)

This gives a bound in ε for ∫_T 0 ∫∫ R^{2n} |v|^2(f_ε − Mf_ε) dv dx dt, but we need to control ∫_T 0 ∫ R^n | | | | ∫ R^n v ⊗ a(v)(Mf_ε − f_ε) dv | | | | dx dt, what is more delicate.

We set a_1(v) = 1 and a_2(v) = v such that a = (a_1, a_2). Similarly, we define A_1(U) = ρu and A_2(U) = ρu ⊗ u + Iρ^γ . Since

A(U_ε) = ∫ R^n v ⊗ a(v)Mf_ε dv, the first component of | |∫_{Rn} v ⊗ a(v)(Mf_ε − f_ε) dv | | is still zero here. Now we

have | | |A_2(U_ε) − ∫ R^n v ⊗ vf_ε dv | | | = | | | ∫ R^n (v − u) ⊗ (v − u)(Mf_ε − f_ε) dv | | | ≤ ∫ R^n |v − u|^2|Mf_ε − f_ε| dv. The first equality uses (4.7). Thus to control the second component, we want to show that ∫ R^n |v − u|^2|Mf_ε − f_ε| dv, can be controlled (at least for bounded mass ρ) by the dissipation of entropy ∫ R^n |v|^2(f_ε − Mf_ε) dv. It is the aim of the following proposition.

Proposition 4.2 For every f ∈ L^1(R^n ) verifying 0 ≤ f ≤ 1, and every u ∈ R^n we denote ρ = ∫ R^n f(v) dv, F = ∫ R^n |v − u|^2|f(v) − M(ρ, u, v)| dv, D = ∫ R^n |v|^2(f(v) − M(ρ, u, v)) dv. Then there exists a constant C_n such that, for every f ∈ L^1(R^n ) verifying 0 ≤ f ≤ 1, F ≤ C_n(ρ^{n+22n} √ D + D). To prove this result, we first introduce some notations and prove preliminary results. Notice that, thanks to (4.7), D = ∫ R^n |v − u|^2(f(v) − M(ρ, u, v)) dv. Then changing v by v + u if necessary, we see that we can restrict ourself to the case u = 0. Let us first reduce the problem to a one dimensional problem. We introduce the following quantities: f(r) = 1 |S_n| ∫ S_n f(rσ) dσ, M(r) = 1 |S_n| ∫ S_n M(ρ, 0, rσ) dσ = 1I_{{r}n_{≤cnρ}}(r). Since the integral of f is equal to the integral of M(ρ, 0, ·), we have ∫_∞ 0 r^{n−1}f(r) dr = ∫_∞ 0 r^{n−1}M(r) dr. (4.19) Let us denote r_1 = (c_nρ)^1n , we have F = |S_n| ∫_∞ 0 r^{n+1}|f(r) − M(r)| dr = |S_n| (∫_{r1} 0 r^{n+1}(1 − f(r)) dr + ∫_∞ r_1 r^{n+1}f(r) dr ) , D = |S_n| ∫_∞ 0 r^{n+1}(f(r) − M(r)) dr = |S_n| ( − ∫_{r1} 0 r^{n+1}(1 − f(r)) dr + ∫_∞ r_1 r^{n+1}f(r) dr ) . We define in addition M = ∫_{r1} 0 r^{n−1}(1 − f(r)) dr = ∫_∞ r_1 r^{n−1}f(r) dr, the last equality comes from (4.19) and M(r) = 1I_{{r≤r1}}(r). We have to do a different treatment for values close to r_1 and far from this value. For this purpose we consider r_2 > r_1 a new number which will be fixed later on. Then we denote M_1 = ∫_{r2} r_1 r^{n−1}f(r) dr, M_2 = ∫_∞ r_2 r^{n−1}f(r) dr. We have M = M_1 + M_2. Then we define 0 < r_0 < r_1 (in a unique way when r_2 is chosen) in the following way M_1 = ∫_{r1} r_0 r^{n−1}(1 − f(r)) dr. Then, from the definition to M and since M is the sum of M_1 and M_2, we have M_2 = ∫_{r0} 0 r^{n−1}(1 − f(r)) dr. In the same way we define F_1, F_2, D_1, D_2 in the following way F_1 = ∫_{r2} r_0 r^{n+1}|f(r) − M(r)| dr = ∫_{r1} r_0

r^{n+1}(1 − f(r)) dr + ∫_{r2} r_1 r^{n+1}f(r) dr, F_2 = ∫_{r0} 0 r^{n+1}|f(r) − M(r)| dr + ∫_∞ r_2 r^{n+1}|f(r) − M(r)| dr = ∫_{r0} 0 r^{n+1}(1 − f(r)) dr + ∫_∞ r_2 r^{n+1}f(r) dr, D_1 = ∫_{r2} r_0 r^{n+1}(f(r) − M(r)) dr = − ∫_{r1} r_0

r^{n+1}(1 − f(r)) dr + ∫_{r2} r_1 r^{n+1}f(r) dr, D_2 = ∫_{r0} 0 r^{n+1}(f(r) − M(r)) dr + ∫_∞ r_2 r^{n+1}(f(r) − M(r)) dr = − ∫_{r0} 0 r^{n+1}(1 − f(r)) dr + ∫_∞ r_2 r^{n+1}f(r) dr. Notice that F_1, F_2, M_1, M_2 are nonnegative (as integrals of nonnegative functions) and verify M = M_1 + M_2, F = F_1 + F_2, D = D_1 + D_2.

We can show, in addition, that D_1 and D_2 are nonnegative too.

Lemma 4.3 We have D_1 ≥ 0, D_2 ≥ 0.

Proof. Let us show the result for D_1 (the proof is similar for D_2). We have ∫_{r2} r_1 r^{n+1}f(r) dr = ∫_{r2} r_1

r^2(r^{n−1}f(r)) dr ≥ r^2_1M_1, ∫_{r1} r_0 r^{n+1}f(r) dr = ∫_{r1} r_0

r^2(r^{n−1}f(r)) dr ≤ r^2_1M_1.

Since D_1 is the difference of those two terms we find that D_1 is nonnegative.

Let us first consider the values far from r_1.

Lemma 4.4 We can dominate F_2 by D_2 in the following way:

F_2 ≤ D_2 ( r^2_1 + r^2 r^2 − r^2_1 ) . Proof. We have ∫_∞ r_2

r^{n+1}f(r) dr ≥ r^2M_2

≥ r^2 1 r^2_0 ∫_{r0} 0 r^{n+1}(1 − f(r)) dr ≥ r^2 r^2_1 ∫_{r0} 0 r^{n+1}(1 − f(r)) dr. Hence we have D_2 ≥ ( r^2 r^2_1 − 1 ) ∫_{r0} 0 r^{n+1}(1 − f(r)) dr. But F_2 can be expressed in the following way

F_2 = D_2 + 2 ∫_{r0} 0 r^{n+1}(1 − f(r)) dr. Those two expressions leads to

F_2 ≤ D_2 ( r^2_1 + r^2 r^2 − r^2_1 ) . We consider now the values close to r_1.

Lemma 4.5 There exists a > 0 and a constant C_n depending only on n such that if |r_2 − r_1| ≤ ar_1 then F_1 ≤ C_na^2ρ^{n−22n} √ D_1.

Proof. Let us split the proof in several parts.

(i) Minimization of the entropy dissipation. We define α and β such that M_1 = ∫_β r_1 r^{n−1} dr = ∫_{r1} α r^{n−1} dr. From the definition of M_1, notice that β ≤ r_2. In the same way we have α ≥ r_0. We want to show that D_1 ≥ ∫_β r_1 r^{n+1} dr − ∫_{r1} α r^{n+1} dr. First we calculate ∫_{r2} r_1 r^{n+1}f(r) dr − ∫_β r_1 r^{n+1} dr = ∫_β r_1

r^2[r^{n−1}(f(r) − 1)] dr + ∫_{r2} β r^2[r^{n−1}f(r)] dr = ∫_{r2} β r^2[r^{n−1}f(r)] dr − ∫_β r_1

r^2[r^{n−1}(1 − f(r))] dr ≥ β^2 [∫_{r2} β r^{n−1}f(r) dr − ∫_β r_1 r^{n−1}(1 − f(r)) dr ]

≥ β^2(M_1 − M_1) = 0.

In the same way we calculate ∫_{r1} r_0

r^{n+1}(f(r) − 1) dr + ∫_{r1} α r^{n+1} dr = ∫_α r_0

r^{n+1}(f(r) − 1) dr + ∫_{r1} α r^{n+1}f(r) dr ≥ α^2 [∫_α r_0 r^{n−1}(f(r) − 1) dr + ∫_{r1} α r^{n−1}f(r) dr ]

≥ 0. Summing those two last inequalities gives the desired result. (ii) Taylor expansion of the critical entropy dissipation. We call critical entropy dissipation the function defined by D^c = (∫_β r_1 r^{n+1} dr − ∫_{r1} α r^{n+1} dr ) . where α and β are defined in (i). Then we have nM_1 = β^n − r^n_1 , nM_1 = r^n_1 − α^n, (n + 2)D^c = β^{n+2} − 2r^{n+2}_1 + α^{n+2}, therefore D^c r^{n+2}_1 = α + β − 2r_1 r_1 + n + 1 2 (( β − r_1 r_1

)_2 + ( α − r_1 r_1

)_2)

+O (( β − r_1 r_1

)_3 + ( α − r_1 r_1

)_3) . Now M_1 r^n_1 = β − r_1 r_1 + n − 1 2 ( β − r_1 r_1

)_2 + O ( β − r_1 r_1

)_3

= r_1 − α r_1 − n − 1 2 ( r_1 − α r_1

)_2 + O ( r_1 − α r_1

)_3 , hence 0 = β + α − 2r_1 r_1 + n − 1 2 [( β − r_1 r_1

)_2 + ( r_1 − α r_1

)_2]

+O (( β − r_1 r_1

)_3 + ( r_1 − α r_1

)_3) . Finally we obtain D^c r^{n+2}_1 = [( β − r_1 r_1

)_2 + ( r_1 − α r_1

)_2] + O (( β − r_1 r_1

)_3 + ( r_1 − α r_1

)_3)

= 2 ( M_1 r^n_1

)_2 + O (( β − r_1 r_1

)_3 + ( r_1 − α r_1

)_3) . Hence, there exists η > 0 and δ > 0 such that D^c ≥ δ r^{n−2}_1 M^2_1

whenever | | | | β − r_1 r_1 | | | | + | | | | r_1 − α r_1 | | | | ≤ η. (iii) Final estimation. From the definition of α, there exists a > 0 such that | | |^{r1−α}_{r1} | | | ≤ η whenever | | |^{β−r1}_{r1} | | | ≤ a. Remember that r2 ≤ β. Hence if |r_2 − r_1| ≤ ar_1 then | | |β − r^1 r_1 | | | + | | |r^1 − α r_1 | | | ≤ η, and F_1 ≤ r^2M_1 ≤ a^2δ √ D^cr^{n+22}_1 ≤ C_na^2 √ D_1ρ^{n+22n} .

The first inequality uses the definition to F_1, the second one uses the result of (ii), and the third one uses the definition to r_1 and the result of (i).

Now we are able to prove the estimate of Proposition 4.2.

Proof of Proposition 4.2. Let us fix a and r_2 verifying the properties of Lemma 4.5. Thanks to Lemma 4.4 and Lemma 4.5 we have:

F ≤ F_1 + F_2 ≤ D_2 ( 1 + a a ) + C_nρ^{n+22n} √ D_1

≤ C^′_n(D + ρ^{n+22n} √ D). We are now able to prove the announced result.

Proof of Proposition 4.1. Thanks to Proposition 4.2, we have ∫_T 0 ∫ R^n | | | | ∫ R^n v ⊗ a(v)(Mf_ε − f_ε) dv | | | | dx dt ≤ C_n √(∫_T 0 ∫ R^n ρ^{n+2n}ε (t, x, v) dx dt ) (∫_T 0 ∫∫ R^{2n} D_ε(t, x) dx dt )

+C_n ∫_T 0 ∫∫ R^{2n} D_ε(t, x) dx dt. From (4.17) and

ρ_ε|u_ε|^2 + nρ^{n+2n}ε = ∫ R^n |v|^2Mf_ε(t, x, v) dv ≤ ∫ R^n |v|^2f_ε(t, x, v) dv, (4.20) we have ∫_T 0 ∫ R^n ρ^{n+2n}ε (t, x, v) dx dt ≤ T n C. Using (4.18), those leads to ∫_T 0 ∫ R^n | | | ∫ R^n v ⊗ a(v)(Mf_ε − f_ε) dv | | | dx dt ≤ C_n √ εT n C̃^{1/2} + C_nεC̃.

We can then conclude to the convergence result for γ = (n + 2)/n:

Proof of Theorem 1.1. We apply Theorem 1.2 to get ∫ R^n η(U_ε|U)(t, x) dx → 0 for t ∈ [0, T ], as ε → 0. (4.21) Now η(U_ε|U) = ∫_1 0 η^{′′}(U + ϑ(U_ε − U)) · (U_ε − U)^2ϑ dϑ, with η^{′′}(ρ, ρu) · (X_0, X_1)^2 = γρ^{γ−2}X^2_0 + 1 ρ (X_1 − uX_0)^2,

thus we have ∫ R^n ∫_1 0 ϑ(ρ + ϑ(ρ_ε − ρ))^{γ−2}(ρ_ε − ρ)^2 dϑ dx → 0 for t ∈ [0, T ], as ε → 0, (4.22) and ∫ R^n ∫_1 0 ϑρ^2 (ρ + ϑ(ρ_ε − ρ))^3

(ρ_ε(u_ε − u))^2 dϑ dx → 0 for t ∈ [0, T ], as ε → 0. (4.23) For γ ≥ 2, (4.22) gives that, up to a subsequence, ρ_ε → ρ a.e. as ε → 0 since ρ > 0. For γ < 2, it gives this result except at the points where ρ_ε → +∞, but in this case, as ρ stays bounded,

(ρ + ϑ(ρ_ε − ρ))^{γ−2}(ρ_ε − ρ)^2 ∼_{ε→0} ϑ^{γ−2}ρ^γ_ε → 0 a.e.,

thus this case is impossible. Now (4.23) gives that, up to a subsequence, ρ_ε(u_ε − u) → 0 a.e. as ε → 0 and therefore ρ_εu_ε → ρu a.e. as ε → 0. But from (4.17) and (4.20), we have that ρ_ε is bounded in L^∞(0, T ; L^γ(R^n )) and √ ρ_εu_ε is bounded in L^∞(0, T ; L^2(R^n )). Hence, the whole family ρ_ε converges strongly in L^∞(0, T ; L^p(R^n )) to ρ for every 1 ≤ p < γ and √ ρ_εu_ε converges strongly to √ ρu in L^∞(0, T ; L^q(R^n )) for every 1 ≤ q < 2. In particular, ρ_εu_ε converges strongly to ρu in L^∞(0, T ; L^q(R^n )) for every 1 ≤ q < 2γ/(γ + 1).

4.1.2 Extension to every γ The previous model works for γ = (n + 2)/n. In order to deal with the values of γ ∈]1, (n + 2)/n[, we use an other model which was introduced in [5] and is written as follows.

We consider the BGK equation

∂_tf_ε + ξ · ∇_xf_ε + F (x) · ∇_ξf_ε = Mf_ε − f_ε ε , (4.24) where f_ε = f_ε(t, x, v) ∈ R with t ∈ R^+ , x ∈ R^n , v = (ξ, I) ∈ R^n × R^+ and F : R^n → R^n , with Mf_ε(t, x, v) = M(U_ε(t, x), v), U_ε(t, x) = ∫ R^{n+1} a(v)f_ε(t, x, v) dv, (4.25) with a : R^{n+1} → R^p , a(v) = (1, ξ), p = n + 1 and dv = b_1I^{d−1} dI dξ, b_1 = 2 π^{d/2}/Γ(d/2), where d is the number of degrees of freedom satisfying

n + d = 2 γ − 1 . (4.26)

We notice that the function f_ε takes its values in [0, b_2], and the Maxwellian M is defined by M(U, v) = b_21I_{|ξ−u|}2_{+I}2_{<b3ρ}γ−1 , U = (ρ, ρu), (4.27) where b_2 = ( 2πγ γ − 1 )_{−1/(γ−1)} Γ ( γ γ − 1 ) , b_3 = 2γ γ − 1 , and satisfies (4.7)-(4.8). It satisfies also (4.9) with ∂_{ξj} a(v) instead of ∂_{vj} a(v). The kinetic entropy is H(f, v) = 1 2 |v|^2f = 1 2 ( |ξ|^2 + I^2 ) f, (4.28)

and satisfies (4.10)-(4.11). We get, as in the previous kinetic model, (1.11) and (1.18).

We recover the BGK model introduced previously integrating the equation (4.24) (and function f_ε) with respect to I with the measure b_1I^{d−1}dI [5].

Now for the control of the dissipation, we set f(r) = 1 s_n ∫ S^+_{n+1} f(rσ)(cos θ)^{d−1} dσ, M(r) = 1 s_n ∫ S^+_{n+1}

M(ρ, 0, rσ)(cos θ)^{d−1} dσ = b_21I_{{r}2_{≤b3ρ}γ−1_}(r),

where S^+_{n+1} = {(ξ, I) ∈ S_{n+1}; I ≥ 0}, I = r cos θ and s_n = ∫ S^+_{n+1}(cos θ) d−1 dσ. Then, we get from the mass conservation ∫_∞ 0 r^{n+d−1}f(r) dr = ∫_∞ 0 r^{n+d−1}M(r) dr. (4.29) By similar technics than in the previous section, we get an estimate as

Proposition 4.6 For every f ∈ L^1_{dv} (R^{n+1} ) verifying 0 ≤ f ≤ b_2, and every u ∈ R^n we denote ρ = ∫ R^{n+1} f(v) dv, F = ∫ R^{n+1} |v − u|^2|f(v) − M(ρ, u, v)| dv, D = ∫ R^{n+1} |v|^2(f(v) − M(ρ, u, v)) dv. Then there exists a constant C_n such that, for every f ∈ L^1_{dv}(R^{n+1} ) verifying 0 ≤ f ≤ b_2, F ≤ C_n(ρ^{n+d+22(n+d)} √ D + D). Now since n + d + 2 n + d = γ, we get a similar dissipation result than in the Proposition 4.1 and we can conclude to the convergence in this case for every γ such that (4.26) is satisfied with d > 0 that is to say 1 < γ < n + 2 n . We then obtain Theorem 1.1 in the same way than in the previous case.

We thank F. Bouchut for noticing that the proof of the case γ = (n + 2)/n (of the previous subsection) is also valid for every 1 < γ < (n + 2)/n using this model.

4.2 Fokker-Planck

In this section, we study the convergence from the Fokker-Planck kinetic equation to the isotherm system, that is the case γ = 1.

4.2.1 The kinetic model The Fokker-Planck equation on f_ε = f_ε(t, x, v) ∈ R, with t ∈ R^+ et x, v ∈ R^n is given by

∂_tf_ε + v · ∇_xf_ε + F (x) · ∇_vf_ε = 1 ε div_v((v − u_ε)f_ε + ∇_vf_ε), (4.30)

where ρ_ε = ∫ R^n f_ε dv, ρ_εu_ε = ∫ R^n vf_ε dv, (4.31) with the kinetic entropy H(f, v) = ( 1 2 |v|^2 + ln f)f. (4.32)

Here, we have q(f) = F (x) · ∇_vf, a(v) = (1, v) and Q(f, v) = div_v((v − u)f + ∇_vf), (ρ, ρu) = ∫ R^n a(v)f dv. The property (1.10) is clear and the property (1.13) comes from the following majorations: for f ∈ L^1(R^n ) such that ∫ R^n H(f, v) dv < ∞, denoting (ρ, ρu) = ∫ R^n a(v)f(v) dv, we have

ρu^2 = ( ∫ R^n vf dv) 2 ∫ R^n f(v) dv ≤ ∫ R^n |v|^2f(v) dv,

ρ ln ρ = (∫ R^n f(v) dv ) ln (∫ R^n f(v) dv ) ≤ ∫ R^n f(v) ln f(v) dv, by Cauchy-Schwartz and by Jensen’s inequality. As in the previous section we can check that:

Q(ρ_ε, ρ_εu_ε) = (0, F ρ_ε) = − ∫ R^n a(v)q(f_ε) dv, so (1.18) is verified. It stays to verify (1.11) and (1.17).

4.2.2 Control of the entropy estimate and convergence result We have the following estimate:

Proposition 4.7 Let f_ε be solution to the kinetic equation (4.5) with initial value f^0_ε bounded in L^1(R^{2n} ) verifying (finite energy): ∫∫ R^{2n} H(f^0_ε (x, v), v) dv dx ≤ C^0 < ∞. (4.33) Then f_ε satisfies (1.11) and ∫_T 0 ∫ R^n |A(U_ε) − ∫ R^n v ⊗ a(v)f_ε dv| dx dt ≤ C √ ε, (4.34)

where A is the flux of the isotherm system. Proof. We have ∂_f H(f_ε, v) = |v|^2 2 + 1 + ln f_ε. So ∫ R^n ∂_f H(f_ε, v)F (x) · ∇_vf_ε dv = −ρ_εu_εF (x) = −η^′(ρ_ε, ρ_εu_ε)Q(ρ_ε, ρ_εu_ε), and ∫ R^n ∂_f H(f_ε, v) div_v((v − u_ε)f_ε + ∇_vf_ε) dv = − ∫ R^n (v(v − u_ε)f_ε + v∇_vf_ε) dv − ∫ R^n ( ∇_vf_ε f_ε (v − u_ε)f_ε +

(∇_vf_ε)^2 f_ε ) dv = − ∫ R^n ((v − u_ε)f_ε + ∇_vf_ε)^2 f_ε dv − ∫ R^n u_ε(∇_vf_ε + (v − u_ε)f_ε) dv = − ∫ R^n ((v − u_ε)f_ε + ∇_vf_ε)^2 f_ε dv.

That is to say

∂_t ∫ R^n H(f_ε, v) dv + ∫ R^n v · ∇_xH(f_ε, v) dv = ∫ R^n ∂_f H(f_ε, v) (∂_tf_ε + v · ∇_xf_ε) dv = F (x)ρ_εu_ε − 1 ε ∫ R^n ((v − u_ε)f_ε + ∇_vf_ε)^2 f_ε dv.

The first consequence of this relation is d dt ∫∫ R^{2n} H(f_ε, v) dv dx ≤ ∫ R^n η^′(ρ_ε, ρ_εu_ε)Q(ρ_ε, ρ_εu_ε) dx.

In particular this implies property (1.11). Moreover d dt ∫∫ R^{2n} H(f_ε, v) dv dx ≤ F (x) ∫∫ R^{2n} vf_ε dv dx ≤ ‖F ‖_L∞ ∫∫ R^{2n} (|v|^2 + 1)f_ε dv dx ≤ C_1 ( ‖ρ^0_ε‖_L1 + ∫∫ R^{2n} H(f_ε, v) dv dx ) ,

since the quantity ∫∫ |v|^2f_ε dx dv is controlled in a classical way by ∫∫ H(f_ε, v) dx dv. Using Gronwall lemma, we deduce that there exists a constant C depending on T and f^0_ε such that, for every 0 ≤ t ≤ T , ∫∫ R^{2n} H(f_ε(t, x, v), v) dv dx ≤ C. (4.35)

The second consequence is | | | ∫∫∫ [0,T ]×R^{2n} ((v − u_ε)f_ε + ∇_vf_ε)^2 f_ε dv dx dt | | | ≤ ε (∫∫ R^{2n} H(f^0_ε ) dv dx + ∫∫ [0,T ]×R^n F (x)ρ_εu_ε dx dt )

≤ ε ( C^0 + ‖F ‖_L∞ ∫∫∫ [0,T ]×R^{2n} |v|f_ε dv dx dt )

≤ ε ( C^0 + ‖F ‖_L∞ ∫∫∫ [0,T ]×R^{2n} (|v|^2 + 1)f_ε dv dx dt )

≤ ε ( C^0 + ‖F ‖_L∞ ( C^′ + T ∫∫ [0,T ]×R^n f^0_ε dv dx ))

≤ εC_2. We have to estimate ∫ R^n | | |A(U^ε) − ∫ R^n v ⊗ a(v)f_ε dv | | | dx. The first componant is zero. The second one is

E_2 = ∫ R^n | | |ρ^εu^ε ⊗ u^ε + ρ^εI − ∫ R^n v ⊗ vf_ε dv | | | dx, which can be rewritten as

E_2 = ∫∫ R^{2n} |v ⊗ [(u_ε − v)f_ε − ∇_vf_ε]| dv dx, since ∫ R^n v ⊗ ∇_vf_ε dv = − ∫ R^n f_ε dvI. Thus we get ∫_T 0 ∫ R^{2n} | | |A^2(U^ε) − ∫ R^n v ⊗ a_2(v)f_ε dv | | | dx dt ≤ (∫_T 0 ∫∫ R^{2n} |v|^2f_ε dv dx dt )_{1/2} (∫_T 0 ∫∫ R^{2n} ((v − u_ε)f_ε + ∇_vf_ε)^2 f_ε dv dx dt )_{1/2} , which concludes the proof.

We can then apply the convergence result Theorem 1.2. As in the previous section, this leads to Theorem 1.1 for the isotherm case.

5 Appendix: Euler

In this appendix, we calculate the various quantities which appear in our study in the case of the Euler system in order to see what prevent us from applying the method. For the full gas dynamics of Euler, the conservative variables are U = (ρ, q, E) = (ρ, ρu, ρ |u|^2 2 + n 2 ρT ), and the flux is A(U) = ( ρu, ρu ⊗ u + ρT I, ρu |u|^2 2 + n + 2 2 ρT u ) . The entropy is η(U) = ρ ln ( ρ (2πT )^{n/2} ) − n 2 ρ, and the associated flux is G(U) = η(U)u. The expression of the flux A in conservative variables is A(U) = ( q, 1 ρ q ⊗ q + 2E n I − 1 nρ |q|^2I, n + 2 n q ρ E − 1 n q ρ^2 |q|^2 ) . Then we get ∂_ρA_q(U) = −u ⊗ u + 1 n |u|^2I, ∂_{qi} (A_q)_{jk}(U) = δ_{ij} u_k + δ_{ik}u_j − δ_{jk} 2u_i n , ∂_E A_q(U) = 2 n I, ∂_ρA_E (U) = − n − 2 2 u |u|^2 2 − n + 2 2 uT, ∂_{qi} (A_E )_j(U) = δ_{ij} ( |u|^2 2 + n + 2 2 T ) − 2 n u_iu_j, ∂_E A_E (U) = n + 2 n u, and the relative flux is

A_ρ(U_1|U_2) = 0, (5.1)

A_q(U_1|U_2) = ρ_1(u_1 − u_2) ⊗ (u_1 − u_2) − 1 n ρ_1|u_1 − u_2|^2I, (5.2)

A_E(U_1|U_2) = 1 2 ρ_1(|u_1|^2 − |u_2|^2)(u_1 − u_2) + n + 2 2 ρ_1(u_1 − u_2)(T_1 − T_2) − 1 n ρ_1u_2|u_1 − u_2|^2. (5.3)

We compute now the relative entropy. Since linear part in a function disapeared in any relative quantity, we have to compute the flux of

η̃(U) = (1 + n 2 )ρ ln ρ − n 2 ρ ln ( 2E n − |q|^2 nρ ) , which satisfies

∂_ρη̃(U) = 1 + ln ρ + n 2 − n 2 ln T − |u|^2 2T , ∂_qη̃ = u T , ∂_Eη̃ = − 1 T , and thus we get

η(U_1|U_2) = h(ρ_1|ρ_2) + nρ_1 2T_2 h(T_2|T_1) + ρ_1 2T_2

|u_1 − u_2|^2, (5.4)

where h(x) = x ln x.

We see that we cannot apply our method in this case because of the cubic power in velocity in A_E(U_1|U_2) since such a term do not appear in η(U_1|U_2).

References

[1] C. Bardos, F. Golse, and C. D. Levermore. The acoustic limit for the Boltzmann equation. Arch. Ration. Mech. Anal., 153(3):177–204, 2000.

[2] F. Berthelin and F. Bouchut. Kinetic invariant domains and relaxation limit from a BGK model to isentropic gas dynamics. Asymptot. Anal., 31(2):153–176, 2002.

[3] F. Berthelin and F. Bouchut. Relaxation to isentropic gas dynamics for a BGK system with single kinetic entropy. Methods Appl. Anal., 9(2):313– 327, 2002.

[4] R. Botchorishvili, B. Perthame, and A. Vasseur. Equilibrium schemes for scalar conservation laws with stiff sources. Math. Comp., 72(241):131–157 (electronic), 2003.

[5] F. Bouchut. Construction of BGK models with a family of kinetic entropies for a given system of conservation laws. J. Statist. Phys., 95(1- 2):113–170, 1999.

[6] Y. Brenier. Résolution d’équations d’évolution quasilinéaires en dimension N d’espace à l’aide d’équations linéaires en dimension N+1. J. Differential Equations, 50(3):375–390, 1983.

[7] Y. Brenier. Convergence of the Vlasov-Poisson system to the incompressible Euler equations. Comm. Partial Differential Equations, 25(3-4):737– 754, 2000.

[8] Y. Brenier. Hydrodynamic structure of the augmented born-infeld equations. Preprint, 2003.

[9] R. E. Caflisch. The fluid dynamic limit of the nonlinear Boltzmann equation. Comm. Pure Appl. Math., 33(5):651–666, 1980.

[10] C. M. Dafermos. The second law of thermodynamics and stability. Arch.

Rational Mech. Anal., 70(2):167–179, 1979.

[11] C. M. Dafermos. Hyperbolic conservation laws in continuum physics, volume 325 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2000.

[12] T. Gallouët, J.-M. Hérard, and N. Seguin. Some approximate Godunov schemes to compute shallow-water equations with topography. Comput. & Fluids, 32(4):479–513, 2003.

[13] Y. Giga and T. Miyakawa. A kinetic construction of global solutions of first order quasilinear equations. Duke Math. J., 50(2):505–515, 1983.

[14] F. Golse, C. D. Levermore, and L. Saint-Raymond. La méthode de l’entropie relative pour les limites hydrodynamiques de modèles cinétiques. In Séminaire: Équations aux Dérivées Partielles, 1999–2000, Sémin. Équ. Dériv. Partielles, pages Exp. No. XIX, 23. École Polytech., Palaiseau, 2000.

[15] L. Gosse. A well-balanced scheme using non-conservative products designed for hyperbolic systems of conservation laws with source terms. Math. Models Methods Appl. Sci., 11(2):339–365, 2001.

[16] L. Gosse. Localization effects and measure source terms in numerical schemes for balance laws. Math. Comp., 71(238):553–582 (electronic), 2002.

[17] T. Goudon, P.-E. Jabin, and A. Vasseur. Hydrodynamic limit for the Vlasov-Navier-Stokes equations: Hyperbolic scaling. Preprint.

[18] S. Jin. A steady-state capturing method for hyperbolic systems with geometrical source terms. M2AN Math. Model. Numer. Anal., 35(4):631– 645, 2001.

[19] S. Kaniel. Approximation of the hydrodynamic equations by a transport process. In Approximation methods for Navier-Stokes problems (Proc. Sympos., Univ. Paderborn, Paderborn, 1979), volume 771 of Lecture Notes in Math., pages 272–286. Springer, Berlin, 1980.

[20] P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 1, volume 3 of Oxford Lecture Series in Mathematics and its Applications. The Clarendon Press Oxford University Press, New York, 1996. Incompressible models, Oxford Science Publications.

[21] P.-L. Lions and N. Masmoudi. From the Boltzmann equations to the equations of incompressible fluid mechanics. I, II. Arch. Ration. Mech. Anal., 158(3):173–193, 195–211, 2001.

[22] N. Masmoudi. From Vlasov-Poisson system to the incompressible Euler system. Comm. Partial Differential Equations, 26(9-10):1913–1928, 2001.

[23] B. Perthame. Kinetic Formulation of Conservation Laws. Oxford lecture series in Mathematics and its applications. Oxford University Press, New York, 2002.

[24] B. Perthame and C. Simeoni. A kinetic scheme for the Saint-Venant system with a source term. Calcolo, 38(4):201–231, 2001.

[25] L. Saint-Raymond. Convergence of solutions to the Boltzmann equation in the incompressible Euler limit. Arch. Ration. Mech. Anal., 166(1):47–80, 2003.

[26] D. Serre. Relaxation semi-linéaire et cinétique des systèmes de lois de conservation. Ann. IHP, Anal. non-linéaire, 17:169–192, 2000.

[27] H.-T. Yau. Relative entropy and hydrodynamics of Ginzburg-Landau models. Lett. Math. Phys., 22(1):63–80, 1991.