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Introduction

X Ă Pn. The family tX X H |H P pPnq˚u has maximal variation

if its image in the moduli space has maximal dimension n.

Conjecture : Let X Ă Pn be a smooth hypersurface of degree

ě 3. Then the family tX X H |H P pPnq˚u has maximal variation.

I will show that this conjecture follows from a much studied

conjecture in commutative algebra, the weak Lefschetz property.

This gives our conjecture in a high number of cases.

Plan:

1 The weak Lefschetz property.

2 The theorem and its corollaries.

3 The proof.
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The weak Lefschetz property

X n smooth projective|C, k : field of char.0. Rp :“ H2ppX , kq.

R :“ k ‘ R1 ‘ . . . ‘ Rn graded artinian k-algebra.

Poincaré duality: Rp ˆ Rn´p Ñ Rn – k perfect pairing.

ðñ R Gorenstein. Moreover, by Lefschetz:

SLP : For ℓ in R1 general, ˆℓi : Rp Ñ Rp`i is of maximal rank

(i.e. injective or surjective): true for ℓ ample, hence for ℓ general.

WLP : For ℓ in R1 general, ˆℓ : Rp Ñ Rp`1 is of maximal rank.

Some Gorenstein k-algebras do not satisfy WLP (Stanley).

Conjecture : R “ krx0, . . . , xns{pP0, . . . ,Pnq, Pi homogeneous,

tP0 “ ¨ ¨ ¨ “ Pn “ 0u “ ∅ in Pn ùñ R satisfies WLP.
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What is known about the conjecture

R “ krx0, . . . , xns{pP0, . . . ,Pnq. Conjecture :

WLP : For ℓ in R1 general, ˆℓ : Rp Ñ Rp`1 is of maximal rank.

Holds for:

‚ Pi general with degpPi q “ di : because for Pi “ xdii ,

R “ H˚pPd0´1 ˆ . . . ˆ Pdn´1q.

‚ n “ 1: any krx0, x1s{I with I homogeneous (easy but clever).

‚ n “ 2 (Harima-Migliore-Nagel-Watanabe; proof next slide).

‚ n “ 3, degpPi q “ d ď 5 (Boij, Migliore, Miró-Roig, Nagel)

‚ n “ 4, degpPi q “ 2 (Alzati-Re).
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Case n “ 2

Theorem (Harima-Migliore-Nagel-Watanabe): WLP for n “ 2.

Proof : To simplify notation, degpPi q “ d .

0 Ñ E Ñ OP2p´dq3
pPi q

ÝÝÝÑ OP2 Ñ 0

ù H0pOP2pp ´ dqq3
pPi q

ÝÝÝÑ H0pOP2ppqq Ñ H1pE ppqq Ñ 0

ù Rp
„ÝÑ H1pE ppqq.

ℓ P R1, L :“ tℓ “ 0u. 0 Ñ E pp ´ 1q
ˆℓ

ÝÝÝÑ E ppq Ñ E ppq|L Ñ 0.

ù H0pE ppq|Lq Ñ Rp´1
ˆℓ

ÝÝÝÑ Rp Ñ H1pE ppq|Lq

Grauert-Mülich: ℓ general, E|L “ Opaq ‘Opaq or Opaq ‘Opa` 1q.

ùñ H0pE ppq|Lq “ 0 or H1pE ppq|Lq “ 0.
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Geometry

Xd : tF “ 0u Ă Pn smooth, d , n ě 3 (exclude d “ n “ 3).

H P pPnq˚ ù S :“ X X H, smooth if H R X ˚,

hence s : pPnq˚ ∖ X ˚ ÝÑ MS .

R :“ Crx0, . . . , xns{pF 1
0, . . . ,F

1
nq where F 1

i :“
BF

Bxi
(Jacobian ring).

Theorem : ˆℓ : Rd´1 ÝÑ Rd injective for ℓ general ðñ

s generically finite ðñ dim Im s “ n (”maximal variation”).

Remark.´ ˆℓ : Rp´1 ÝÑ Rp always injective for p ă d (ℓ general).
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Corollaries

Corollary 1 : X general ùñ maximal variation.

Corollary 2 : For X3 Ă P4, s generically surjective pdimMS “ 4q.

Example.´ X3 :
ř

x3i “ 0 ù a general cubic surface is – X3 XH

ùñ F px0, . . . , x3q general cubic form “ ℓ31 ` . . .` ℓ35 (Sylvester).

(intersect x30 ` . . . ` x34 “ 0 with x0 “ ℓpx1, . . . , x4q.)

Corollary 3 (Beorchia–Miró-Roig): Xd Ă Pn, d ě n ` 2 ùñ

tX X HuH has maximal variation.

Proof :

0 Ñ E Ñ OPnp´pd ´ 1qqn`1 pF 1
i q

ÝÝÝÑ OPn Ñ 0 H :“ tℓ “ 0u

Rp
„ÝÑ H1pE ppqq, then 0 Ñ H0pE pdq|Hq Ñ Rd´1

ˆℓ
ÝÝÝÑ Rd .

E stable (not difficult) ùñ E|H semi-stable (Flenner).

detE pdq “ Opn ` 1 ´ dq ùñ H0pE pdq|Hq “ 0 for d ą n ` 1.

Corollary 4 : X Ă P3 ùñ tX X HuH has maximal variation.
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Proof of the Theorem

s : P˚ ∖ X ˚ Ñ MS , ℓ P R1 with S :“ X X H smooth.

The Theorem follows from :

Proposition: H : tℓ “ 0u P pPnq˚ ∖ X ˚.

THpsq injective ðñ ˆℓ : Rd´1 ÝÑ Rd injective.

Proof : Exact sequence 0 Ñ TS Ñ TX |S Ñ OSp1q Ñ 0 gives

0 // H0pTX |Sq // H0pOSp1qq
B //

≀

H1pTSq

≀

THpP˚q
T psq // TSpMSq

So THpsq injective ðñ H0pTX |Sq “ 0.

0 Ñ TX |S Ñ TP|S Ñ OSpdq Ñ 0.

So need φ : H0pTP|Sq Ñ H0pOSpdqq injective.
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Proof of the Theorem (continued)

We want φ : H0pTP|Sq Ñ H0pOSpdqq injective. Choose x0 “ ℓ.

H0pTP|Sq generated by xi Bj , i ě 1, with
ř

iě1
xi Bi “ 0 pBi :“

B
Bxi

q.

V P H0pTP|Sq: V “
ř

Li px1, . . . , xnqBi , φpV q “
ř

LiF
1
i .

φpV q “ 0 ùñ
ř

LiF
1
i “ x0G ` c F ùñ x0G P pF 1

0, . . . ,F
1
nq.

WLP ùñ G “
ř

aiF
1
i , hence

ř

pLi ´ aix0 ´ axi qF
1
i “ 0. a :“ c

d ¨

But
ř

MiF
1
i “ 0 ùñ Mi “ 0

(Use e.g. that pP0, . . . ,Pnq is a regular sequence in krx0, . . . , xns.)

Therefore Li px1, . . . , xnq ´ aix0 ´ axi “ 0 ùñ

‚ for i ą 0, ai “ 0, Li “ axi ;

‚ for i “ 0, ai ` a “ 0, L0 “ 0.

Hence V “ a
ř

iě1
xi Bi “ 0.
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The end

THE END
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