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The Chow ring

X complex projective manifold ù graded ring CH‚pX q,

analogous to cohomology ring, with a purely algebraic definition:

CHppX q “ tn1Z1 ` . . . ` nkZku{ „ CHp :“ CHn´p

Zi irreducible of codimension p , „ “ rational equivalence

(generalizes linear equivalence of divisors).

Product given by intersection.

CH0pX q “ Z, CH1pX q “ PicpX q, CH2pX q “???

Unlike cohomology, the Chow ring is poorly understood.

It is usually very large: if X has a nontrivial holomorphic form,

CH0pX q cannot be parametrized by an algebraic variety (Roitman).
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The Chow ring of K3 surfaces

S “ projective K3 surface (e.g. S4 Ă P3).

PicpSq – Zρ, 1 ď ρ ď 20 (“Picard number”); CH0pSq very large.

Theorem 1 (Voisin-AB, 2004)

1 All points of S lying on a rational (singular) curve have the

same class cS in CH0pSq.

2 PicpSq b PicpSq
µ

ÝÝÑ Z ¨ cS Ă CH0pSq.

3 c2pSq “ 24cS .

Proof of '&%$ !"#1 and '&%$ !"#2 : easy consequence of:

Theorem (Mumford-Bogomolov, Mori-Mukai)

Any curve C Ă S is linearly equivalent to a sum of rational curves.

(Intuitive reason: by Riemann-Roch, dim |C | “ gpC q.)
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Proof of '&%$ !"#1 and '&%$ !"#2

R R 1

‚ p

‚ p1

H ample

H 1

Thus p and p1 are linked by a chain of rational curves

ñ rps “ rp1s in CH0pSq.

Proof of '&%$ !"#2 : C ¨ C 1 „
ř

C ¨ Ri „
ř

xij with xij P Ri .
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Remarks

'&%$ !"#3 is much more involved. We deduce it from the vanishing of the

modified diagonal cycle in CH2pS ˆ S ˆ Sq (choosing some r P R):

tpx , x , xqu´ptpr , x , xqu` permutationsq`ptpr , r , xqu` permutationsq

This is proved by using the fact that S is covered by (singular)

elliptic curves.

Remarks

The vanishing of the modified diagonal cycle has been studied

recently by O’Grady, Voisin, Moonen-Yin, with interesting

results and conjectures.

Theorem 1 is quite particular to K3 surfaces: O’Grady has

examples of Sd Ă P3 with rkpImµq ě r
d ´ 1

3
s.
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A reformulation

Consider the graded ideal CH‚

hompX q of CH‚pX q:

0 Ñ CH
p
hompX q Ñ CHppX q Ñ H2ppX ,Zq

ù one-step filtration of CHpX q: F 0 “ CHpX q, F 1 “ CHpX qhom¨

'&%$ !"#1 and '&%$ !"#2 ðñ Multiplicative splitting of this filtration:

CH “ CHp0q ‘ CHhom , CHp0q stable under multiplication.

For S K3:
CH1pSq “ PicpSq ‘ p0q

CH2pSq “ Z ¨ cS ‘ CH2pSqhom

Question : For which other varieties do we have such a splitting?
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Abelian varieties

A abelian variety: natural splitting

PicpAq bQ “ Pic`pAq ‘Pic´pAq of p˘1q-eigenspaces for p´1Aq˚,

with Pic`pAq – H2pA,Qqalg and Pic´pAq “ PicopAq b Q .

Already necessary to invert 2, hence

Convention : From now on, CH means CH b Q.

Theorem (O’Sullivan, 2011)

D multiplicative splitting CHpAq “ CHpAqp0q ‘ CHpAqhom,

extending the previous one for CH1.

CHpAqp0q is the space of ”symmetrically distinguished cycles”. The

construction is quite involved (80 pages).
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The property (WSP)

Proving the existence of a multiplicative splitting is quite difficult,

already for abelian varieties. However, assuming b1pX q “ 0 (hence

CH1pX qhom “ 0), it implies the following weaker property:

(WSP) Let DCHpX q be the subalgebra of CHpX q spanned by

divisors. The cycle class map DCHpX q Ñ HpX ,Qq is injective.

Or equivalently:

Any polynomial relation PpD1, . . . ,Dkq “ 0 between divisor

classes in HpX ,Qq already holds in CHpX q.

Voisin has refined (WSP) to incorporate part '&%$ !"#3 of Theorem 1 :

(WSP`̀̀) The cycle class map is injective on the subalgebra

of CHpX q spanned by divisors and the Chern classes of X .
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For which varieties does (WSP) or (WSP`) hold?

Claim : (WSP) does not hold for all Calabi-Yau varieties.

Lemma

X Ñ Y surjective, (WSP) for X ñ (WSP) for Y .

Proof :

DCHpX q �
�

// HpX ,Qq

DCHpY q
?�

OO

// HpY ,Qq .

?�

OO

Example : b : Y Ñ P3 blow up of C Ă P3 of genus 2, degree 5;

E exceptional divisor. Then PicpY q “ xb˚H,E y. For general C ,

b˚H2
, b˚H ¨ E ,E 2 linearly independent in DCH2pY q, but

b4pY q “ b2pY q “ 2, so DCH2pY q {ãÑ H4pY q .
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However...

Then X :“ double covering of Y branched along D P | ´ 2KY | is a

Calabi-Yau threefold, DCH2pX q {ãÑ H4pX q.

However, for a Calabi-Yau hypersurface X of dimension n:

CHppX q b CHn´ppX q
µ

ÝÝÑ Q ¨ hn Ă CHnpX q (1)

(Voisin); this was extended to complete intersections by Lie Fu.

The key point of the proof is to express the modified diagonal

cycle in CH2npX ˆ X ˆ X q in terms of the lines contained in X .

Question : Is there a larger (natural) class of Calabi-Yau manifolds

for which p1q holds?
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Hyperkähler manifolds

Conjecture

(WSP`) holds for projective hyperkähler manifolds.

Here hyperkähler = irreducible holomorphic symplectic (IHS) =

simply-connected + H0pX ,Ω2
X q “ Cσ, σ symplectic 2-form.

Recall : Many interesting properties, but very few examples.

Up to deformation, only two series in each (even) dimension:

1 for S K3, S rns :“ Hilbert scheme “ tZ Ă S | lengthpZ q “ n}

= desingularization of the symmetric product SymnS .

2 Kn (”generalized Kummer varieties”): analogous construction

starting from S “ abelian surface.

+ 2 sporadic examples in dimension 6 and 10 (O’Grady).
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Deformations

Recall : For each g , one 19-dimensional moduli space Fg of K3

surfaces S Ă Pg (S4 Ă P3, S2,3 Ă P4, etc.)

The S rns for S P Fg form only a hypersurface in the deformation

space of S rns, which has dimension 20.

We say that X is of type K3rns if it is deformation equivalent to

S rns for some K3 surface S ; same for type Kn.

Challenge : Describe explicitely complete families of projective

varieties of type K3rns.

Example (Donagi-AB): The variety F pV3q of lines contained in a

smooth cubic fourfold V3 Ă P5 is of type K3r2s, and has 20 moduli.

Other examples: O’Grady, Iliev-Ranestad, Debarre-Voisin (n “ 2);

Iliev-Kapustka2-Ranestad pn “ 3q, Lehn2-Sorger-v. Straten (n “ 4).
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Results

No example known for type Kn.

Proposition (Voisin)

S K3, τ :“ rkH2pSqtr “ 22 ´ rk PicpSq. Then (WSP`) holds for

S rns for n ď 2τ ` 4, in particular for n ď 8.

Idea : Using de Cataldo-Migliorini, reduce to analogous statement

for Sn: for n ď 2τ ` 1, DDCHpSnq ãÑ HpSnq, where

DDCHpSnq :“ subalgebra of CHpSnq spanned by pull back of

divisors in S and the diagonal in S ˆ S .

Then write down complete list of relations between these gene-

rators of DDCHpSnq, and check that they hold already in

CHpSnq.
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Results (continued)

Remark (Q. Yin): Can we go one step further, namely prove

DDCHpSnq ãÑ HpSnq for n “ 2τ ` 2 ?ðñ ”
Ź

τ`1
H2pSqtr “ 0 ”

in the sense of Chow motives, i.e. the Chow motive of S is

finite-dimensional in the sense of Kimura. This is probably very

hard to prove ...

‚ Maulik-Voisin: (WSP) holds for S rns for every n (uses the action

of Nakajima’s Heisenberg-type algebra).

‚ (WSP`) holds for Kn @n (Fu), for F pV3q (Voisin), for a general

double EPW-sextic (Ferretti).

Beware that the Chow group is not stable under deformation!

So (WSP) for S rns implies nothing for type K3rns.
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Riess’ theorem

Proposition (U. Riess)

(WSP) holds for every X of type K3rns or Kn with ρpX q ě 5.

Idea : Recall: for any X HK of dimension 2n, D quadratic form

q : H2pX ,Zq Ñ Z such that α2n “ c ¨ qpαqn for all α P H2pX ,Zq.

Easy part: Ker
´

S‚ PicpX q b C Ñ H‚pX ,Cq
¯

“ ideal spanned by

classes Dn`1 for D P PicpX q b C , qpDq “ 0 (Bogomolov).

Thus (WSP) ð for these classes, Dn`1 “ 0 in CHpX q b C.

If ρ ě 5, the quadric q “ 0 in PpPicpX q b Cq has a Q-point ñ

(WSP) ð @ D P PicpXq with qpDq “ 0, Dn`1 “ 0 in CHpX q.
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Riess’ theorem: hard part

Using work of Markman, Matsushita, Bayer-Macr̀ı, ..., reduce to

prove Dn`1 “ 0 in CHpX q for D “ f ˚H , where :

f : X
ϕ

99K X 1 p
ÝÑ Pn, X 1 HK, ϕ birational, p Lagrangian fibration.

p˚Hn`1 “ 0 in CHpX 1q ñ Dn`1 “ ϕ
˚p˚Hn`1 “ 0 in CHpX q.
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The Bloch-Beilinson filtration

The one-step filtration CH‚

hom Ă CH‚ should extend:

Conjecture (Bloch-Beilinson)

For every X smooth projective, D filtration F ‚ on CHpX q :

CHp “ F 0 Ą F 1 “ CH
p
hom Ą . . . Ą F p`1 “ 0

which is functorial (both for f ˚ and f˚) and multiplicative.

Hope : For hyperkähler manifolds, the B-B filtration admits a

multiplicative splitting, i.e. comes from a graded ring structure:

CHppX q “ CH
p

p0q
‘ . . . ‘ CH

p

piq
‘ . . . ‘ CH

p

ppq
.

F i

Recent work of Voisin gives some evidence in the case of CH0 :
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The opposite filtration

For any projective X , grpF‚CH0pX q should be controlled by

H0pX ,Ωp
X q; thus for X HK of dimension 2n, F 2p´1 “ F 2p and

CH0pX q “ F 0 Ą F 2 Ą . . . Ą F 2n
.

Voisin defines another filtration S‚ of CH0pX q which should be

opposite to F ‚.

For x P X , put Ox :“ ty P X | y „rat xu.

Ox is a countable union of closed subvarieties Z which are

isotropic – i.e. σ|Z “ 0. In particular dimOx ď n.
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The conjectural splitting

Definition : S i pX q :“ tx P X | dimOx ě iu

Stratification of X “ S0pX q Ą S1pX q Ą . . . Ą SnpX q .

ù filtration S iCH0pX q “ xS i pX qy:

CH0pX q “ S0 Ą S1 Ą . . . Ą Sn Ą Sn`1 “ 0 .

Example : For S K3, S1pSq “ tx P S | rxs “ cS in CH0pSqu,

S1CH0pSq “ Q ¨ cS .

Conjecture (Voisin): The filtration F ‚ and S‚ are opposite; i.e., if

CHpjq :“ Sn´j X F 2j :

Sn´i

CH0pX q “ CHp0q ‘ . . . ‘ CHp2iq ‘ . . . ‘ CHp2jq ‘ . . . ‘ CHp2nq .

F 2j
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Some evidence (Voisin)

Proposition

The conjecture holds for S rns and F pV3q.

The proof rests on a more explicit description of S‚ in these cases.

Towards the general case : Consider the stratification

X “ S0pX q Ą S1pX q Ą . . . Ą SnpX q .

SnpX q “ tx P X | dimOx “ nu has dimension n.

Conjecture : dimS ipX q “ 2n ´ i .

Proposition

dimS i pX q “ 2n ´ i ñ CH0pX q “ Sn´i ` F 2i`2 .
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Ingredients of the proof

The proof rests on symplectic geometry:

Proposition

Z Ă S ipX q irreducible of dimension 2n ´ i ñ Z coisotropic

(TK
Z Ă TZ ) and D f : Z 99K B , fibers of f “ orbits.

ñ σ|B “ f ˚
σB , σB symplectic.

ñ σ
n´i
|B ‰ 0 ñ H0pX ,Ωp

X q ãÑ H0pZ ,Ωp
Z q for 0 ď p ď n ´ i .

By expected properties of B-B filtration,

ñ Sn´iCH0pX q ։ CH0pX q{F 2i`2.
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The end

THE END

Happy birthday, Ron!
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