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Abstract

In this work, we propose a generalized nonstandard fourth-order variational model to remove
speckle noise in color images. This method is based on finding the minimum of the q(.) and
p(.)-Kirchhoff energy in a specified Banach space. First, we study the existence and unique-
ness of the solution for the q(.)-biharmonic and p(.)-Laplacian Euler equations associated
with the proposed energy. Then, we consider a fully-discrete forward Euler—Galerkin semi-
implicit scheme to find the numerical solution and we study its convergence towards the
continuous solution. In the resolution algorithm, the variable exponent functions p(.) and q(.)
are chosen adaptively, based on the Di Zenzo gradient and p(.)-Laplacian operator of the
image in order to preserve edges and thin structures. Finally, we illustrate the efficiency of
our approach with several numerical results.

Keywords Speckle noise removal - Kirchhoff energy - Di Zenzo gradient - Biharmonic
operator

Mathematics Subject Classification 35Gxx - 499Mxx - 68U10

1 Introduction

Color image restoration is a challenging task in image processing and particularly in medical
imaging field like ultrasound and tomographic images. Various mathematical models are
proposed to handle this kind of problem. In these models, the restoration problem with
the type of noise that degraded the color image (additive, multiplicative) are modeled with
different mathematical tools. PDE-type approaches were suggested for this problem in the
case of additive noise (see [1-8]), nevertheless, the multiplicative noise model has not been
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studied with this kind of approaches. In this work, we focus on removing multiplicative noise
in color images, and in particular the speckle noise [9—11]. The reason is that the majority
of data used in the reconstruction of tomographic and ultrasound images is corrupted with
speckle noise, which influences the quality of reconstructed images and makes valuable
geometric structures (like edges and thin structures) hard to detect.

In [12], the authors report various ways to represent a color image, we consider in this work
a RGB (red-green-blue) representation, in which a color image is represented by a vector
in three dimensions: u : @ C R? — R3, (x1, x2) — (ug,ug,up), where (ug, ug, up)
represent the intensity of the three color channels and €2 is an open subset in R>. We aim
at removing the speckle noise in the following degraded image: f : @ C R? — R3,
(x1,x2) = (fr, fG. fB), where f; = u; + n/u;,i = R,G,Bandn : Q — Riisa
positive function called the Rayleigh distribution. Our challenge here is then to reconstruct
the unnoisy color image u from the noisy color image f.

Some non linear filtering algorithms have been proposed for noise removal in color images,
such as the median filter and its extensions [13—17]. The main drawback of this algorithm
comes from its mode of application: it is independently applied to each color component. In
each color channel, the noisy pixels are supposed to be isolated points and they are replaced by
the median value of their nearby pixels’ intensities. This allows large intensity modifications
of non noisy pixels. This mode of application in the separate color channels leads to a high
smoothing in the homogeneous regions, and it cannot guarantee a good preservation of the
geometric structures.

The main challenge for removing speckle noise in color images is: how to choose an
efficient model that can couple the restoration process between the three color channels, and
control the diffusion process in the different parts of the noisy image without losing important
geometric structures. The models introduced in [18-20] for removing additive noise are not
applicable for this kind of noise. Motivated by [21], we propose to generalize the speckle noise
removal in gray level images, using nonstandard fourth-order variational models, to color
images as follows. We consider the minimization of the following cost (or energy) function:

3 2
o —Uu
in 17w = [ | Au 1) / P Vg p /(L ") :
ue%ﬂlo{ @ k_]./szq(x)| T QP )| T o\ ik

where ¢g(x) and p(x) € [1,2] are the variable exponent functions, «, B are adjustment
parameters and X is an appropriate space.

In the proposed energy the superposition between first and second parts is called regu-
larisation term, the third one is the data fitting term. By assuming that f; € L°°(2) and
inf(fx) > 0, we show the proposed energy admits a unique solution # = (u1, u», u3) in an
adequate Banach space, which verifies inf (fi) < up < sup(fx) and uy is the solution of
the following corresponding nonstandard PDE problem :

fk
k
= (|Vug PP 2Vu).n =0 on 9,

A2

2 gtk — =0 in Q,

AB px)Uk 4+ 2

(| Augl =2 Auy)
on

fork = 1,2, 3, where A2 va() = AllA. [9=2A ) and Ag, () = div(B|V.|PD72V.) are
called the q(.)-biharmonic and p(.)-Laplacian operators (see [21, 22)).

The smoothness degree of the operators AZ %q() and Ag ,() depends on the way the
exponents p and ¢ are defined. In order to couple the three color channels and obtain a
relaxed smoothness in the homogeneous regions with preservation of the main geometric
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structures (such as edges and thin structures), we define the exponents p and g with the Di
Zenzo gradient, which is a multichannel color gradient [8], and the p(.)-Laplacian operator.
The Di Zenzo gradient is one of the best coupled multichannel color gradient for edge
detection. This color gradient is studied in [20] in the additive noise case, and it gave very
satisfactory results for the detection of main edges, especially when there is a high level of
noise. Some recent works in [21, 23, 24] have proved the interest of second (or higher) order
differential operators to detect thin structures.

Inspired by these works, we propose the p(.)-Laplacian to identify filaments and points,
which are supposed to be thin structures. In our model, we make an adaptive choice for
p(.) and g(.). After the identification of the edges and thin structures using the Di Zenzo
gradient and the p(.)-Laplacian operator, we consider the exponent p(.) (respectively g (.))
as a function of the standard norm of the Di Zenzo gradient (respectively the p(.)-Laplacian
vector) so that p(.) and ¢(.) € [1, 2], homogeneous regions are smoothed, and thin structures
are preserved in the restoration process.

This paper is organized as follows. Section 2 is devoted to the mathematical study of the
proposed model. First, we remind some definitions and generalized Sobolev spaces with vari-
able exponents. Next, we prove the existence and uniqueness of the minimum of the proposed
energy. Then, we propose a fully-discrete forward Euler—Galerkin semi-implicit scheme to
find the numerical solution and we study its convergence towards the continuous solution of
the corresponding nonstandard PDE problem. The algorithm of resolution and its detailed
steps are presented in Sect. 3. In Sect. 4, we present the results of several numerical tests in
order to study the efficiency of our approach. Finally, some conclusions are given in Sect. 5.

2 Mathematical study of the proposed model

In order to remove speckle noise in color images, we propose to solve the following problem:

3
min [J(u) =y Jk(uk)} , (1)

ueX,up>0
k=1

where

o B fi —u\?
o Jup) = [ —1|A ‘1<X>+/—v P<x>+/( )
& (uk) /Qq(x)l u| . p(x)l u| o\ i

e Q is an open bounded subset of R2,

e f = (f1, f2, f3) is the noisy color image (with speckle noise), we assume that f; €
L®(Q) and inf (f) > 0,

e u = (uy, up, u3) is the restored color image,

ou
X =®;j_; X . where X = Jup € w240 (@) 0 W!PO() such that a—" = 0},

n

q(x) and p(x) € [1, 2] are the variable exponent functions,
e « and B are adjustment parameters.

Before moving to the resolution of problem (1), let first remind some definitions and properties
of the following spaces: LI¥)(Q), LP™ (), W70 (Q) and W240(Q) (for more details,
see [22, 25, 26]).

For a given function r(.) € C(£2), which satisfies the following condition:

1 <r” =minr(x) <r(x) < rt = max r(x) <2, 2)
xeQ xeQ
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we define the following space :
L' = {real measurable functions v : / lv(x)|"Wdx < +oo} )
Q

Here L™™) is called the variable exponent generalized Lebesgue space and is equipped with
the following norm:

||U||L,<(,):inf[M>0:/ ‘@‘I(X)dxil}
Q M

In the same way, we define the generalized Sobolev spaces as follows:
W O(Q) = {u e L’V : D% e L'V with |af < k} ,

le|

v
where D%y = Frper with |o| = o] + @ and k € N.
Xo=sy

Wkr()(Q) is a reflexive and separable Banach space equipped with the following norm:

lwllwero = Y [ D]

|| <k

LrQ)

In particular, we will use the Banach space Y = W40 ()N W70 (Q) for solving problem
(1), equipped with the norm:

lvlly = lvlly2q0 + I0lly1ro-
Proposition 1 Let j(x), r(x) € C(Q) satisfying (2).
e We have the following continuous embedding :

LI® s [T if i(x) < r(x).

o We have
_ 1 +
(1K vllzr0)" sfg@mr“”dx§(||1<v||y<.>)’ i Il = 1,
+ 1 -
(1K vll o) s/Q@}Kurmdxs(nKanr(.))’ IR0 < 1,

where K is a linear operator, typically the identity, V or A.

The rest of this section is devoted to the development of the theoretical resolution of
problem (1).

Lemma 1 Problem (1) admits a unique solution u = (u1, ua, u3) in X, and it satisfies:
inf (f) <ux <sup (fi), Vk=1,2,3.

Proof Let (u}) C X * be a minimizing sequence of Ji, where X* = {v € X’;,’ 4 such that v >
0}. First, let us show that we can assume inf (fi) < (u}) < sup(fi).
Let K = {x € Qsuchthatu}(x) < inf(fi)} and v} = max(uy,inf(fi)). Then we
have:
B

¢ kgt k px) ko ’
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fi—u)?
where w(u) = < .
Vu )
Ji

The function w is strictly convex, because w’ (n) = 2—3 >0, Yu e Xk,
u

and then we have:
w (uf) — w Gnf (o)) = Dw, Ginf (o)) (uf — inf (/1))

: 2 _ 2
where Dw, (inf (fi)) (mf((lﬁ;sz))gfk) < 0. So we deduce that w(u""l) —

w(nf(fr)) > 0on K. And then that Ji (uk) — Ji (v ) > 0, so that we can assume that:

up >inf (fx),V¥n € N.

The proof of the other half of the property can be achieved in a similar way.
Then, we can easily show that ||u} || ¢y and [lu} |l pv) are uniformly bounded. Moreover,

TP W) = / (7)|A "4t +/ 'f)IVu [P is uniformly bounded ((u}) is a mini-
mizing sequence). So we deduce that u} is uniformly bounded in X p.q> Which implies the

existence of a subsequence uf( )

inf (fi) < uk < sup (fi),Vk=1,2,3.

Then we deduce uy € Y* = {ve X’[‘,yq such that: inf (fi) < v < sup(fi)}.
Finally, using the fact that J is strictly convex and weakly lower semi continuous in the set
Y¥, we deduce the uniqueness of the minimum uy in Yk, O

that weakly converges to uy in X*  and uy satisfies:

p.q’

As uy is the argmin of Ji in Y*¥, then we have:

fk

“k

0eaJ,§"1(uk)+

where 9J is the subdifferential form of J.
In order to find uy, we consider the following Euler—Lagrange equation associated to
problem (1) :

2 2
ul —
A (o] Aug 9972 Aug) — div (BIVug|PP2Vuy) + - ka =0 inQ,
Yk 3)
3 (|Aug|?™ =2 Au
( k|8 k) = (|Vuk|p()‘)_2Vuk) n=0 on 0€2,
n
fork=1,2,3.
The operators A = A(x|A.J9M~2A ) and Ag py =div(B|V. [P@)=2v ) are called

the q(.)- b1harmomc and p(.)-Laplacian operators (see [21-23]).

Inspired by the work of the authors in [27, 28], we propose to solve numerically the Eq.
(3) by using the fully-discrete forward Euler—-Galerkin stepping algorithm [29]. The idea is
to introduce an artificial time parameter ¢ and then to solve the following equation:

8uk f .
T+ ALk = Appcomi+ S =0 in@x[0,7],
k
Aup |42 Ay (4)
2 kla o _ (|Vuk|P<X)*2wk) 2 =0 ondQ x [0, T],
n
ug(., 0) = uf in 2,
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fork =1, 2, 3, some final time 7' > 0.
By considering a uniform partition of the time interval [0,T] as follows: t; = i At, fori =
0, ..., m where At = % and m € N*, we define the discrete solution as: u};(x) = ur(x, t;).
Then, the discrete semi-implicit scheme of resolution for an initial condition ug becomes:

i+1 [+1 2
Uy _”k i+1 U ”l_(fk)

—A; Ay W )

At aq(x)

with Neumann boundary conditions:
3 (AUl |9=2 Aul)
on

= (Vi |1P92vul ) .n = 0 on 8Q.

k k
Lemma2 Let uk eyt = {v € Xk such that: inf (fi) < v < sup(fx)}, then problem (5)
has a unique solution uk Lervk

Proof We consider the following function:

2 2
H(u)Z/Q(lJrif)”z—/Q(m(;k)z i)u
k k

+At (/ LlAuﬂ(")-}-/ i|vu|ﬂ(x)>7
Qqx) Q p(x)
= Gp,i(u) + AtJIP (u),

where G <(u)—/. 1—{—g uz—/ At f2 +ul | u.
R g u, ) 2 Q wp? F

G is strictly convex in Y*, as we have:

< VGW)h,h >= / ¢ wh?, Yh e Y*,
Q

At u? At

where g(u) = |1+ — YA fk —|—uk u,andthen g"(u) =1+ — >0, Vu €
) 2 (up)? uj

Y*, hence the result of convexity. J; 4P is also strictly convex in Y k. Then, we deduce that H

is strictly convex in Y* and the existence and uniqueness of u ! become straightforward. O
Lemma3 Vi € N, we have
inf (inf (fr),inf (ug)) < ufc < sup (sup (fr), sup (ug)) , if At is small enough.

Proof We denote by o/ = inf(inf(fi), inf(u};)) and 81 = sup(sup(fo), sup(uj;)).
Let K = {x €  such that u’+1 (x) > B’} and v = mm(u’+1 B) , then we have:

H (u;;rl) H (v,’() = /KZ (u;fl) _; (ﬂi)
A </K q(x predl M‘W)JF/K (x)‘ ’H‘W))’

=f 2l - 28

K1
+At</ o ‘ ;CH q(x) / B |V ,+1|p(x)>
Kk q(x) KP
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At\ u?

where z(u) = (1 + — L fk 5+ uk uand K| = {x € Q such that u’“(x) >
Uup 2 (u k)

B'}.

Al (fkﬂ + U
The function 7 is increasing if u € liA +o00| , then we can deduce that for
_l’_

E
U

a small enough At, 7 is increasing if u € [a, +00[, Ya > uk Then z(u'+l — z(ﬂi) >0
on K. Indeed: u;j] > p' on K1, which implies the existence of a sequence (a,’;) such that

;(H > a) > Bl and a, — B when n —> +o00. We take for example:

+1
a G _lgl—i—ﬂi Vn € N*
n = 2n ’ '

Then we deduce that z(u’“) > z(a}) on K. Using the continuity of z and by taking the
limit at +o00, we obtain:
Z (ui“) >z (,Bi) on K.

In conclusion, we deduce that H(u’“) — H(v,i) > 0, so we can assume that :

ufj’l < sup (sup (fx) ., sup (ui)) ,Vi e N,
and we iteratively deduce that:
uly < sup (sup (fo) . sup (uf)).

The proof of the other half of the property is achieved in a similary way. O

Lemma4 Let ug € Y, then the sequence of solutions (uf() of problem (5) is strongly con-
vergent in L2(2), L1%)(Q) and LPY)(Q), if At is small enough.

Proof First, we prove the strong convergence of the sequence (uf{) in L%(£2). We have
. 1 . 2 N\ 2
H( }(H) H (u}) = 5/9(142“) —2u;{+1u}< + (u;()
At 1\ 2 N2 2 S
+ | — (uj('H) - (u;c) + At f.k (u}( - u;j])
Q 2u ()’
k
| ! .
+A (J‘f P () = I ()
1 N2
=5 [ (=)
At .
+/ ( i <”;c+1+ ) f >(uz+1 —ul)
o\ 2 (”k)
, 1 , i
A (I () = T ()

From Lemma 3, we have o = inf (inf (fi), mf(uk)) < uk < B = sup(sup(fi), sup(uk))
if At is small enough. Then we deduce that:

2 a2 2 2 2
— Al —

Ard 2’3 5—4( ’“—i—uk) At sz sAt’B 20[ i
B 2uj, (ul) o
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which implies
i1 i 1 i1 _ i\
(™) = () = 5 | (" =)
Q
+/ arinf (€ (uf — ). € (uf - u))
FAL TP @Y — TP W),
2 2 2
%and Cy = p 2a .
B o

As we have u}fl = argminyx H (1), then we get:

%/ (u;fl — u2)2 < / At inf (C1 ( i+l _ u}() C2( i+l _ u;())
Q
a7 () - 17 (47)

where C| =

Then for any N € N*, we obtain

N 1 i 5
i+l i N—1 i+1 i
=20 f (“k ”k)

> 5l
atinf (C1 (uf ,
Far (g7 ) — 7 )
At inf (Cl (u,’cv — u2> ,Co (u,iv — ug))
YALIE (D)
< +00.

u
p

So we deduce the strong convergence of the sequence (u};) in L%(S2).

For the rest of the proof, the strong convergence of the sequence (uf{) in LI®(Q) and
LPX)(Q) derives from the continuous embedding L2(Q) — LI19(Q) and LX(Q) —
LPO)(Q). O

Lemma5 Let ug € YK, then the sequence of solutions (u}'() of problem (5) converges to the
solution of problem (3).

Proof Multiplying equation (5) by uffl and integrating on €2 leads to:

N2
1+1) i+1 i ( z+1) 2 z+1
u —ulu u
/(" Kk __Jp,q<ui+1)_/ k — Jim
=N k
Q Q

At

which implies that
N2 . 2
pq [ i+1 (u;jl) — g uk( Fl) !
e () = - [ L ~
2 Al 2 (4z)
From Lemma 3, o« = inf (inf (f), inf uY)) < ul < B = sup(sup(f), supu)) if At is
small enough. As ug € Y*, we have:

inf (fi) <ub <sup(fi),
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then we deduce that the sequence (J,f 4 (“i)) is bounded. In addition, from Lemma 4, we
have the strong convergence of the sequence (uf() in L99)(Q) and LP™) (€2). Then we deduce

that the sequence (uf{) is bounded in X ];7, g And then there exists a subsequence uf(i) that

k

g’ where uy, satisfies:

inf(fi) <up < sup(fi),

weakly converges to ug in X

which implies that u; € Y.
As uf(l) is a solution of Eq. (5), then we have
uf(l“rl) . 90) ¢(i+1)uf(i) _ fk2

u ; u
0¢ Sy (uf(’“)) + & ;
( ¢(i))
Uy

At

where aJ,j’ "4 is the subdifferential form of J ,f 4,
This is equivalent to:

Yo e Yk,
G+1 ; i+1) ()
D S T

Hw = g (uf D) +/ (v=uf™)
k k k o k At (uf(l)>2

which implies that
Yo e YK,

@) = tim g (V) + /
Q

¢(i+1) (@) dGi+1) ¢3) 2
oG+DY [ Uk — U ww = Jg
T AT 9002
(uk )
Finally, using the fact that J kp 4 is weakly lower semi continuous in the space X¥, and the
dominated convergence theorem, we deduce that

I/l2 _ f2
Vo e Y5, I w) = P w) + / w—w) (HA=5+),
Q Mk
which implies
2 2
w2 —
0 dJ (u) + kizf"

Uy

Then uy is the solution of problem (3). ]

3 Proposed algorithm
In this section we first present our algorithm for solving problem (5), giving the description

of its steps and in particular, how to choose the variable exponent functions p(.) and g(.). In
the second part, we give some classical methods of speckle noise reduction.

3.1 Algorithm of resolution

For given f, o, B, and At, the numerical algorithm of resolution of problem (5) is the
following:
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Algorithm 1 Proposed Algorithm

Initialize : i = 0, ud = (u?, ug, ug), po and qo
For i =0 to N (iterations) do
1. For k =1to 3 do )
Compute the solution u}(’H of equation (5)
End for
2. Compute the relative error:

i i+1

lluf, — i)

Errorj;] = max §——7—
k=123 | g

If Errori4) < €2, break.
3. Compute p't! and ¢/ t1: A .
P =1+ exp(—ki Vi p2)

3
q’Jrl =1+exp (—k2 Z(Apuf'l)z)
k=1

End for

where

u = (u1, uz, u3) is the original color image,

k1, ko are positive constants,

II.Il is one of the standard norms in R2,

|Vuit1| pz is the Di Zenzo gradient norm (see [8, 20, 30]).

The stopping criterion in this algorithm is given by step 2: the algorithm is stopped after
N iterations when the relative difference between consecutive iterates Errory .y is smaller
than a (small) positive threshold €.

In step 1, we compute the solution of Eq. (5) as follows:

i 2
i+l U i 1( i 2( i fi
Sy (uk — aAtF, (uk) + BALF; (uk) + At(u;.{)2> (6)

1(, i i a2
FU(u) = a((1aug +€) 7 au ),
. . px)—2 .
F2 (u}) = div ((|Vu;| +e) Vui) :

€ being a small positive regularisation constant.
In this algorithm, there are two particular cases:

where

e First case: p = g = 2 leads to the so-called biharmonic model. . A
We compute u}:rl using Eq. (6) with FE1 (up) = A(Auy), and Fz(ujc) = Auy. Itis
not surprising to obtain modest results with this model, as its isotropic diffusion gives a
blurred restored image. This justifies the fact that the diffusion should be relaxed between
the homogeneous parts and the geometric structures of the image.
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e Second case: p = g = 1 leads to the so-called second order TV model.
We compute u}lfl using Eq. (6) with F€l (uf() =A ((|AM§<| + 6)_1Au§() , and Fz(u;;) =
div ((|Vuf<| + 6)_1Vu;'<). Note that this model is the slowest one (particularly when € is
too small)

Step 3 is the most important part in this algorithm. In order to relax the process of
restoration between homogeneous parts and important geometric structures in the image, we
adaptively set the indicators p and g based on the Di Zenzo gradient and the p(.)-Laplacian
operator as follows:

3
P =1+ exp(=ki[Vu' || pz) and ¢! = 1+ exp | —ka | D (A,ui)?
k=1

Remarks:

e The Di Zenzo gradient is currently one of the best edge detector for color images. Its
particularity is that it not only gives an accurate edge detection, but it is also easy to
compute. The multichannel gradient operator is defined in [8] by the square root of the
largest eigenvalue of the following tensor matrix:

Ty, T12>
T = ,
< T, T2

Juit! gyit!
where T;,, = 22:] k k ,1 <I,m < 2, and the norm of this gradient is given
b 0x;  dxy
y:
2 1
HVM’H ”DZ =3 [Tn + T+ \/(Tn —Tn)*+ 4T122] . (7

In [20], the authors give a simplified equivalent formulation as follows:

3
2 2
i+1 i+1 i+1
HW HDZ:F(VM’ )Z‘W}( ‘ ®)
k=1

where the function F is defined by:

14 /1= 4g(VuitT)

. . i+1
PVt = 5 if Va1l £ 0,
1if Vu't! =0,
with
oY) = det?(Vul T, Vit + det? (Va T, vt + deﬂgwg“, Vi ©
2 2 2
(\W’l“] . ‘W;l‘ N ’Vu13+1‘ )
with
) ) Suitl guitl  guit! guiti\ 2
detz(Vu’r'H, Vu’SH) = (& 4y 0 s ,forr,s =1,2,3,
dx;  0xp dxy  0xp

and |.| is the Frobenius norm in R2.
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105 T T 3 -
—S—o(n?)
—#— sigma®=0.1

sigmaz=0.{)4
—#— gigma?=0.01

10% . — o O(nlogin}}

CPU time
5
Iy

109 = o
102 104 10° 108
number of pixels

Fig.1 Evolution in lo;arithmic scale of the CPU time as a function of the number of pixels for different noise
levels with o = 10~

e Inspired from the previous works in [21, 23, 24, 31, 32], we choose the p(.)-Laplacian
operator to detect thin structures in the color image. However, first order differential
operators (such as the classical gradient) cannot see thin structures [24]. Filaments and
points in the image are usually considered as thin structures, as there is no modification of
the intensity across the jump, which is not the case for edges. In the presence of noise, the
detection of such small irregular objects becomes more difficult. For the above reason,
we need to use a higher order differential operator, as the p(.)-Laplacian, to enhance the
detection of thin structures.

e In the smoothest parts of the image, the Di Zenzo gradient and the multichannel p-
Laplacian have small norm values, close to zero, thus pi +land qi *1 take values close to 2,
and the restoration process becomes then isotropic in these regions. Nearby the geometric

thin structures of the image, the following norms ||Vu!*!||pz and ./ Zizl(A pufl)z

have much larger values, thus p'*! and ¢'+! will take values close to 1 and the diffusion
becomes relaxed and anisotropic.

e The complexity of this algorithm is based on three key factors: the size of the image,
the noise level and the stopping criterion threshold. We mention that the complexity of
the biharmonic model and the second-order TV model, applied to grayscale problems, is
respectively O (nlog(n)) and O (n?), where n is the number of pixels in the image (see
[2, 20, 28]). As our algorithm diffuses in a relaxed manner between homogeneous areas
and geometric structures of the image, we can expect a complexity of at best O (n log(n))
and at worst O (n?). We performed the numerical simulation using Matlab 8.5 (R2015a)
by running the program on a desktop computer with an Intel Core i5, 4.6 GHz CPU and
8 GB of RAM.

Figure 1 illustrates the complexity behavior of our algorithm with respect to O (n?) and
O(nlog(n)) for different noise levels, with €2 = 10~4.
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3.2 Some classical methods of speckle noise reduction

e Median Filter [33] : The median filter is a nonlinear method where each pixel is replaced
by the median value of its 3 x 3 neighboring pixels.

o Kuan Filter [34]: The Kuan filter approach transforms the speckle noise model into an
additive linear resolution form as shown in the following equation :

Ir=I1.W+1.(1—-W),

where :

I is the observed image (corrupted with speckle noise),
— IF is the filtered image,

G
2

- W= T 5 is the weighting factor,
Cu

Oy o
- Cu:jandcl':f
_ u . .
u is the mean value of the speckle noise image u ,
oy is the speckle noise variance,
— 1 is the mean value of 1,
— o7 is the variance of I.

o Frost Filter [35]: Filtering the image with a Frost filter consists in estimating the filtered
pixel values as follows:

— Define a fixed n x n (n=5 or 3) pixels local window in the noisy image centred at the
pixel of interest.
— Convolve the local window with a weighting factor as follows:

dxxw
Y=
>w
where:
* x 1s the defined local window,
* w = exp(—kcyltp]) is the weighting factor,
*eopr = %", where x and o, are the mean value and the variance of x,
* |to| is the distance between the center pixel and the other pixels in x,
* k is the damping factor.
— Replace the value of the pixel of interest with the corresponding filtered pixel value.

e A variational adaptive method: Second-order TGV model This model was proposed
in [36] to eliminate the additive noise present in MRI images. In order to adapt it to
speckle noise suppression, we minimize the following energy:

. 2
. 2 Sk — uk _
gll:(l){TGVa(uk)-i‘/Q( - ) du(x)},\fk—l,z,z», (10)

where
2 _ .2 2 2 2
TGV, (u) = sup{/ urdiv>(w)du(x) | w € CZ (R, Sym” (R?)),
Q

Idiv' ()|l < e, i =0, 1}.
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(a) Lena image (b) p indicator (c) q indicator

§ 8§ 58888358

H

(f) q indicator

(h) p indicator (i) q indicator

(j) Loss image (k) p indicator (1) q indicator

Fig.2 Example of identified geometric structures on some tested color images

4 Numerical tests

In this section, we present several numerical tests, in order to study the efficiency of our
algorithm.

Figure 2 shows some examples of original images and corresponding p and ¢ indicators.
The original images are corrupted with a speckle noise for different levels of variance o2 €
{0.01, 0.02, 0.04, 0.1, 0.3}. In these tests, in order to quantify the quality of restoration, we
choose the SSIM indicator (Structural Similarity), the PSNR (Peak S2igna1 to Noise Ratio),

the MSE (relative mean squared error) and the speckle index SSI = GT, where 7 is the mean

value of the restored image. Restored images that have a SSIM index between 0.7 and 1,
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Table 1 Sensitivity of indicators with respect to o with 02 =0.01, 8 =20 and A7 = 0.01

Indicator Structure image Lena image
SSIM PSNR MSE SSI SSIM PSNR MSE SSI

a=0 0.804 28.38 0.0539 0.0142 0.903 31.06 0.0534 0.0192
a=0.01 0.807 28.54 0.0529 0.0142 0.904 31.14 0.0536 0.0192
a=0.1 0.827 30.54 0.042 0.0140 0.912 32 0.05 0.0190
a=1 0.810 28.71 0.0510 0.0142 0.902 31.04 0.0533 0.00191
a=10 0.799 28.48 0.0535 0.0142 0.900 31 0.0541 0.0192
a =100 0.753 28.19 0.0563 0.0142 0.848 29.27 0.0696 0.0192
a =200 0.69 26.76 0.0669 0.0143 0.756 26.53 0.1 0.0193
a = 1000 0.0376 9.2 16.22 0.0160 0.110 11.49 2.09 0.0210

Optimal values are in bold

Table 2 Sensitivity of indicators with respect to 8 with 02 = 0.01, « = 0.1 and Ar = 0.01

Structure image Lena image

Indicator SSIM PSNR MSE SSI SSIM PSNR MSE SSI
p=0 0.594 23.16 0.0989 0.0142 0.756 25.84 0.1 0.0192
B =05 0.605 23.43 0.0962 0.0142 0.763 26.08 0.0967 0.0192
p=2 0.627 23.96 0.0897 0.0142 0.7841 26.81 0.0898 0.00192
B =10 0.7266 26.48 0.0668 0.0141 0.8618 29.74 0.0626 0.0191
B =20 0.827 30.54 0.042 0.0140 0.912 32 0.05 0.0190
B =50 0.56 25.09 0.0812 0.0142 0.650 23.98 0.13 0.0193
B =100 0.237 17 0.216 0.0145 0.361 17.18 0.339 0.0194

Optimal values are in bold

Table 3 Sensitivity of indicators according to Ar with 062 =0.01,¢ =0.1and 8 = 20

Structure image Lena image
Indicator SSIM PSNR MSE SSI SSIM PSNR MSE SSI
At =0.001 0.62 23.58 0.0915 0.0142 0.78 26.69 0.0901 0.0194
At =0.01 0.827 30.54 0.042 0.0140 0.912 32 0.05 0.0190
At =0.1 0.151 14.38 0.52 0.0147 0.226 14.23 1.94 0.0197

Optimal values are in bold

PSNR values between 25db and 40db, MSE value close to or smaller than 10~2 and a SSI
value close to that of the original image are assumed to be of good quality.

The choice of parameters o and B will affect the level of regularization of the images.
These parameters keep a balance between denoising and preserving the important objects
and edges. k1 and kj are two threshold positive parameters, generally we take them very
small to reduce the effect of noise on geometric structures (edges and thin structures).

For all numerical examples presented here, we set = 0.1, B8 € {10, 15, 20}, At = 0.01,
ki = 0.005, k, = 0.03, po = 2and qo = 1, and the algorithm is stopped when Errory4 is
smaller than €;, with typical values of €; = 1074, 107%, or 10~8. The choices of the optimal
values of the parameters «, B and At have been studied on the Lena image example in Tables
1, 2 and 3, in which we study the indicators sensitivity with respect to these parameters for
a standard level of noise (62 = 0.01).
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(a) k2 = 0.001 (b) k2 = 0.01 (c) k2 =0.1

Fig.3 The map generated by the indicator ¢ of the Lena image with k1 = 0.005 and different values of k2

(a) k1 = 0.005 (b) k1 = 0.01 (c) k1 =0.1

Fig.4 The map generated by the indicator p of the Lena image with k2 = 0.01 and different values of k1

Based on previous works on the second order variational model to remove speckle noise

[21, 23, 28], we take B = 20, At = 0.01, kj of the order of 1073 and ky of the order of 1072,
Figure 3 shows the map generated by the indicator ¢ of the Lena image with k1 = 0.005 and
different values of k2, Fig. 4 shows the map generated by the indicator p of the Lena image
with k2 = 0.01 and different values of k1.
Table 1 shows the evolution of the indicators of restoration quality according to the parameter
o with 8 = 20, Ar = 0.01 and 02 = 0.01. We can see that the optimal value of « is 0.1, for
which the values of the indicators are the best. The obtained values of SSIM, PSNR, MSE
and SSI according to 8 with ¢ = 0.1, 02 =0.01 and A7 = 0.01 shown in Table 2, confirm
our choice of the optimal value of 8.

In order to confirm the results of convergence in Lemmas 3 and 4, we present in Table
3 the indicators sensitivity according to three values of Af with 6> = 0.01, @ = 0.1 and
B = 20. The optimal value of At is 0.01, for which we obtained the best values of SSIM,
PSNR, SSI and a relative error (MSE) smaller than 5%. For At = 0.001, the obtained results
are modest, the SSIM is smaller than 0.7 and the relative error is between 9% and 10%. These
results are not suprising, in fact, if we replace At by 0 in the Eq. (6), we obtain uffl = “i’
Vi proving the convergence of the sequence (u};) to the initial solution ug. The bad results
obtained with At = 0.1 confirm that Az should be very small to have the convergence of the
solutions sequence (u};).

Figures 5a, e and i show the noised color images with a speckle noise variance o2 = 0.02.

@ Springer



Partial Differential Equations and Applications (2025) 6:34 Page 170f30 34

i
81
i

(a) Noised image (b) Restored image
(o2 =0.02) (SSIM=0.82 and
PSNR=30.37 db)

(e) Noised image (f) Restored image
(02=0.02) (SSIM=0.922 and
PSNR=35.12 db)

(i) Noised image (j) Restored image (k) p indicator (1) q indicator
(62 = 0.02) (SSIM=0.76 and
PSNR=28.8 db)

Fig.5 Restored image with our method from the noised image (62 =0.02)

Figures 5b, f, j, 6a, e and i show the restored color images by our approach with their
corresponding SSIM and PSNR indicators when o> = 0.02 and o> = 0.04.

One can see the efficiency of our approach for this level of noise. This shows that this
method is not very sensitive to the presence of high level of noise. The obtained restoration
quality indicators are very good for the two levels of noise. The SSIM index are larger than
0.7, PSNR values are between 26db and 38db and the SSIindex is close to that of the original
image (see Fig. 7d—f).

Figures 5c, g, k, 9¢c, g, k and o, show the isovalues of the variable exponent p(.) edge
indicator in the image.

Figures 5d, h, 1, 9d, h, I and p, show the isovalues of the variable exponent q(.) (indicator
of thin structures) in the image. p and q describe the different objects in the image. Nearby
the geometric structures, i.e. edges and thin structures, the values of p and q are close to 1,
while the values of p and q are close to 2 in homogenous regions. We can say that this result
highlights the importance of the high-order terms in thin structure detection and preserving.

In order to prove the efficiency of our method, we make a comparison with three standard
methods of speckle noise reduction: the median filter, the Kuan filter and the Frost filter. The
color images presented in Fig. 2a, d and g, are chosen for comparaison. The indicators of
the quality of the restored images, the SSIM, PSNR, SSI and the relative error are given in
Tables 4, 5 and 6. The evolution of SSIM and SSI depending on noise level is presented in
Fig. 7.

We can see in these tables and on Fig. 7 that the best indicator results are achieved with
our approach for the different noise levels. For o> < 0.04, the SSIM indicator is larger than
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§§8 &880

(a) Restored image (b) Restored image (c) Restored image (d) Restored image
with our method  with Kuan filter with  Frost filter = with median filter
(SSIM=0.9 and (SSIM=0.887 and (SSIM=0.88 and (SSIM=0.78 and
PSNR=33.6 db) PSNR=32.55 db) PSNR=32.25 db) PSNR=29.9 db)

(e) Restored image (f) Restored image (g) Restored image (h) Restored image
with  our method with Kuan filter with  Frost  filter with  median filter
(SSIM=0.77 and  (SSIM=0.73 and (SSIM=0.72 and (SSIM=0.575 and
PSNR=28.03 db) PSNR=27.5 db) PSNR=26.96 db) PSNR=24.54 db)

(i) Restored image (j) Restored image (k) Restored image (1) Restored image
with  our method with Kuan filter with  Frost  filter with median filter
(SSIM=0.70 and  (SSIM=0.60 and (SSIM=0.61 and (SSIM=0.465 and
PSNR=26.68 db) PSNR=25.57 db PSNR=25.57 db PSNR=21.66 db

Fig.6 Comparison of the restored images with some classical methods with 02 =0.04
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Fig.7 Evolution of SSIM and SSI versus noise level
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Table4 Comparison with some classical methods on the Lena image

Level of Noise 02 =0.01 02 =0.02

Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI
Our proposed model 0.912 32 0.05 0.0199 0.85 30.37 0.060 0.0398
Frost filter 0.798 27.98 0.10 0.0199 0.767 27.64 0.102 0.0399
Kuan filter 0.802 28.47 0.0814 0.0199 0.77 28.21 0.082 0.04
Median filter 0.743 29 0.09 0.02 0.66 26.97 0.148 0.0401
Level of Noise 02 =0.04 02 =0.1

Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI
Our proposed model 0.80 28.03 0.08 0.0797 0.7 26 0.09 0.2
Frost filter 0.72 26.96 0.106 0.0802 0.638 25 0.11 0.203
Kuan filter 0.73 27.5 0.085 0.0803 0.62 24.8 0.117 0.203
Median filter 0.575 24.54 0.2 0.0805 0.44 21 0.3 0.207
Level of Noise 62=03

Indicators SSIM PSNR Error SSI
Our proposed model 0.6 22.3 0.13 0.62
Frost filter 0.48 20.57 0.18 0.64
Kuan filter 0.254 16 0.33 0.67
Median filter 0.29 16.88 0.3 0.67
Table 5 Comparison with some classical methods on the structure image

Level of Noise o2 =0.01 o2 =0.02

Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI
Our proposed model 0.827 30.54 0.042 0.0144 0.76 28.8 0.050 0.0289
Frost filter 0.73 26.97 0.0655 0.0145 0.69 26.4 0.0691 0.0290
Kuan filter 0.722 26.59 0.0685 0.0145 0.67 26.09 0.0719 0.0291
Median filter 0.682 25.61 0.109 0.0146 0.574 23.8 0.14 0.0292
Level of Noise o2 =0.04 02 =0.1

Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI
Our proposed model 0.70 26.68 0.065 0.0580 0.63 24 0.087 0.147
Frost filter 0.61 25.57 0.0754 0.0584 0.52 23 0.098 0.15
Kuan filter 0.60 25.17 0.0789 0.0586 0.48 22 0.1 0.151
Median filter 0.465 21.66 0.192 0.0585 0.3 17 0.2 0.153
Level of Noise 62=03

Indicators SSIM PSNR Error SSI
Our proposed model 0.46 20 0.15 0.451
Frost filter 0.35 18.6 0.175 0.47
Kuan filter 0.162 14 0.28 0.49
Median filter 0.192 14.3 0.27 0.48
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Table 6 Comparison with some classical methods on the Foetus image

Level of Noise a2 =0.01 o2 =0.02
Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI

Our proposed model ~ 0.946 37.11 0.0540  0.0418  0.922 35.12 0.070 0.0837

Frost filter 0.9201 3334  0.0919 0.0418  0.908 3296  0.0944  0.0837
Kuan filter 0.9206 3357  0.0856 0.0418  0.908 3322 0.0894  0.0838
Median filter 0.903 3488  0.104  0.0419 0.8542 3256  0.143 0.0840
Level of Noise 62 =0.04 62=0.1

Indicators SSIM PSNR Error SSI SSIM PSNR Error SSI

Our proposed model 0.901 33.6 0.08 0.1676 0.86 31.2 0.09 0.419

Frost filter 0.88 32.25 0.099 0.1678 0.84 30.9 0.108 0.4217
Kuan filter 0.887 32.55 0.093 0.1678 0.81 30 0.118 0.4218
Median filter 0.785 29.9 0.19 0.1682 0.66 26.4 0.299 0.4215
Level of Noise 62=03

Indicators SSIM PSNR Error SSI
Our proposed model 0.8 29 0.12 1.268
Frost filter 0.7 27 0.15 1.293
Kuan filter 0.41 20.5 0.347 1.3
Median filter 0.48 21.66 0.31 1.295

70%, the relative error is smaller than 8%, the PSNR is the best one and the SSI value is the
nearest one to that of the original image.

The results obtained by the Frost filter, Kuan filter and median filter are globally worse, the
SSIM indicator is not always larger than 70%, the relative error is not close to 8% in most
cases, the SSI value is not the nearest one to that of the original image, only the value of the
PSNR is good. It is not surprising to obtain such results with these filters, as they process
the image locally in small windows centred at the pixel of interest, leading to artifacts in the
restoration process. These results confirm the fact that the restoration diffusion should be
relaxed between the homogeneous parts and the geometric structures of the image. We can
also see in these tables, that our approach is much less degraded when the level of noise is
increased (2 > 0.04).

For the same images, we show in Fig. 8 a comparison of the extrema between restored images
by our approach and the noisy ones for every iteration. We can see that the three channels of
the restored image verify the condition of Lemma 1:

inf(fi) <ub <sup(fi), ¥k =1,2,3.

Still for validating the effectiveness of our approach, we propose to test it on less synthetic
and more realistic medical images as shown in Fig. 9.

Figures 10, 11 and Tables 7, 8 highlight that our model provides better image quality compared
to the second-order TGV model for the two levels of noise (62 = 0.04 and 62 = 0.1).
The results obtained by the second-order TGV model are generally satisfactory, but the
SSIM, PSNR, and SNR values are lower than those produced by our approach for different
noise levels. The comparison results are not surprising, given that the second order TGV
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Fig.8 The extremum principle with a comparison between restored image and noisy one for every iteration

model removes noise in the image independently for each channel. In contrast, our approach
considers the coordination between channels during the restoration process.

Figures 12 and 13 show the results of our approach in the presence of other types of noise
that may appear in an image during a clinical examination. Examples include Gaussian noise,
Poisson noise and salt and pepper noise. The noise level tested in this experiment is set by
default. We see that the elimination of Gaussian noise and Poisson noise was carried out
very satisfactorily, as evidenced by the SSIM and PSNR values displayed. However, it is less
effective for salt and pepper noise.

Among the important phases in medical imaging, segmentation is a crucial step. It consists
of extracting, from the image, one or more regions representative of the area of interest. In
our experiment, represented in Fig. 14, we used the watershed method for segmentation (for
more details, see [37]). This method is mainly based on good restoration and detection of the
geometric structures of the image, which is ensured by our approach.

Figure 14c shows red blood cells segmented as 31 regions, each surrounded by black lines;
Fig. 14f shows the tumor area in the brain segmented, a single region surrounded by an
orange line; Fig. 14i shows the coronavirus-infected area in the lung segmented, with the
region colored in green; Finally, Fig. 141 shows the tumor area in the lung segmented, a single
region surrounded by an orange line.
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(e) Noised image (g) p indicator (h) q indicator

(1) q indicator
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(i) Noised image (j) p indicator
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(m) Noised image (n) Restored image (o) p indicator (p) q indicator

Fig.9 Some other results obtained with our method from noised medical images where o2 = 0.1

5 Conclusion

In this work, we generalized to color images the non standard ¢ (.)-Kirchhoff model for
removing speckle noise in gray level images. The proposed model is based on the resolu-
tion of the ¢(.)-biharmonic and p(.)-Laplacian coupled problem with Neumann boundary
conditions, where p and g are adaptively chosen based on the Di Zenzo gradient and the
p(.)-Laplacian operator of the image.

We studied the semi-implicit scheme used to numerically solve the proposed problem,
and we proved the existence and uniqueness of a sequence converging to the exact solution
of the original problem in an adequate Banach space.

The numerical experiments we presented here confirm the efficiency of this approach. The
obtained numerical results show a very good quality of the restored images, with identification
and preservation of important geometric structures.
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(b) TGV model

(d) Noised image (e) TGV model (f) Our model

(h) TGV model

(j) Noised image (k) TGV model (1) Our model

Fig. 10 Comparaison of the restored images obtained by our and TGV model with 02 =0.04
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(b) TGV model

(d) Noised image (e) TGV model (f) Our model

(g) Noised image

(j) Noised image (k) TGV model (1) Our model

Fig. 11 Comparison of the restored images obtained by our and TGV model with 62=0.1
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Table 7 Table for comparaison of results presented in Fig. 10

Image Indicators Noisy image TGV model Our proposed model
Blood SSIM 0.562 0.73 0.83
PSNR 20.37 23.09 27.7
SNR 13.98 16.7 21.39
Brain color SSIM 0.76 0.8 0.9
PSNR 23 21.15 26.6
SNR 14.62 15 18.5
X-ray horizontal cut SSIM 0.5455 0.80 0.85
PSNR 19.23 22.15 24.93
SNR 15.85 18.74 22.55
Lung cancer SSIM 0.3124 0.94 0.957
PSNR 18.8 22.52 24.57
SNR 15.9 22.17 22.19
Table 8 Table for comparaison of results presented in Figure 11
Image Indicators Noisy image TGV model Our proposed model
Blood SSIM 0.43 0.69 0.75
PSNR 16 22.48 25.1
SNR 10 16 18.72
Brain color SSIM 0.68 0.74 0.875
PSNR 19.41 20 24.15
SNR 10.9 13.65 16
X-ray horizontal cut SSIM 0.438 0.76 0.8
PSNR 15.48 19.7 21.4
SNR 12 16.34 17.97
Lung cancer SSIM 0.24 0.9 0.928
PSNR 15 17.93 21
SNR 12 17.58 18.6
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(a) Gaussian noised (b) Poisson noised image (c) Salt pepper noised
image (SSIM=0.56  and (SSIM=0.79 and PSNR=27.59 image (SSIM=0.57  and
PSNR=20.17 db) db) PSNR=18.52 db)

(d) Gaussian restored image (e) Poisson restored image (f) Salt pepper restored image
(SSIM=0.84 and PSNR= 27 (SSIM=0.92 and PSNR=31.3 (SSIM=0.77 and PSNR=24
db) db) db)

(g) Gaussian noised image (h) Poisson noised image (i) Salt pepper  noised
(SSIM=0.54 and PSNR=21.32 (SSIM=0.8 and PSNR=30 image (SSIM=0.548 and
db) db) PSNR=17.17 db)

(j) Gaussian restored image (k) Poisson restored image (1) Salt pepper restored image
(SSIM=0.85 and PSNR=26.81 (SSIM=0.94 and PSNR=31.67 (SSIM=0.75 and PSNR=23.85
db) db) db)

Fig. 12 From left to right: removal of Gaussian noise, Poisson noise, and salt and pepper noise by our approach
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(c) Salt pepper noised image

noised image
(SSIM=0.49 and PSNR=17

(a) Gaussian noised (b) Poisson
image  (SSIM=0.45 and  (SSIM=0.88 and PSNR=30
db) db)

PSNR=21.26 db)

(f) Salt pepper restored image
(SSIM=0.65 and PSNR=22.27

db)

(e) Poisson restored image
(SSIM=0.94 and PSNR=31.5

db)

(d) Gaussian restored image
(SSIM=0.7 and PSNR= 25.5

db)

(h) Poisson noised image (i) Salt pepper noised image
(SSIM=0.58 and PSNR=27.21 (SSIM=0.367 and PSNR=17
db)

db)

(g) Gaussian noised
image  (SSIM=0.326 and
PSNR=21.28 db)

Rie = 40

(1) Salt pepper restored image
(SSIM=0.74 and PSNR=24.74

db)

(k) Poisson restored image
(SSIM=0.89 and PSNR=26.5 (SSIM=0.98 and PSNR=92.35

db) db)
Fig. 13 From left to right: removal of Gaussian noise, Poisson noise, and salt and pepper noise by our approach

(j) Gaussian restored image
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(d) Noised image

(i) Segmented image

a

(j) Noised image (k) Detected edges (1) Segmented image

Fig. 14 From left to right: noised image (02 =0.04), edges detection by our approach, segmented areas of
interest
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