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Abstract
Two-dimensional transport codes for the simulation of tokamak plasmas are reduced versions of full 3D

fluid models where plasma turbulence has been smoothed out by averaging. One of the main issues nowa-
days in such reduced models is the accurate modelling of transverse transport fluxes resulting from the
averaging of stresses due to fluctuations. Transverse fluxes are assumed driven by local gradients, and char-
acterized by ad-hoc diffusion coefficients (turbulent eddy viscosity), adjusted by hand in order to match
numerical solutions with experimental measurements. However these coefficients vary substantially with
the tokamak, the type of experiment and even the location inside the device, reducing drastically the pre-
dictive capabilities of these codes for a new configuration. To mitigate this issue, we recently proposed
an innovative path for fusion plasma simulations by adding two supplementary transport equations to the
mean-flow system for turbulence characteristic variables (here the turbulent kinetic energy k and its dissi-
pation rate ϵ) to estimate the turbulent eddy viscosity. The remaining free parameters are mainly driven by
the underlying transport physics and hence vary much less between machines and between locations in the
plasma. In this paper, as a proof of concept, we explore on the basis of digital twin experiments, the effi-
ciency of data assimilation to fix these free parameters involved in the transverse turbulent transport models
in the set of 2D averaged equations.
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1 INTRODUCTION

Magnetic fusion is a promising way to produce carbon free energy in large quantities. It is based on the fusion of two light
isotopes of hydrogen into a heavier one in a hot plasma confined by a magnetic field in a toroidal machine called tokamak, see
Figure 1. The International Tokamak Experimental Reactor (ITER) is to date the most ambitious of these devices under con-
struction by its size and its ultimate goal of achieving a ratio of energy produced to energy consumed equal to 10, according to
ITER official website [25]. However, many physical and technological issues remain, requiring intensive numerical simulations
to complement the sparse experimental measurements and incomplete theoretical models [30].

Despite the exponential growth of computer speed along with significant improvements in computer technology, the numer-
ous physics and engineering issues to address as well as the very large number of degrees of freedom to handle require the
development of a chain of models. This latter ranges from low to high fidelity models, from simplified models for optimization
and uncertainty propagation to state-of-the-art first principle models of plasma turbulence transport in relevant plasma condi-
tions. In this context, as recently mentioned in a review article [39], the transport codes ([14] [9] [42] [37]) remain the current
workhorse of the physicists when studies are closely linked to operations with the aim of studying and designing optimal sce-
narios for reactors. They rely on a very similar approach to the Reynolds Averaged Navier-Stokes (RANS) codes commonly
used for engineering applications in computational fluid dynamics (CFD) [33]: in these fluid reduced models, turbulence is
smoothed out by averaging the transport fluxes (transverse to the magnetic field lines, Figure 1) resulting from the averaging
of stresses due to fluctuations which are assumed to be driven by local gradients. The effect of the turbulence on the averaged
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F I G U R E 1 Sketch of a simple magnetic geometry of a Tokamak in toroidal and poloidal coordinates. Particles are (imper-
fectly) bound to helicoidal trajectories which follow the total magnetic field lines.

fields is then characterized by ad-hoc diffusion coefficients (turbulent eddy viscosity) whose values are generally tuned by hand
to match experimental data (see for example [42] and [9]). The issue here is that since these ad-hoc coefficients, which must be
determined at each point of the mesh, are flow-dependent, they differ from one machine to another, from one pulse to another
in the same device and even from one location to another in a given discharge [1]. They must then be considered as free pa-
rameters with an extremely large number of degrees of freedom, which drastically reduces the predictive capabilities of these
codes.

In the literature, few works have explored the way to solve this issue. The option of a direct coupling between a mean-field
code and a local (flux-tube) plasma turbulence code was proposed by Hasenbeck et al. [23] for example. In such a scheme, the
mean-field code still follows a gradient-diffusion hypothesis to describe transverse transport, but the transport coefficients are
dynamically and self-consistently obtained from the output of turbulence simulations run in a gradient-driven manner (with
local plasma parameters and gradients used as input) at well-chosen sampling positions in time and space. This approach
has been proven successful at reproducing plasma profiles in simple test cases. However, the application to complex cases
remains to be undertaken. Additionally, a number of fundamental questions remain in this context, e.g. how to efficiently
determine the sampling points and decisive parameters from the mean-field code for the local turbulence simulations, how their
choice affects the stability, convergence and performance of such a coupled code system, and if the underlying hypothesis of
a scale separation between macroscale (mean-field) and mesoscale (local turbulence) dynamics always holds in the regimes
and regions of interest to ensure the feasibility of the approach. Also the physical limitations of this concept as compared to
global turbulence simulations and the computational costs still have to be assessed in depth. Similar problems arise when local
turbulence codes are used to build a database of transport coefficients depending on the mean-field code’s input parameters [32].
To solve the computational cost issue, another approach consists in completing the model with equations describing the time
and/or space evolution of the transport coefficients, thus making the call to a turbulence code unnecessary. This approach has
already been used successfully in the frame of 1D models for L-H transition studies [31, 41] and can potentially be applied to 2D
or 3D edge mean-field models. The consequence is the substitution, as free parameters, of perpendicular diffusion coefficients
with parameters defining key properties of the underlying transport mechanisms (e.g. turbulence growth and damping rates).
Although this might not lead to a reduction of the number of free parameters, the new parameters are expected to be more driven
by the underlying transport physics and hence will vary much less from one machine to another one, or from one location to
another in the same plasma. Also, their dependencies with plasma characteristics can in general be derived or constrained by
theoretical considerations.

Following this premise, an advanced modelling has been proposed in [6], improving significantly the predictive capability of
the model, inspired by a method used in the neutral fluid community since the 70s [28]. In this enriched model, the transverse
turbulent diffusion coefficients are computed from the turbulence kinetic energy κ and its dissipation rate ε.

Moreover, κ and ε are then determined self-consistently by 2 additional transport equations designed from the knowledge
of the physical mechanisms at play at the plasma edge in tokamaks. The new equations depend on a new set of parameters,
which are closed by previously established results of perturbation analysis [38], and known scaling laws [19]. Still, some
free coefficient remain to be tuned, and the scaling laws would benefit from a precise confrontation with the data; but, by
characterizing fundamental processes of turbulence, the new model is expected to need far less tuning depending on the scenario
of plasma discharge, or even the type of Tokamak, in contrast to the initial diffusion coefficients. Results in Baschetti et al.
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[5, 6] showed the remarkable potential of this model to capture key aspects of the physics of turbulent transport throughout the
plasma.

Hence, the introduction of the new variables essentially shift the problem of identification from the turbulent diffusion
coefficient to the free parameters of the new equations for κ and ϵ. This is essentially at this point that comes the main
contribution of this article. Indeed, the objective is to show the ability of a calibration routine, based on data assimilation,
to identify those parameters. The ultimate objective will be to use data bases provided by experimental measurements or
higher fidelity numerical models to improve the reliability and predictability of the new model of transport code. While data
assimilation is traditionally used in oceanography or meteorology [7, 26] to estimate a global state with sparse measurements of
different accuracy, the mathematical methods that are used have the potential to increase the accuracy of any numerical model
with loosely defined parameters, assuming data from the modelled system are available [2]. In the present work, we choose to
exploit the Variational Data Assimilation (VDA) framework [13] which involves the minimisation of a cost function defined as
the quadratic distance between the data of reference and the values computed by the model [13, 2, 10, 24]. The gradient of the
cost function can then be obtained by automatic differentiation (see Portal for automatic differentiation http://www.autodiff.org
or [21]), allowing the use of efficient minimisation algorithms (e.g. conjugate gradient, quasi-Newton, . . . ), see e.g., [29].
However, as a complex nonlinear optimisation problem, the convergence of the calibration procedure at a reasonable rate
is not necessarily guaranteed. Fortunately, the formulation as an optimisation problem gives access to different strategies,
like rescaling the optimisation variables or using a penalisation function, which can greatly improve the performances of the
algorithm. An extensive part of this article will illustrate how to efficiently use those strategies and adapt them precisely to a
model for plasma turbulence.

First, in section 2, the simplified model on which the calibration procedure will be tested is thoroughly introduced with an
analysis of its expected behaviour and the introduction of the reference scenario for the calibration tests. Then, in section 3
the calibration algorithm is detailed, from its mathematical principle to the precise definition of its components, as well as
the different regularisation strategies used to improve its efficiency and robustness. In chapter 4, the different regularisation
strategies are introduced step by step to evaluate their impact and explain how they were adapted to the considered model.
Finally, in chapter 5 the robustness of the calibration with the most efficient hyperparameters is tested on multiple different
cases, where the information contained in the data is artificially reduced by adding random noise (or rendering it sparser in
time).

2 MODEL SIMPLIFICATION, NORMALISATION AND ANALYSIS

2.1 1D model in the field-aligned radial direction

We consider a simplified κ – ε model for transport. We refer the reader to [39] and [6] for more details about the simplification
of the full transport model equations to 1D.

Inside the tokamak, magnetic field lines are spiralling around nested surface of approximately toroidal shape, called magnetic
surfaces (see figure 2). We consider a generalised radius r following a direction always perpendicular to the magnetic surfaces.
We define then the average operator 〈·〉 of a quantity a on a magnetic surface S of constant generalised radius r surrounding the
volume V as:

〈a〉(r) =
∂

∂V

∫
V(r)

a dV =
1

V ′(r)

∫
S(r)

a dS

|∇⃗r|
with V ′(r) =

(
∂V
∂r

)
(r) =

∫
S(r)

dS

|∇⃗r|
. (1)

The full system of averaged variables include equations for the common density n (assuming quasi-neutrality), almost
identical equations for ions and electrons temperature Tα (α = i or e for ion or electron) and the equations for κ and ε.

∂n
∂t

–
1
V ′∇rV ′D∇rn = Sn – h(r – rSOL)

n
τ||

, (2a)

∂tnTα –
1
V ′∇r(V ′(DnTα∇rn + rχαn∇rTα)) = SEα – h(r – rSOL)

nTα

τ||
, (2b)

∂tκ –
1
V ′∇r

(
V ′Dκ∇rκ

)
= γκκ –

1
Dω

κ2 – ε, (2c)

∂tε –
1
V ′∇r

(
V ′Dε∇rε

)
= γεε – V

ε2

κ3/2 , (2d)

http://www.autodiff.org
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F I G U R E 2 Presentation of the domain and variables on a poloidal cross-section of a Tokamak in the divertor configuration.

with h the Heaviside function. lister rapidement les différents paramètres: V’, D, Dn, Dkappa, Deps, Domega, rSOL, tau||,
chi The sources for particle Sn and energy SEα can be set to represent the refueling of particles, the heating and/or the fusion
reaction. Remarkably, there is no linear loss term due to the interaction with wall for κ and ε because the parallel transport
can have a stabilizing impact on the turbulence at any radius, and not necessarily more in the SOL. The growth rates γκ and
γε should then be considered as effective turbulence growth rates, including the linear loss mechanisms. We will detail the
different parameters of the κ – ε in the normalisation phase.

With this simplified physics, we consider that the model can be extended to the core plasma, so that the variables are defined
on the whole domain from the magnetic axis (r = 0) to the beginning of the first parts of the regular wall with radius higher than
the limiter (r = rSOL). Naturally we set a homogeneous Dirichlet condition at the wall boundary since all variables should have
negligible values at this point (otherwise the device would simply be melting). On the magnetic axis, a homogeneous Neumann
condition prevents from dealing with the singularity at the point where the radial coordinate vanishes.

2.2 Decoupled and normalised κ – ε model

The 1D model (see Equations (2)) has revealed to be an interesting tool to investigate plasma turbulence [6]. As a first proof
of concept, and to simplify a thorough study of our calibration procedure, we focus in the present work on the κ – ε system,
decoupled from the density and temperature equations. Those plasma flow variables will be considered as constant in time in
the following. Furthermore, we suppose that the magnetic surfaces are approximately toroidal to simplify the perpendicular
diffusion terms in Equations (2). Including the boundary conditions, our system reads as:

∂τκ –
1
r
∇r

(
rCκ

D
κ2

ε
∇rκ

)
= γκκ –

1
Dω

κ2 – ε (3a)

∂τε –
1
r
∇r

(
rCε

D
κ2

ε
∇rε

)
= γεε –

V
κ3/2 ε

2 (3b)

κ(τ = 0, r) = κ0, ∇rκ(τ , r = 0) = 0, κ(τ , r = a) = 0,
ε(τ = 0, r) = ε0, ∇rε(τ , r = 0) = 0, ε(τ , r = a) = 0.

(3c)

The equations include transport terms both in the perpendicular (i.e. radial) and parallel directions with respect to the magnetic
field lines. The adaption of the κ – ε model is rather heuristic: the general structure of the κ – ε for neutral fluid is conserved,
and the different terms are adapted to account for plasma physics or enforce expected behaviour as detailed in [6] or [27]. The
left hand side of equations shows a material derivative simplified by the averaging over the magnetic surfaces and the turbulent
treatment of the perpendicular transport. The perpendicular diffusive transport due to turbulence are governed by diffusivities



5

Cκ
Dνe and Cε

Dνe where νe = κ2/ε is the eddy viscosity. On the right hand side, the local drives of the turbulence are expanded up
to order 2: the γ coefficients are effective linear growth rates, Dω is a saturation rate of κ which prevents the divergence of the
system and V weights the damping term of ε, ensuring that ε eventually decreases as κ tends to 0.

Reference closure laws using the variables of the MHD equations have been obtained for the different parameters of the
κ – ε system. However, there are obtained by approximations and dimensional analysis so that most of them depend on low
dimensional free coefficients and could be improved with by comparing to a solid experimental estimation. Hence, after the
normalisation of the model, we will not use the known closures in our calibration tests.

The normalisation is based on the fixed point of the local model, so that if all the normalised parameters are set to one, the
right hand side of Equations (3) is equal to 0. Approximate formula for the fixed points of κ∗, ε∗ and νe∗ are ([27]):

κ∗ ≈ γ2
κV2

γ2
ϵ

⇒ κ∗0, ε∗ ≈ γ3
κV2

γ2
ϵ

, νe∗ ≈ γκV2

γ2
ϵ

. (4)

Hence, we express the normalisation scales of κ, ε and νe using the scales for both growth rates, γ0, and the scale for V , V0:

κ0 = V2
0 , ϵ0 = γ0V2

0 , νe0 =
V2

0

γ0
. (5)

Furthermore, as illustrated by the formula of νe0 in Equations (4), a decrease of both growth rates (γκ and γε) would lead
to an increase of the fixed point of the eddy viscosity which seems counterintuitive (the decrease of the growth rate of the
turbulence and its damping rate should not increase the effect of the turbulence). To avoid this issue and to simplify the study
and identification of the parameters of the model, the choice was made [3] to simply equate the normalised value of V and γκ:
V/V0 = γκ/γ0.

We now set Z = κ/κ0 and Y = ε/ε0 and normalise the radial position by the system size, typically the plasma minor radius
a, hence ρ = r/a, thus accounting for radial boundary conditions. Time is normalised by 1/γ0, and the normalised growth rates
are γZ = γκ/γ0 and γY = γε/γ0, leading to V/V0 = γZ in order to ensure the expected behaviour for the fixed points. With these
definitions and the chosen scales (5), the system (3) now reads:

∂tZ –
1
ρ
∇ρ

(
ρDgBZ

Z2

Y
∇ρZ

)
= γZZ – KZ2 – Y , (6a)

∂tY –
1
ρ
∇ρ

(
ρDgBY

Z2

Y
∇ρY

)
= γYY – γZ

Y2

Z3/2 , (6b)

Z(t = 0, ρ) = Z0, ∇ρZ(t, ρ = 0) = 0, Z(t, ρ = 1) = 0,
Y(t = 0, ρ) = Y0, ∇ρY(t, ρ = 0) = 0, Y(t, ρ = 1) = 0.

(6c)

Here, K = D0/Dω . The notation refers to the concept of Kubo number, akin to the intensity of the turbulences [4, 34]. In this
case the model is supposed to be in a low turbulence regime, so that K << 1 [3]. Finally, the normalised diffusion weights are
DgBZ = Cκ

D/(γ0a2) and DgBY = Cε
D/(γ0a2). Since one expects V0 to scale like the normalised Larmor radius ρ∗, one then finds

DgBZ ∝ DgBY ∝ ρ2
∗, which corresponds to the so-called gyro-Bohm (gB) scaling. Since we generally use a constant ratio ∆Y

between DgBZ and DgBY , we often give only the value of a general parameter DgB, assuming DgBZ = DgB and DgBY = ∆YDgB.

3 CALIBRATION ALGORITHM

3.1 Optimisation problem and overview of the method

3.1.1 Definition of the problem

As explained earlier, we want to develop a calibration routine to identify the parameters of the system of Equations (6) (DgBZ,
γZ , K, . . . ) so that the trajectory generated by solving the model corresponds to "experimental" data. In this case, our model is
too simplified to be meaningfully compared to data from actual experiments. Thus, we will remain within the frame of twin
experiments, where data are generated from our model for a given set of target parameters, and we then try to reproduce the
data and recover the target parameters starting from first guesses, a different set of parameters. A notable advantage of testing
the calibration procedure with the twin experiment is that we can directly evaluate the precision of the retrieved parameters
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by comparison with the target parameters, and check if the algorithm does not stay stuck in an unexpected local minimum.
Furthermore, it is possible to simulate the differences between experimental data and the generated trajectory with the addition
of noise to the generated data, in order to test the calibration method on a more realistic case (see section 5).

Concretely, for the generation of the data, we run a solver of the system (6) and regularly save the value of Z and Y after a
given number of iterations. The target data are then two sets of vectors (Zobj

i ) and (Yobj
i ) (the exponent obj stands for objective)

containing approximations of Z and Y at different radial positions for a given set of times (ti)i∈J0,NTK separated by the data time
step ∆data

t . Naturally, ∆data
t is a multiple of the time step of the direct system solver ∆t.

Then we can define the cost function that the calibration algorithm will minimise as a simple Euclidean norm of the difference
between the generated trajectory and the data. Assuming that, for a given set of parameters p, Z(p) and Y(p) are the unique
solutions of the direct model (6), and knowing the target set of vectors (Zobj

i ) and (Yobj
i ) corresponding to times (ti)i∈J0,NTK, the

cost functional simply reads:

J(p) =
∑

i∈J0,NTK
1
2

(
‖(Z(p))(ti) – Zobj

i ‖2
2 + ‖(Y(p))(ti) – Yobj

i ‖2
2

)
. (7)

The different parameters of the set p are all considered constant in time but dependent of the radius, except for the diffusion
weights DgBZ and DgBY . Considering that the purpose of the model is to evaluate the eddy viscosity, correcting it with an ad-hoc
parameter at every space point would clearly reduce its interest. Overall, the set p includes 7 parameters to identify. There are
5 of them in the equations of the direct model (6) :

• DgBZ and DgBY ∈ R+ the coefficients of the (nonlinear) diffusion terms, necessarily positive for a physically coherent
diffusion effect.

• γZ and γY ∈ L∞([0, 1]) → R+ the normalised effective growth rates. They may vary consequently in scale and are expected
to stay positive.

• K ∈ L∞([0, 1]) → R+ the Kubo parameter (also referred to as the Strouhal number) weighting the nonlinear saturation term
in the equation (6) for Z. The value of K is usually fairly negligible between 10–1 and 10–4, and supposed to remain positive
in order to act as a saturation term.

We add the two the initial states Z0 = Z(t0) and Y0 = Y(t0). In our case, the initial states are directly given by the first
vectors in the data sets, Zobj

0 and Yobj
0 , but it is not obvious that the algorithm will easily converge towards them: at least in an

intermediate state of the optimisation algorithm, it may be more advantageous to have the initial state different from the one
given by the data if it allows for a reduction of the distance to the data as a whole. For real physical problems the data will most
likely not be available at any point in space, and not directly for the turbulent variables κ and ε, so it is important to show that
the initial condition can be identified.

Lastly, as we will see in Section 4.3, considering a relative error to the value of the parameters can be useful to maximise
the use of the information in the data. Indeed, the variable can have important scale variations and an error at a small scale can
have a huge impact after the exponential growth. Hence, we will alternatively use a cost based on the difference between the
logarithms :

Jl(p) =
∑

i∈J0,NTK
1
2

(
‖ log((Z(p))(ti)) – log(Zobj

i )‖2
2 + ‖ log((Y(p))(ti)) – log(Yobj

i )‖2
2

)
. (8)

3.1.2 Sketch of the algorithm

The complete principle of the algorithm is illustrated in Figure 3.
First the κ– ϵ model is solved for a given set of data parameters and the values of Z and Y are recorded for different values of

the time variable separated by ∆data
t . Then we have a loop between a nonlinear minimisation routine (the Fortran routine m1qn3

[17] that implements a BFGS quasi-Newton algorithm) and the derived version of the whole procedure returning the cost, i.e.,
the 1D κ – ϵ model solver slightly modified to compute the difference with the target data. Since the gradient is necessarily 0 at
the minimum, the loop stops when the 2-norm of the gradient of the cost function has been reduced with regards to its initial
value, namely, ‖∇j‖/‖∇j0‖ < ϵg, where ϵg > 0 is the stopping condition threshold.
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F I G U R E 3 Block scheme of the minimisation algorithm.

3.2 Discretisation and Solver

3.2.1 Time discretisation

The chosen scheme used in the parameter fitting procedure to solve Equation (6b) is simple and fast but does not allow the
convergence of the algorithm for any set of parameters. It makes use of an implicit-explicit scheme for the resolution of the
nonlinear diffusion, and a part of the local drive:

Zn+1 – Zn = ∆t

(
DgBZD

(
Z2

n

Yn

)
Zn+1 + γZZn – KZ2

n – Yn

)
, (9a)

Yn+1 – Yn = ∆t

(
DgBZD

(
Z2

n

Yn

)
Yn+1 +

(
γY – γZ

Yn

Z3/2
n

)
Yn+1

)
. (9b)

The interest of this formulation is that the scheme is linear in Zn+1, with D
(
Z2

n /Yn
)

a linear (and even tridiagonal) operator
depending on terms of the step n, and Yn+1 at the end of the right-hand side of (9b) is multiplied by a term depending only on
the step n as well. Hence, the computation of the next step is dominated by the resolution of tridiagonal linear system, but the
stability is largely improved from fully explicit cases because there is no CFL type condition on the value of the time step ∆t

(see e.g. [35] or [36]).
Still, as previously studied in [27], it can be complex to obtain a scheme for the local drive that would converge for any set

of parameters. Notably, since Zn must stay positive at any step, without considering the impact of the diffusion, the following
minimal condition should always be fulfilled:

Yn <
Zn

∆t
. (10)

Since this condition depend on the values of Zn and Yn at every time step, it is hard to evaluate a priori the exact sets of
parameters which will lead to the divergence of the scheme. In [27], general values of parameters that could lead to instabilities
have been found to be high ratio of γY /γZ , Z0/Y0 or a low value for K, but without much more precise identifications. This is
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an interesting test for the minimisation algorithm, as we want it to be able to cope with regions of forbidden sets of parameters,
not necessarily known very precisely.

3.2.2 Data, cost and discrete gradient

The modification of the direct solver to compute the cost is straightforward: when the model reaches a time ti corresponding to
recorded data vectors Zobj

i and Yobj
i , the distance of the current value of Z and Y to the matching data sample (Zobj

i or Yobj
i ) is

added to a cost variable. We assume that it is always possible to choose the time step ∆t so that there is always an iteration for
which the time variable in the solver corresponds exactly to the time of the data sample. For simplicity, we will always choose
∆data

t as a multiple of ∆t.
From there the discrete gradient is obtained by applying the automatic differentiation software Tapenade [22] in reverse

mode to the code computing the cost. The automatic differentiation tools can transform a mathematical code which computes
a function into a code which computes its derivative. The program generated in reverse mode will first run the original solver,
memorising the values of Z and Y at each iteration, and then run backward a derived and transposed version of the original
code, which is an efficient technique to get the gradient of the cost known as the discrete adjoint method [22]. Since we are not
limited by the available memory, the generated routine is very fast, around only 3 times slower than the direct solver to compute
both the cost and its gradient with regard to the parameters. In cases where the memory is limited, a binomial checkpointing
strategy can be employed for an optimal computational time using the available memory [20].

The complete run of the direct solver followed by the derived adjoint code, which computes both the cost and its gradient, is
called a "simulation". Since there can be multiple simulations for one iteration of the minimisation routine, and as the internal
computations of the minimisation routine are negligible, the main indicator of the performance of the calibration is the number
of simulations before the stopping condition is reached.

Radial grid
spacing ∆ρ

Time step ∆t

Time elapsed
between two

recordings ∆data
t

Data time
interval length LT

1/150 5 × 10–3 5 × 10–2 40
T A B L E 1 Default numerical values for the discretisation data in the parameter fitting procedure

Table 1 displays the default values of the discretisation parameters. The data are generated with the same time step as the
one used by the model solver in the parameter fitting algorithm (∆t = 5 × 10–3) to ensure that we effectively consider twin
experiments. However, we do not need data at every time step, and so we can have multiple solver iterations between two
records. By default, the solution is recorded every 10 iterations, giving a data time step (∆obj

t = 5× 10–2). The influence of data
time step will be studied in Section 5.

Furthermore, an important factor for the efficiency of the algorithm is the length of the time interval in the cost function.
Since the model is often locally oscillatory, the objective data and the currently computed trajectory may quickly run out of
phase even if the parameters are relatively close to their target values. Hence, it is interesting to reduce the length of the time
interval to at most a few oscillations.

3.2.3 Optimisation routine

As is natural for optimisation problems where the gradient is known, but the Hessian is unavailable or too costly to obtain,
the chosen minimisation routine belong to the class of the Quasi-Newton methods. Those methods try to reproduce the very
efficient Newton iteration using an approximation of the inverse of the Hessian of the cost.

Among the numerous available Quasi-Newton optimisation algorithms, we choose the routine m1qn3 of the library MODU-
LOPT [17], which implements a limited memory BFGS algorithm [8, 15, 40, 18] for unconstrained nonlinear optimisation (see
[16]). The approximated inverse Hessian is evaluated using the gradient ∇J and optimisation variable p from a given number
M of past iterations, which we set to M = 20 since higher values generally does not add much more precision [16]. Among the
two possible modes of initialisation of the approximated Hessian, we choose the Diagonal Initial Scaling (DIS) which should
further reduce the number of iterations.
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3.3 Regularising strategies

Due to the formulation of the calibration as an optimisation problem, multiple methods can be implemented to improve the
performances of the calibration procedure, in terms of robustness against potential divergence, precision of the retrieved param-
eters and convergence rate. We will quickly define those strategies here and illustrate their impact and how to adapt them to our
problem in Section 4.

3.3.1 Scaling

Scaling functions are used to improve the conditioning of the problem and impose boundaries on some parameters. A given
parameter x of the set p corresponds with the rescaled parameter x̄ ∈ p̄, such that x = sx(x̄), where sx is the scaling function.
The non-scaled parameter x is given to the minimisation routine while the rescaled parameter x̄ is used in the computation of
the cost and its gradient. In this form it is very easy to apply constraints on the parameters inside the PDE solver: typically
choosing an always positive function sx leads to a positive x̄. Furthermore, from the chain rule, the gradient of the cost with
regard to a parameter x is naturally multiplied by the derivative of sx, so that the scaling can be used to increase the components
related to this parameter in the descent direction.

For a given rescaled parameter x̄, we use for the scaling either one of the three following functions, which include each time
a linear coefficient kx:

• the linear function x̄ 7→ kxx̄,
• an exponential function, x̄ 7→ ekx x̄. In this case the gradient is multiplied by kxekx x̄ = kxx, so that the gradient is increased as

the value of the parameter increases.
• a positive quasi-linear (PQL) function. It is defined to have a horizontal asymptote for x → –∞ and an oblique asymptote

for x → +∞ (inspired by a hint on the implementation of box constraints with an unconstrained solver in [11]):

s : x̄ 7→ kϵs;x

–
1
π

+
1

– atan
(

kxx̄
ϵs;x

+
1
π

)
+
π

2

 . (11)

It is used to prevent a parameter from reaching 0 at some points, without adding too much non-linearity at the other points.
The parameter ϵs;x is a good approximation of a threshold for the behaviour of the function, as seen in Figure 4.

F I G U R E 4 Plot of the positive quasi-linear scaling function s for ϵ = 10–1 and k = 1.

If not specified, the scaling functions for each parameter are linear with coefficients kx = 1, which is equivalent to no scaling at
all.



10

3.3.2 Penalisation

Penalisation terms are added to the cost function to help keeping expected shapes and values for the parameters. They directly
depend on the parameters and not on the result of the physical model. For each of them, a scalar weight balances its contribution
to the cost. Except where it is mentioned, the penalisation terms and their associated weights are the same for each parameter.
Multiple kinds of penalisation functions are used here on different test cases:

• Radial derivative penalisation: for each parameter, the quadratic norm of its derivative with respect to the radius is added to
the cost function:

wρ

Nρ–1∑
i=1

(
xi+1 – xi

∆ρ

)2

. (12)

This penalisation is expected to inhibit the apparition of oscillations on the parameters, and improve the convergence rate
at a later stage of the calibration. Alternatively, for the initial states Z0 and Y0, we may also use a logarithmic version of the
penalisation where we add to the cost the norm of the radial derivative of the logarithm of a positive parameter:

wρ

Nρ–1∑
i=1

(
xi+1 – xi

∆ρ(xi+1 + xi)/2

)2

. (13)

The weight of the radial derivative penalisation is wp, equal to 0 by default.
• Negative value penalisation: since negative values in the parameters are either physically incoherent or may lead to the

divergence of the numerical κ – ϵ model solver, we will use in some cases a penalisation function which simply adds to the
cost the sum of the value to the power 4 of the parameters at the points where they are negative:

wN

∑
i∈{j∈J1,NρK, xj<0}

x4
i . (14)

We use the power 4 to ensure the smoothness of the function (to the order C3 in this case) and avoid discontinuities in
the derivatives. This is less restrictive than the use of a scaling function to force positiveness since the parameters can still
be negative -the penalisation even has no effect if they are not. Hence, it is used by default on all the parameters with the
weight wN = 0.1.

• Reference value penalisation: A L2 distance between a parameter and a reference value is added to the cost:

wref ,x =
Nρ∑
i=1

(xi – x0
i )2. (15)

As can be seen in the formula, the reference value is actually the initial guess for the given parameter, because if we expect
a certain value for a parameter, it appears natural to directly start from it. This penalisation may be used only for certain
parameters, so the weight wref ,x depends on the parameter x.

• Parameter difference penalisation: Similar to the last one but the L2 distance is between two parameters:

wdiff ,x,y =
Nρ∑
i=1

(xi – yi)2. (16)

This penalisation is introduced because big differences between some parameters may lead to the divergence of the numer-
ical scheme, specifically the ratios Y0/Z0 and γY /γZ . Hence, limiting their differences may prevent the divergence of the
calibration algorithm.

Finally, to maximise the efficiency of the regularising strategies, it can be interesting to launch the algorithm two times, start-
ing the second launch with the parameters obtained after the first, typically to change the weights of the different penalisation
terms between the two launches. In this case we label the successive weights with exponents 1 or 2 whether they are used on
the first or the second launch.
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DgBZ DgBY γZ γY K Z0 Y0

Target 10–4 – 5 × 10–3 2–6 × DgBZ 5a Fig 5a 0.05 Fig 5b Fig 5b
Initial 10–5 10–5 1.2 0.7 0.02 Zobj

0 + 0.1 Yobj
0 + 0.1

T A B L E 2 Target parameters for the reference configuration, compared to the initial guesses used for the first calibration.

By default, all penalisation weights are put to zero, except the negative value penalisation because it has no effect on the re-
trieved parameters if they are close to their targets. In the next section, we will progressively introduce the different regularising
strategies and illustrate experimentally their effects.

4 OPTIMAL HYPERPARAMETERS FOR THE TWIN EXPERIMENT

4.1 Reference configuration

To test our calibration procedure, we choose a reference configuration which illustrates the peculiar dynamics arising from the
nonlinear diffusion. This configuration is defined with a drop of the growth rates of both Z and Y , which are very low in a
relatively large "No Man’s Land" region around ρ = 0.55 compared to their values on the rest of the radial domain. The "No
Man’s Land" terminology is sometimes used in plasma physics to designate a region before the separatrix where the turbulence
seems to decrease before increasing again in the SOL (Scrape-Off Layer) [12].

In order to focus on the effect of the diffusion, the initial states Z0 and Y0 are chosen as the fixed points of the local drive,
so that at the initial time t = 0, the right-hand side of the normalised system is equal to 0 and only the nonlinear diffusion
term instigates a movement in the system. However, the local fixed points Z∗ and Y∗ are strongly impacted by the value of the
growth rates, with γZ = γY = γ:

Z∗ ∝ γ2 and Y∗ ∝ γ3. (17)

Hence, the initial states display a considerable variation in scale from the boundaries to the No Man’s Land region, as illustrated
in Figure 5b. This is quite challenging for the algorithm because it has to identify parameters with values that can be both distant
and very close to 0 but must always be positive (so that the direct solver does converge). The ability of the calibration routine
to identify those parameters will be a convincing illustration of its robustness. Among all the tests, the target parameters will
stay the same except for the diffusion weights DgBZ and DgBY , in order to see how the calibration procedure reacts to different
diffusion weights. The values of the scalar or constant target parameters are recalled in Table 2 while Figures 5-(a) and (b)
display the profiles of the radially dependent parameters.

As can be seen in Table 2, there is always a difference between the target diffusion weights for each variable. Indeed, as was
shown in [3], DgBY must be considerably lower than DgBZ for the apparition of the complex oscillatory dynamic observed in
Figures 5-(c) and (d).. In particular, we will choose Dobj

gBY = ∆YDobj
gBZ = 2–6Dobj

gBZ , where the ratio ∆Y = 2–6 is set at a reference
value (see [3]).

4.2 Initial penalisation and nonlinear scaling

Following the methodology of [27], we introduce by default an exponential scaling for DgBZ and DgBY , leaving the linear
constant at 1. For the time length interval, we approximately use the period of one typical time oscillation. As can be seen in
Figure 5, there seem to be oscillations of very different frequencies inside and outside the No Man’s Land region, and the period
of oscillation in the No Man’s Land is dependent on the diffusion weights. To keep a similar interval length independent of the
diffusion, we choose an interval length LT = 40, which is approximately the smallest period observed in the No Man’s Land,
but still at least a half of the longest period observed. Finally, the negative penalisation is used by default on all the parameters
with weight wn = 0.1. It has a low impact on the algorithm since it only has an effect when a parameter has a negative value,
but it should limit the apparition of too negative values. Similarly, we introduce a radial derivative penalisation on all radially
dependent parameters with weight wρ = 10–4, to improve the robustness of the algorithm by limiting the apparition of sharp
oscillations. This penalisation prevents the parameters to reach their exact targets since it naturally flattens the curves of the
parameters with regard to the radius, but it was shown in [27] that it can also improve the convergence of the algorithm,
especially with higher diffusion weights.
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(a) Growth rates (b) Initial states (log scale)

(c) DgB = 10–3 (d) DgB = 10–4

F I G U R E 5 Top: profiles of objective and initial guesses of non-constant parameters for calibration toward the reference
configuration. Bottom: map of the variable Z solution of the normalised κ – ϵ system, as a function of time and radius for
different values of DgB = DgBZ = DgBY .

At this stage, the initial guesses for Z0 and Y0 have to be quite close to their target values for the algorithm to converge
(typically with a similar shape): we use Z0

0 = Zobj
0 + 0.1 and Y0

0 = Yobj
0 + 0.1. Moreover, it is necessary to use a very precise radial

threshold ϵg = 10–10 to obtain a relatively precise identification of the parameters.
Even with all the previously introduced regularisations, the calibration procedure is not yet able to converge. This is in part

due to the fact that the κ – ε solver cannot converge if Y0 or Z0 are negative somewhere. There is no real problem if it happens
only once, but since Y0 and Z0 must be decreased consequently in scale, the calibration procedure often "overshoots" and
reaches a negative value. This leads to multiple wasted simulations which slow down the algorithm, and most of the time to the
divergence of the calibration procedure. Hence, it appears necessary to introduce an efficient way to forbid the negative values
for Z0 and Y0.

The positive quasi linear scaling function decreases the gradient with regard to a parameter where it has a small value while
keeping a linear scaling elsewhere. This is an interesting way to keep Y0 and Z0 positive because it allows any positive value
but makes the lower orders of magnitude increasingly harder to reach. The limit for the linear behaviour is roughly equal to
the scaling parameters ϵs,Z0 and ϵs,Y0 , which must be chosen carefully. Indeed, a too low ϵs limits the stabilising effect, but a too
high one could slow down the algorithm.

We have launched multiple calibration procedures to illustrate these effects and find a good value for ϵs;Z0,Y0 = ϵs,Z0 = ϵs,Y0 .
The number of simulations for different values of ϵs;Z0,Y0 are reported in Figure 6. Focusing on the solid blue curve, with our

default time interval length LT and a standard cost, we can see how the algorithm is unable to converge for ϵs;Z0,Y0 ≤ 5 × 10–2,
illustrating the necessity of the positive scaling. On the other hand, reducing the time interval length to focus on the beginning
of the data can help to identify precisely the initial states, so that the scaling can admit a very low ϵs;Z0,Y0 . However, as we will
quickly see, this shorter time interval reduces drastically the precision on the retrieved parameters, making it less desirable. All
the following experiments will use the positive quasi linear scaling with ϵs;Z0,Y0 = 10–1, leading to a low number of simulations
for all parameters.
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F I G U R E 6 Evolution of the number of simulations with regard to the scaling parameter ϵs for Z0 and Y0 with different
time interval lengths LT and types of cost.

4.3 Logarithmic cost

With a standard L2 cost, the biggest errors are probably computed when the trajectories reach their maximal value, so that by
comparison, the error at the beginning of the simulation is negligible. However, due to the exponential growth of the local
model, a consequent relative error made at the beginning of the growth will cause a big error in absolute value at the apex of
the trajectory. Hence, it seems interesting to consider a relative error instead of an absolute one, and the former is given by a
difference between the logarithm of the currently generated trajectory and its target. Figure 7 shows the evolution of multiple
metrics with regard to the number of simulation for the two different types of cost and different time interval length.

Focusing first on the cost and the norm of its gradient, it clearly appears that although the value of the cost starts lower
with the logarithmic cost, they finish around the same value, as the cost is dominated by the radial derivative penalisation.
Unsurprisingly this is linked to a consequently smaller reduction of the gradient norm with the logarithmic cost. To avoid
unnecessary iterations, the stopping threshold is raised to ϵg = 10–7 with the logarithmic cost. The cost without penalisation
is the most meaningful representation of the accuracy of the model since it is directly representative of the distance between
the generated trajectory and the data. Since the formula of the two cost types are different, we cannot directly compare their
final value, but we can remark that the logarithmic cost with LT = 10 reduces very efficiently the cost without penalisation.
Comparing with the evolution of the relative error on the parameters, it clearly appears that the logarithmic cost with LT = 10
can reach a precision at least as good as the most precise version of the standard cost, but in a fraction of the number of
simulation necessary for the convergence of the other calibrations. Hence, the logarithmic cost seems very promising, but
mostly with a short time interval: it seems that its efficiency relies on a fast and precise identification of the initial states Z0

and Y0. On the other hand, the standard cost with LT = 40 appears as the only calibration where the parameters γZ and K are
significantly improved while Z0 is not yet precisely identified. This property might reveal very useful when the identification
of the initial states is harder, for instance in the presence of noise.

4.4 Improving radial derivative penalisation for the standard cost

At this stage we start from first guesses for Z0 and Y0 close to their targets. The calibration with the logarithmic cost can
converge for the whole range of diffusion weights tested, but not with the standard cost. Clearly the robustness of the latter
must be improved if we want to exploit its good properties of convergence without a precise identification of the initial states.

Two methods are implemented to improve the radial derivative penalisation. First, the double launch of the calibration
algorithm: the minimisation routine is launched a first time with a high radial penalisation weight w1

ρ = 2.5 × 10–5 in order to
prevent the early divergence of the algorithm. Then we launch the minimisation a second time with a lower penalisation weight
w2
ρ = 2.5 × 10–7 starting from the parameters obtained after the first launch in order to retrieve more precise parameters. The

stopping threshold for the first launch ϵ1
g is increased to avoid spending too much time. The second threshold is then adapted so
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F I G U R E 7 Evolution of multiple metrics for calibration with and without logarithmic cost, for time window lengths of 40
and 10 and for different Dobj

gB values. In each case, ϵs;Z0,Y0 = 0.1. The norm of the gradient is smoothed by a moving average of
window 20, and "Algo launch" refers to the start of the minimisation routine (m1qn3), which can be launched multiple times
in a row, starting from the final set of parameters of the previous launch.

that the reduction of the norm of the gradient after both iterations is equal to ϵ2
g, which is still equal to 10–10 for standard cost

and 10–7 for the logarithmic cost.
For the second improvement, since the relative evolution of the values of Z and Y is more relevant to the dynamic of the

system than their absolute value, penalising the evolution of the derivative of the logarithm of Z0 and Y0 might be more helpful.
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In the following we will refer to calibration with this modified formula for Z0 and Y0 only as "using the logarithmic penalisation"
to contrast with the standard penalisation, although the standard formula is always used for the other parameters.

Before presenting the results with the improved penalisation for different weights, let us remark that for the lowest value of
Dobj

gB = 10–4, the exact value of the local drive parameters (γZ , γY and K) is almost impossible to identify precisely near the core
boundary (ρ = 0). Indeed, with a low diffusion, a homogeneous Neumann condition and a generally locally flat shape for the
parameters, there is almost no movement of the variable Z and Y in this region. For a low diffusion, the region near the core
boundary is then quasi-underconstrained: as can be seen in Figure 8 the values of K obtained there are all wrong while there
are significant differences of accuracy everywhere else in the domain depending on the choices of cost type and time interval
length.

Since the identification of the core boundary has a low impact anyway on the trajectory, we will from now on only com-
pute the error on the parameters for ρ > 0.3 to have a more meaningful comparison between the accuracies of the retrieved
parameters not dominated by the error on the core boundary.

Figure 9 compares the improvements made to the radial derivative penalisation with a simple increase of the penalisation
weight, for different diffusion weights. First, it can be noted that the double launch often requires fewer simulations to converge
than the simple launch, particularly with the logarithmic cost. Yet, the calibration algorithm converges every time and the
precision of the retrieved parameter is typically almost as good as the simple launch with a low penalisation weight, with the
double launch and standard cost yielding the most precise parameters. There is a notable exception for the double launch with
the logarithmic penalisation at Dobj

gB = 10–4, where the retrieved value for DgBY is several orders of magnitude lower that its target
value. However, since the other parameters are still decently identified, we consider the information that the calibrated DgBY is
largely lower than DgBZ as a qualitative information sufficient to estimate that the reference configuration is generally retrieved.
At this stage the double launch seems clearly beneficial, but choosing between the standard and the logarithmic penalisation
appears as a trade-off between convergence rate and precision. The definitive edge will be given to the logarithmic penalisation
due to the increase of robustness that we will illustrate in the next section.

4.5 Convergence from flat initial guesses with both costs

With the improvement of the radial penalisation, the calibration with the standard cost is now considerably more robust. Indeed,
simply by increasing the first penalisation weight, it is now possible to have convergent calibration starting from first guesses
for the initial conditions far from their targets, Z0

0 = Y0
0 = 1.

Figure 10 displays the evolution of the cost and the cost without penalisation for the 250 first iterations of calibrations starting
with Z0

0 = Y0
0 = 1. This time all the simulations are displayed, not only the ones that respected the Wolfe conditions and led to

an iteration. By convention the cost is equal to -1 when the PDE solver does not converge. As can be seen, most calibrations are
interrupted early, after numerous non convergence of the PDE solver. The only two converging calibrations are the curves that
continue after the simulation 250, and both of them are using a logarithmic penalisation with a high first penalisation weight
of at least w1

ρ = 5 × 10–5. Unfortunately, the improvements of the radial penalisation are not yet enough to converge with the
logarithmic cost from flat first guesses for Z0 and Y0.

F I G U R E 8 Final retrieved shapes of the parameter K for the configuration B with Dobj
gB = 10–4, with different costs and values of LT .
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(a) Number of simulations and reduction of the cost without penalisation.

(b) Error reduction on some parameters. The relative error on γZ is computed for ρ > 0.3 because the profiles below 0.3 cannot be identified (see Figure 8).

F I G U R E 9 Comparison of calibration with and without the use of a penalisation on the radial derivative of the logarithm
for Z0 and Y0. The logarithmic penalisation is faster for an equivalent precision of the retrieved parameters and this effect cannot
be reproduced by simply increasing the penalisation weights.

Since a known source of instability of the direct solver is a too large ratio Y0/Z0, the introduction of a penalisation of the
distance between Z0 and Y0 may allow the calibration algorithm to avoid an error during the first iterations. This works well
with the previously introduced double launch of the calibration algorithm, with a high weight w1

diff ,Z0,Y0
= 10–1 for this new

penalisation in the first launch and no penalisation in the second one (w2
diff ,Z0,Y0

= 0). We choose the simple L2 distance to add
as little non-linearity as possible.

The internal parameters for the calibration algorithm for each configuration can be seen in Table 3. The two calibrations using
the states difference penalisation are identical, except for a slight modification of the value of the radial derivative penalisation
weight for the first launch (w1

p), which is increased from 2.5 × 10–5 to 5.0 × 10–5. This is indeed similar to what was used to
make the standard cost converge with Z0

0 = Y0
0 = 1 for all values of Dobj

gB (Figure 10).
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∆t wρ ϵg wdiff ,Z0 ,Y0

standard cost reference 40 2.5 × 10–5 & 2.5 × 10–7 10–8 & 10–10 0
std cost Z0

0 = Y0
0 = 1 40 5.0 × 10–5 & 2.5 × 10–7 10–8 & 10–10 0

logarithmic cost reference 10 2.5 × 10–5 & 2.5 × 10–7 10–5 & 10–7 0
log cost Z0

0 = Y0
0 = 1 v1 10 2.5 × 10–5 & 2.5 × 10–7 10–5 & 10–7 10–1 & 0

log cost Z0
0 = Y0

0 = 1 v2 10 5.0 × 10–5 & 2.5 × 10–7 10–5 & 10–7 10–1 & 0

T A B L E 3 Internal parameters of the calibration procedure for different configurations with the reference first guesses for
the initial states or the flat ones. For the cases with multiple values, the calibration algorithm is launched twice.

Figure 11 shows the number of simulations necessary to reach the stopping threshold in those different cases. In the case of
the logarithmic cost, the less precise initial condition generally adds a non-negligible number of iterations. Still, the difference
remains fairly manageable and the simple convergence in almost every case (with the increased first radial penalisation weight)
is already a good result.

As indicated by the almost identical final cost values, the parameters retrieved using the logarithmic cost for a given value
of Dobj

gb are all approximately the same when the algorithm converges. The penalisation terms used on the final launch of the
algorithm are the same each time, so this seems to indicate that there is no other local minimum. Seeing the positive impact of
this penalisation to prevent divergence with the logarithmic cost, it could be interesting to introduce it also with the standard
cost to improve its robustness before the introduction of noise in the next section.

As it can be seen on Figure 12, the introduction of the difference of initial states penalisation clearly does not impact
negatively the efficiency of the calibration algorithm with the standard cost. Indeed, even when the penalisation increases the
number of simulations before convergence, it is compensated by a better reduction of the cost. Expecting that this penalisation
will increase the robustness of the calibration algorithm, it will be used in the next chapter with both versions of the cost.

5 ROBUSTNESS TEST OF AN EFFICIENT SET OF HYPERPARAMETERS

As the algorithm seems rather efficient at identifying the parameters that were used to generate the data, we have to consider
the fact that real data will not exactly correspond to a model trajectory. Indeed, the model is by design a simplification of the
full turbulent system and there will always be noise and biases due to the measurement method. Thus, it seems important to
test our calibration algorithm with data that are not full and unaltered records of Z and Y generated with the same model as
the one whose parameters are fitted. For this purpose, we will first add some generated noise to the data, and then reduce the
amount of information available in time.

F I G U R E 10 Evolution of the cost, cost without penalisation, gradient norm, and error on the parameters for calibration
tests starting with Z0 and Y0 close to their target values or starting from Z0 = Y0 = 1. Here Dobj

gB = 10–3, and in each case, we use
the standard cost, LT = 40 and the double launch.
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F I G U R E 11 Comparison of the number of simulations necessary for convergence with the reference first guesses for
the initial states {Z0

0 , Y0
0 } = {Zobj

0 + 0.1, Yobj
0 + 0.1} and the flat ones Z0

0 = Y0
0 = 1. See Table 3 for the main differences of

hyperparameters between the curves.

F I G U R E 12 Comparison of the number of simulations necessary for convergence with or without the initial states differ-
ence penalisation (of weight wdiff ,Z0,Y0 ) for the standard cost. Two slightly different weights for the radial derivative in the first
of the two launches (w1

ρ) are also compared. All calibration tests start with flat first guesses for the initial states: Z0
0 = Y0

0 = 1.

5.1 Additive and multiplicative noise

In a first series of tests, we simply add Gaussian white noise to our data: a random number from the centred normal distribution
of a given standard deviation is added to every radial component of every sample of data. The standard deviations σZ and σY

are adapted to each vector of data using a normalised vectorial norm:

σZ = ϵN

√√√√ 1
NTNρ

NT∑
i=0

Nρ∑
j=0

(
Zobj

i,j

)2
, σY = ϵN

√√√√ 1
NTNρ

NT∑
i=0

Nρ∑
j=0

(
Yobj

i,j

)2
, (18)

for some ϵN > 0 that we will call the relative noise amplitude. Hence, ϵN represents the ratio of the amplitude of the noise to
the amplitude of the data: it makes sense to compare two calibration experiments toward noisy data using the same ϵN even
if the norms of the original data matrices are different. We will also limit ourselves to noisy data with ϵN ≤ 1, as the noise is
generally expected to be of lower amplitude than the data.

Since adding white noise may lead to the apparition of negative values, which are physically incoherent, we take the maxi-
mum between each scalar element of the noisy data and a chosen minimum value Zmin and Ymin (generally equal). We choose
here a relatively generous value of Zmin = Ymin = 10–4, which would require a good approximation of the expected ranges of Z
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and Y since it is not very far from the minimum value of the non-altered Yobj (around 10–3). This was done to help the poorly
performing logarithmic cost, and has almost no effect on the standard cost.

With a noise of constant standard deviation, the scale of the data can be considerably altered by the noise at points where
they are initially low. This might be hard for the logarithmic cost to manage. A noise which would adapt its standard deviation
depending on the value of the variable would probably be more favorable to the logarithmic cost. This is also not uncommon for
the accuracies of an experimental measurement to be linked to the value of the measured quantity. For both those considerations
we also introduced a multiplicative noise. With X̃ the noisy version of the variable (X = Z or Y), and U the realisation of a
vector of random variables following a centred normal distribution of standard deviation σX , X̃ = X × (1 + U). This time the
standard deviation σX is directly taken equal to the noise amplitude ϵN , since the multiplication by the data already scales the
amplitude of the noise.

For the first series of experiments where we want to test multiple noise amplitudes and noise types with different cost types
(standard or logarithmic), we limit ourselves to one value for the diffusion coefficients: Dobj

gB = 10–3.

5.2 Results

F I G U R E 13 Number of simulations before convergence with additive or multiplicative noise of different amplitudes. Dobj
gB = 10–3 for all calibrations.

Figures 13 and 14 show the results of the calibration algorithm for a growing relative noise amplitude ϵN . Most remarkably,
the logarithmic cost version appears very unstable with the additive noise: in this case, the calibration algorithm diverges for
every noise amplitude greater than or equal to ϵN = 10–1. Moreover, the logarithmic cost with added noise retrieves consequently
less precise parameters and tends to quickly take more simulations to converge than the standard cost as the noise amplitude is
increased. Clearly the standard cost is more adapted to the additive noise.

For the multiplicative noise, the results are less clear: both costs converge for every noise amplitude tested and for the error
on the parameters the logarithmic cost is very precise with low noise, but the standard cost is better with larger cost, especially
for the parameters of the local drive, like γZ and K in Figure 14. Since the number of simulations are remarkably independent
of the noise amplitude and similar between cost and noise types, except for the logarithmic cost with additive noise, both types
of costs can be relevant for the multiplicative noise.

To confirm the results, we launch calibration tests on the full range of values of Dobj
gB with a relatively high noise amplitude,

and compare with calibration toward unaltered data.
Figure 15 displays the results of those experiments, in the form of the number of simulations, final cost reduction and final

error on all the different parameters. Both with and without noise, the number of simulations generally quickly increases when
Dobj

gB decreases. This is probably because in our reference configuration, a lower diffusion leads to less movement in the system,
limiting the dependency of the trajectory to the parameters so that the latter are harder to identify. For some specific cases
the number of simulation tendency is not respected, but this is likely due to the calibration reaching the stopping threshold a
bit too early, potentially because of a localised drop of the norm of the gradient. Concerning the error curves, they are quite
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F I G U R E 14 Final error (above ρerr
min = 0.3) on some parameters with additive or multiplicative noise of different amplitudes.

Dobj
gB = 10–3 for all calibrations.

flat except for the diffusion weights that are generally better estimated when their targets are higher, since they have more
impact on the trajectory. Interestingly, except for the initial states Z0 and Y0, the retrieved values with the standard cost are very
close regardless of the type of noise or even the presence of noise, while the noise has a huge impact on the precision of the
parameters obtained with the logarithmic cost, especially the parameters of the local drive (γZ , γY and K). On the other hand
the precision of the initial state seems very linked to the type and amplitude of the noise.

In general this confirms the results of Figures 13 and 14, the standard cost appears as the safest choice to ensure robustness
and decent error reduction on the parameters for any type and amplitude of noise. In the case of a low noise dependent on the
amplitude of the variables, the logarithmic noise could help to obtain more precise parameters.

5.3 Data sparsity

As was illustrated in [27], a drawback of this calibration procedure is its inability to compensate for radial sparsity: if mea-
surements of the variables are only available in a reduced radial region, the algorithm does not seem to be able to identify
the parameters outside the region where there are data. It appears that the nonlinear diffusion does not propagate enough
information for the calibration to infer the value of the variables elsewhere.

However, we can check the properties of the algorithm with time sparsity. For that we will modify the time step ∆tobj between
two values tobj

i and tobj
i+1 of the time variable corresponding to recorded vectors of data (Zobj

i , Yobj
i ) and (Zobj

i+1, Yobj
i+1), representing

Z and Y on the whole radial space.
Figures 16 and 17 show the number of simulations as well as the final errors on some retrieved parameters, with or without

additive noise and different values of Dobj
gB . The tests are made with a logarithmic cost without the noise and a standard cost

with the noise. Despite some divergence due to the lack of robustness of the logarithmic cost starting from flat initial condition
and the difficulties to converge before the limit of 4000 simulations when Dobj

gB = 10–4, the error on the parameters and the cost
reduction are almost independent of the data time step when ∆tdata < 1. A notable exception seems to be the case without noise
and with Dobj

gB = 10–4, where the algorithm seems to stop on an unexpected local minimum for ∆tdata ≥ 0.5.
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F I G U R E 15 Calibration results for different types of noise added to the data, types of cost, and values of Dobj
gB . When noise

is added to the target data, its relative amplitude is ϵN = 0.05.
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F I G U R E 16 Number of iterations before convergence for different values of ∆data
t , using standard cost and flat initial

guesses Z0
0 = Y0

0 = 1. The amplitude of the added noise is ϵN = 0.05.

F I G U R E 17 Final error (above ρ = 0.3) on some retrieved parameters with noisy data, for different values of ∆data
t , using

standard cost and flat initial guesses Z0
0 = Y0

0 = 1. The amplitude of the added noise is ϵN = 0.05.

For the values of ∆obj
t above 1 the algorithm struggles with the noisy data: it quickly diverges for Dobj

gB = 10–4, and takes
too long to converge for DgB = 10–3. Hence, in a setting with a considerable discrepancy between the data and the model,
represented here by the intense noise, a too large time step between samples can clearly threaten the convergence of the
algorithm. This effect is, however, dependent on the trajectory as it did not seem to happen with the simpler configuration used
in [27].

Even with the presence of noise, the algorithm appears relatively robust with regard to the time sparsity, with a mostly stable
number of simulations before convergence, and the error on the retrieved parameters at most slowly increasing with the data
time step. However, in some cases, too large data time steps may lead to the divergence of the algorithm. Indeed, it is always
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preferable to use as many samples as possible in the chosen data interval, but these tests show that the algorithm should be able
to treat data without requiring a very precise measurement device.

CONCLUSION

In the context of improving the predictive capabilities of a transport code for edge plasma, an efficient and robust method ap-
pears necessary to fit the model parameters against reference data. A variational data assimilation strategy has been thoroughly
tested on a simplified version of the transport model. In the framework of twin experiments, this article shows how the tuning
of internal parameters to the optimisation routine as well as different regularisation strategies can improve the efficiency of the
calibration algorithm. The methods used are very general and the different considerations taken to tune the algorithm could be
transposed for the calibration of other transitory models. Some notable examples of successful regularisation strategies include:

• A scaling adapted to each parameter as well as a good choice of the time interval when dealing with oscillatory variables
can considerably impact the convergence rate of the algorithm.

• The introduction of a penalisation on the radial derivative of the parameters improves the robustness of the algorithm.
• The rescaling of a parameter to enforce bounds can noticeably increase the robustness of the calibration procedure.
• Changing the formulas of the cost and the radial derivative penalisation for accounting for the higher dependency of the local

system to relative errors rather than absolute ones can lead to a great improvement of the performances of the algorithm.
• Applying the minimisation routine twice while changing the penalisation weights between the two runs can significantly

improve the robustness of the algorithm without even increasing the overall computational cost of the algorithm.
• A bilinear penalisation based on a critical relation for the stability of the underlying PDE solver can greatly increase the

robustness of the calibration procedure.

Furthermore, the robustness analysis has shown both some strengths and weaknesses of the algorithm. On the one hand, the
main default of the calibration procedure seems to be its inability to identify the value of the parameters in radial region where
data are not available. With a more complete model where the κ – ϵ equations are coupled to the plasma equations system (see
[6]), the relationship between different radii will be richer than a diffusion term, so the calibration procedure should tackle
better spatial sparsity. On the other hand, the presented results show the robustness of the algorithm to time sparsity and noise,
despite the weaknesses of the logarithmic version of the cost with noise independent of the local value of the data. Although
there are some limits depending on the data to reproduce, the standard version of the cost seems remarkably robust, being able
to converge with both intense noise and sparse data in time.

Naturally the next step which is already in progress is to test this efficient calibration procedure on a more complete version
of the model. First in 1D with all the MHD equations coupled to the κ – ϵ system, where a comparison with real data will
already be relevant. And then on the complete 2D transport version of the SolEdge3X code mettre une citation [? ] in order to
obtain a reliable and predictive plasma transport model for the design of plasma facing component and the research of optimal
discharge scenarii.
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