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Abstract

This paper is devoted to analytic vector fields near an equilibrium
for which the linearized system is split in two invariant subspaces Ey
(dim mg), Fy (dim mq). Under light diophantine conditions on the
linear part, we prove that there is a polynomial change of coordinate
in F; allowing to eliminate, in the £; component of the vector field,
all terms depending only on the coordinate uwy € FEy, up to an ex-
ponentially small remainder. This main result enables to prove the
existence of analytic center manifolds up to exponentially small terms
and extends to infinite dimensional vector fields. In the elliptic case,
our results also proves, with very light assumptions on the linear part
in Ey, that for initial data very close to a certain analytic manifold, the
solution stays very close to this manifold for a very long time, which
means that the modes in E; stay very small.
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1 Introduction

Let us consider an analytic vector field in the neighborhood of an equilibrium
which we take at the origin. A natural idea is to try to uncouple a subset
of coordinates from the other ones, by using a change of variables. This
is used in particular since Poincaré and Dulac, and this is one of the main
tool in the search of invariant manifolds of vector fields. Eliminating most
of components of the vector field, expecting to only keep the relevant ones
for the dynamics, is precisely the idea of center manifold reduction, which



is widely used in many physical systems, to simplify the study of the dy-
namics. However this reduction is only valid when we want to eliminate the
hyperbolic part of the vector field and it has the defect to kill the analyticity
after the reduction process. For systems fully elliptic near the origin, it may
be expected to use a change of variables to uncouple all oscillatory modes.
If this were possible, and if the initial data does not excite some modes,
these ones would not be awaken for all times. Unfortunately, this is not
possible in general, even though for hamiltonian systems, with suitable non
resonant eigenvalues of the linearized system, it is nearly the case (Arnold
diffusion between invariant tori corresponding to the "normal form” system
with uncoupled modes).

In the present work, we consider systems for which the linearized system
is split in two invariant subspaces Ey (dim my), Ey (dim my). With light
assumptions on the linear part, our main result is that there is a polynomial
change of coordinate in E; allowing to eliminate, in the F; component of the
vector field, all terms depending only on the coordinate ug € Ey, up to an
exponentially small remainder (see Theorem 1). The proof of this theorem
is based on a Gevrey estimate of the divergence of the remainder, which can
be exponentially small by an optimal choice of the degree of the polynomial
change of coordinates.

Gevrey estimates of the divergence of remainders, to get exponentially
small upper bounds after an optimal choice of the order, were already used
in the theory of normal forms for Hamiltonian systems in action-angle coor-
dinates [2], [3], [14] following the pioneering work of Nekhoroshev [11, 12].
A similar result of exponential smallness of the remainder was also obtained
by Giorgilli and Posilicano in [4] for a reversible system with a linear part
composed of harmonic oscillators. For an extension of the result of normal
forms with an exponentially remainder to any analytic vector fields with
semi simple linear part see [7].

Direct normalization up to exponentially small terms is not available for
vector fields studied in this paper since L is not assumed to be diagonaliz-
able. However we can eliminate from the F; component of the vector field
all terms depending only on the coordinate uy € Ey, up to an exponentially
small remainder.

A first application of this result is when the linear part in F; is hyper-
bolic, while the linear part in Fy has all its eigenvalues on the imaginary
axis. It is well known that the center manifold reduction applies for small
bounded solutions [8], which then lie on a manifold of same dimension as Ej.
It is also well known that this manifold is in general not analytic [13], [20],
[1], [16]. Our result allows to obtain a center manifold which is the graph of



a function sum of a polynomial of degree p = O(6~%) and an exponentially
small function of order O(e=¢/ 5b) where § is the size of the ball where we
study the solutions, and ¢ and b are positive numbers (see Theorem 5). It
results in particular that the loss of analyticity is located in exponentially
small terms. This result extends in infinite dimensional cases, then appli-
cable in particular for a large class of PDE’s. So combining, this result on
center manifolds with the normal form theorem with exponentially small re-
mainder [7] for the Fy component (Lg is diagonalizable), we can transform
(1) into a new system with a ”simplified” analytic leading part, perturbed by
exponentially small terms. Such a transformation can be very useful when
dealing with exponentially small phenomena (see [10]).

Another application, important in particular for engineering systems, is
when the two linear subsystems in Fy and F; have their eigenvalues on
the imaginary axis. In particular, this situation happens for non linear vi-
brations of structures. Our result gives a sort of justification of a popular
elimination process made in a formal way (see for example [9], [15], [17]),
which allows to roughly state that for a class of initial data which do not
excite in some sense the high frequencies (corresponding to Fj), then these
ones are not awaken for all times....Our results prove, with very light dio-
phantine assumptions (4) on the linear part in E;, that for initial data very
close to a certain analytic manifold, the solution stays very close to this
manifold for a very long time, which means that the modes in E; stay very
small (see theorem 8). This type of result is related to Arnold’s diffusion for
Hamiltonian systems (see a related result in [5]), while it should be noticed
that we do not assume our system to be Hamiltonian, our assumptions on
the eigenvalues being much lighter that usually done on such systems. In
particular the linear part in Fj is not assumed to be diagonalizable. Finally,
notice the particular case studied in the same spirit by Groves and Schneider
[6], for which Ej is 2-dimensional and corresponds to a double eigenvalue in
0, while E; corresponds to eigenvalues all imaginary. In this example there is
no need of the diophantine condition (4), but F; is infinite dimensional and
the result we obtain here needs to be adapted. In [18], Touzé and Amabili
consider the damped case with an external periodic forcing. They assume
that high frequency modes lie at a growing distance from the imaginary axis.
Our method might be used in such a case, to rigorously prove that the high
frequency modes do not awake as t goes to infinity, provided certain non
resonance condition between the forcing frequency and natural frequencies
are realized, and provided the initial data is taken on a certain manifold in
the spirit of Theorem 8.



2 Main results

We gather in this section the main theorems proved in this paper. Our main
theorem is the following

Theorem 1 Consider the following system in R™ (resp. C™)
d
i ~ Lut R 1

where u(t) € R™ (resp. C™), L is a linear operator, and R is analytic in a
neighborhood of the origin, such that

R(w) = 3 Ry[uh)], (2)

2<k

where Ry, is a k - linear symmetric map on (R™)* (resp. (C™)F) satisfying

&
HRk[Uhuzw”7uk]HS?HU1H“'HukH7 (3)

for a certain radius of convergence p > 0 (here [u\¥)] means the k - uple of
vectors [u,u, -+ ,u]). Assume that the linear operator L is the direct sum

of two linear operators Ly on Ey (dim my), and Ly on Ey (dim my), such

that Lg is diagonalizable with eigenvalues )\go), e ,Aﬁ,??) and that there exist

constants v > 0,7 > 0 such that

(A @) =2 = (4

|

~—

diophCond

holds for any oo € N™\{0}, and any eigenvalue )\§-1) of L.
Then there exists a polynomial ® : Eg — Ey of degree p = O(67°) such
that the change of variables in F

= o () g

transforms the system (1) into the following system in Ey x Ej :

du

d—to = Louo + RO (ug,v1), (6)
dv

W L RO (o, 1) + plo),

in which RO R | p are analytic in their arguments, and where

RO (ug,u1) = PoR(ug + v1 + ®(up)),



erturbed vector field

Py being the projection on Ey which commutes with L, and

R (ug, v1) = O(||oa]|(||uol| + ||oa]])), (7)
sup [[p(uo)|| < Me™ a, 8)
l|uol| <8

with M,w > 0 depending only on 7,mq,c, p, L1 and
1
C14vT

where v is the mazximal index (size of Jordan blocks) of eigenvalues of L.

Remark 2 Notice that the constants M and w do not depend on the di-
mension my of the subspace E7 if Ly is a priori in Jordan form. This allows
to consider systems with large (even infinite) dimensions.

Remark 3 Since all the norms are equivalent on R™ (resp. C™), (7),(8)
remains true for any norm on R™ (resp. C™). A change of norm simply
change the values of M and w. So, estimates (7),(8) remain true under
linear change of coordinates up to a change of values of M and w. Hence
without loss of generality we can assume that the complexified space of Ey
and En, still denoted by Ey and E1 read respectively Ey = C™ x (0,--- ,0)

N—_——

m1 times

and By = (0,---,0) xC™ and that in the canonical basis of C™, Lg is
—_———

mg times
diagonal and Ly is under Jordan normal form.

We deduce from the above theorem a corollary which deals with vector
fields depending on parameters.

Corollary 4 Consider the following system in R™ (resp. C™)

du

where u(t) € R™ (resp. C™), L is a linear operator, and R is analytic in a
neighborhood of the origin in R™ x RY (resp. C™ x R?) and such that

R(0, 1) = 0, D,R(0,0) = 0. (10)

Assuming the same hypothesis on L as in Theorem 1, and that 0 is not
etgenvalue of Ly, then there exists a polynomial ® : Ey x R? — E; of degree
p = O(67°) such that the change of variables in Ey

uy = v1 + ®(uo, 1)

EqRun
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transforms the system (1) into the following system in Ey x Ej :

du

d—to = LOUO + R(O) (u07 U1, M))

dv

d_tl = Lyvy + R (ug, vy, 1) + p(uo, 1),

in which RO, R | p are analytic in their arguments, and where
RO (ug, u1, 1) = PoR(ug + v1 + ®(uo, 1), 1),

Py being the projection on Ey which commutes with L, and
RO (ug, v1, 1) = O(lfor[([[uo]| + [[or ]| + 1)),

sup  |[p(uo, p)|| < Me™ o,
llwoll+|ul| <6

with M,w > 0 depending only on 7,mg,c, p, L1 and b is as in Theorem 1.

Another application of theorem 1, is the existence of analytic center
manifolds up to exponentially small term. More precisely, consider the case
when the spectrum of Ly C 7R, and L; is hyperbolic, i.e. the eigenvalues of
L, lie at a distance v > 0 from the imaginary axis. Then in finite dimension
we have the following

Theorem 5 (Center manifold analytic up to exp. small terms)
Consider the analytic system (1) in R™ and assume that Ly is diagonalizable
with all its eigenvalues on the imaginary axis, and assume that Ly has its
eigenvalues at least at a distance v > 0 from the imaginary axis.

Then for any k > 2, there exists a polynomial ® : Ey — E1 of degree
0O(1/6), with ®(0) = 0, D®(0) = 0, a neighborhood O of 0 in R™, and a
map W € C¥(Ey, Ey) which is O(e_%) for |luol|lg, <9 and a certain constant
C > 0, such that the manifold

Mo = {uo + ®(uo) + ¥(uo) ; uo € Eo} (11)
has the following properties.
(a) My is locally invariant, i.e., if u is a solution of (1) satisfying u(0) €

MoN O and u(t) € O for all t € [0,T], then u(t) € Mgy for all
t e [0,7].
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(b) My contains the set of bounded solutions of (1) staying in O for all
t € R, i.e., if u is a solution of (1) satisfying u(t) € O for all t € R,
then u(0) € M.

Remark 6 The interest of Theorem 5 is that it implies that the reduced
system on the center manifold is analytic, up to exponentially small terms.
This property is clearly still true after the polynomial new change of variables
which put the reduced system under normal form (the usual one). In con-
sidering the analytic part of the reduced vector field, this normal form may
be derived up to an optimal degree, as made in [7], since Ly is diagonaliz-
able. This may be helpful when dealing with exponentially small phenomena
associated with the original system (1).

Remark 7 This theorem is also true in the infinite dimensional case (see
Theorem 20 in subsection 4.2)

A last application of theorem 1, important in particular for engineering
systems, is when the two linear subsystems in Ey and E; have both their
eigenvalues on the imaginary axis. More precisely in section 5, we prove

Theorem 8 (Elliptic vector fields) Assume that assumptions of Theorem 1
hold, and in addition that Ly has only imaginary eigenvalues. Then for any
small initial data u(0) chosen on the manifold Mjy = {u = ug + ®(ug); up €

C
Ey} the solution u(t) stays at a distance O(e” &) to My, for t € [0,T], with
T = O~/ where b = (1 4+ v7)~" and v is the mazimal index of
etgenvalues of L.

Remark 9 We observe (see 39) that in going up to exponentially small
terms in Theorem 1, we win the exponential smallness of ||vi(t)|| for a long
range of time, without more precise assumption on Li. If we assume more
specific properties of the system, we may have a longer range of time for

the validity of this exponential smallness. First, if Ly is diagonalizable this
range of time is O(§~ 1A+,

Remark 10 Let assume in addition that (1) is a reversible system such
that L has only pairs of simple imaginary eigenvalues, satisfying the v, 7-
homologically diophantine assumption defined in [7]: for every o € N™, |a| >
2

0 2) = il 2 o when (a, ) =y 0,
(6%



and (o, \) —\j = 0 only for the trivial cases 2X\j+X;—\; = 0 (non resonance
assumption). In such a case, we can use the normal form theorem of [7]
which gives a normal form up to an exponentially small term, which improves
the final form of Theorem 1 since the coupling between the subsystems in Ey
and in Ey only appears in exponentially small terms. Taking v1(0) = 0, it is
easy to show that ||vy(t)|| stays exponentially small now for an exponentially
long time (analogue to Arnold diffusion).

3 Proof of the main theorem

We first deduce corollary 4 from theorem 1 and then we prove this theorem.

Proof of Corollary 4. Let us define
u=(u,pu) € R x RY,

then the system reads B
% _ Li+R@), (12)
with B _
Lu = (Lu,0), R(u) = (R(u, ), 0).

Then, it is clear that the system (12) satisfies all assumptions of Theorem
1. In particular, the operator L is the direct sum of Ly and L; defined by

ioﬂo = (LoUo,O), for ug € E) = Fy x Rq,
il'dl = (Llul,O), for u; € EI = F; X {0},

and the eigenvalues of I:l are those of Lj, while the eigenvalues of io are
those of Ly with 0 still semi-simple, having an additional g - dimensional
eigenspace: (0, u), u € R? and the diophantine condition (4) is still satisfied.
Hence the Corollary is proved.

Proof of Theorem 1. In the proof below we use several algebraic prop-
erties which were proved in [7]. Performing the change of coordinates
u = up + u; + ®(up), we check that (1) is equivalent to (6) close to the
origin if and only if

PoR(ug +v1 + ¢(ug)) = RO (ug,v1),
D@(uo).Louo — Ll‘I>(UQ) = —D@(UQ).R(O) (UQ, ’Ul) — p(UQ)
+P1R(U() +u1 + ‘I’(UO)) — R(l)(u(), v1).



Then Setting v; = 0 and using (7), we obtain the following basic identity

D(I’(’LLO)L()UO — Ll‘l)(u()) = —D@(UO)PQR(UO + @(UO))
+P1R(uo + ®(uo)) — p(uo).
(13)
Let decompose the polynomial ® into a sum of homogeneous polynomials
of increasing degrees
Bu) = Y Pylug’]

2<k<p

with k - linear symmetric maps <I>k:(E0)k — F. For convenience we denote
by ®1(up) = wug which takes its values in Ej (contrary to ®j for k > 2,
which takes its values in E7). Then we have for 2 <n <p

D&, [ulLoug — Ly @, [ul"] = F,[ul)], (14)
with
Fn[u(()n)] = Z Pqu[¢k17 T ¢kq] +
2<q<n
k1+---+kq:n, ijl
- > D®[u PR, [ @y, , By, ].

2<0<n—1, 2<q<n—f+1
kit tkg=n—f+1, k;j>1

Equation (14) is of the form
A®, =F,

with the homological operator A defined on the vector space of polynomials
®: Ey— Ep, by
AP = D‘I’(’LLO)L()’LLO - Ll(I’(’LL()) (15)

We then need to introduce the scalar product in the space H of polynomials
of a variable in Ey, taking values in C" (which could be in the complexified
space of the subspace E; or Ey) as done in [7].

Given two polynomials @ and ®’ we define their scalar product by

(@, @)= ) (2, @)
1<j<n
with ® = (®4,---,®,), ' = (®),---,®),), and where for a pair of poly-
nomials P,(Q : Eg — C,

(P,Q) = P(0x)Q(X)|x=0,

homologicEqu



where by definition
P(X) = P(X).

Then the associated euclidian norm is defined by

| P2 := (P, ®)y.

It is clear that for any n > 1, the linear operator A leaves invariant the
subspace H,, of homogeneous polynomials of degree n, and we have the
following Lemma proved in Appendix:

Lemma 11 The operator A is invertible in the subspace H,, and there exists

a constant a, depending only on v and L1, such that

_ _ ’
AL, == sup A[!®| <anT,
|®|2=1

where 7/ = vT, and v is the maximal index of the eigenvalues of L.
This lemma is proved in Appendix A.

Remark 12 If Ly is in Jordan form, the constant a depends only on v and
v. If Ly is diagonal then 7/ =7 and a = 1/7.

Moreover, defining the norm
1
Vn!

we have the following lemma, proved in [7] (see Lemmas 2.10, 2.11):

O = | Pl = |®|o, for ® € H,,

Lemma 13
(i) For ki1 + ...+ kg =n

c
|Rq[(I)k17 t 7(I)kq]|2,n < Eqblﬁ t ¢kq7
(ii) for 2 <l <p,{+k=n+1, and any Ny € Hy,

|D®; - Nilon < V2 + (mo — 1) ¢g|Nilop < €y/mo ¢e|Na .

Then, the proof of Theorem 1 is performed in several steps giving re-
spectively estimates of ¢y, || > ®(ug)||, and py gathered in the following
lemmas:

10



Lemma 14 There exists K > 0 depending only on c, co1, p, Mo, a such that
for everyn with 1 <n < p,

o < Vi K" ) (16

where cor = maz (||| Byl |11

LemSigmaphiopt| Lemma 15 Let us choose p such that

1 1
P = Popt := [W} b= (17)

where [-] denotes the integer part of a number. Then for ||ug|| < 0 we have

> By(u)|| < 20,/mg.

1<E<popt

rhoopt| Lemma 16 The remainder p satisfies

p(uo) = R1(uo) + Ra(uo) + R3(uo) + Ra(uo),
with
()
Ri(u) = Y PRy |[[ D ®u(uo) :

p+1<q 1<k<p
(9)
Ro(wg) = — > D®JuIPoRy | [ S ®4(uo) ,
2<4<p, p+1<q 1<k<p
i)({3(,“0) = Z Pqu[(I)kl (UO)v to 7(I)kq (’LL(])],

2<q<p, 1<k;<p
ki tkg>p+1

¢
Ry(ug) = — 3 D®[uy PR, [ @4, (u0), -+ , B, (o)),
2<U<p, q<p, 1<k;<p
ki+.. .kg2p—i+2

and for p = popt, it satisfies

sup_|[p(uo)|| < Me™ ", (18)

luol|<s

with M,w > 0 depending only on 7,mq,c, p, L.

11



Proof of lemma 14. FEstimate of ¢,. We obtain from (14)

¢n < accorn” { > plq(bkl SR

2<q<n
Y n >
kit tho=n, kjz1 , (19) |firstEstimate
A/ Ty
+ > pq0¢e¢k1'--¢kq}-
2<0<n—1, 2<g<n—I+1

kit tkg=n—t+1, k;>1

Then, notice that by construction

For suppressing the factor n” in the inequality (19), we introduce the fol-
lowing sequence «;, defined by

ar=1 and ¢, = \/moK{‘_l(n!)Tlan, for n>1

where K will be chosen later. Using the following inequalities proved in
[7]-lemma 2.12,

Fal e+ k!
liﬂél f0r2§q§n’k:1+..-+kq:n’
(n—1)!

and

2</{<n-1,

Il | el k| AN
Uhileokgl _ Ohbedyd (=0 )2 2T

—_ 1\ A — 1) — 7
(11 (-0 (n-1) bk —m 01,
K -\ 4
oap < accoi L Z ( m0> Qfy - Qg+
ALY 2<q<n Klp

k1+-"+]?q=_’n, ijl

mo d
2 ) e

2<0<n—1, 2<q<n—{+1
ki+-tkg=n—C(+1, k;j>1

and by choosing
3/2

accpormy

K>
Pz

: (20)

12



we finally get

q—2
VAl
o, < Z Qpy Qg + (21)
Kip
2<q<n
k1+~~~+kq:n, k‘jZl
q—2
/Mo
+ Z < K1,0 ) €agak1 cee Oékq.

2<0<n—1, 2<q<n—f+1
kit tkg=n—0F1, k;j>1

Now, the idea is to use the majorizing sequence (3, defined by
=1, B, =0""2(n—2)! forn>2,

the number © being chosen later, large enough. It is clear that

Assuming that ap < G for 1 < k <n —1, we intend to prove that a,, < (3,.
Indeed, by replacing oy by Ok, 1 < k < n —1, in the right hand side of (21)
we find that

—2 q—2
v/ 1Mo a v/ 1Mo
ap < § <K > Hq,n + g <K1p> Eﬁﬁnq,n—é-ﬁ-l)

2<q¢<n 1p 2<<n—1, 2<q<n—_t+1

with, for 2 < g <n

Ogw:= >, B Pry

kl-‘rm-i-kq:’n, ijl

It is shown in [7]-lemma 2.13 that

I, < #ﬂn, for3<qg<n.

Oy < &6n, for n > 3,

Hence
< (24 3 o2 "~ B +
o= S} @Klp "

3<q<n

inegAlpha_n

q—2
—l—% Z eggﬁn_g_;.l + Z 2 < \/m_0> eﬂéﬂn—f—l—l'

OK
2</<n—1 2<¢<n—1, 3<qg<n—~L+1 1P

13



We choose now © and K7 such that

1 v/ 1o <

1
e + OKip—mg — 4’

(22)

then

Bot Y. BieBn-ria

2<¢<n—1

N =

Qp <

Since it is shown in [7] (p.22) that

— Nl n -0 —1)

Z 00 —2)(n—¢—1)! < 5 forn> 3,
(n —2)! 2

2<<n—1

we then obtain

1 5
< — — .
Oén_2<1+2@>ﬁn

Hence, it suffices to take

02 (23)

2
for having «,, < (,, which finally proves that

bn < VMoK (OK)" 2(n)" (n—2)!, n>2,

provided that conditions (20), (22), (23) on © and K; are satisfied. We can
take for example

3/2
9,/ 8
=8, K =8K; = max{ p’”O, “Ccigmo } . (24)
The first conclusion is that there exists K > 0 depending only on ¢, co1, p, mg, @
such that
On < \/moK"_l(n!)HT for 1 <n <p. (25)
|

P
Proof of Lemma 15. Estimate of )  ®,,.

n=1

14



First we have for ||ug|| < § and from Lemma 2.10 of [7]

1<n<p 1<n<p
< > VEREKR) ()
1<n<p
< & mo Z (5Kp1+7—,)n_1.
1<n<p

Let us choose p such that

b= || (26)

T14

where [-] denotes the integer part of a number, then

> B (ug)| < 20/mo,

1<n<p
and for § < p/(2,/mo) we have ||ug + ®(ug)|| < p. =

Proof of Lemma 16. Estimate of the remainder p(ug).

We estimate each term R separately.
Step 1. First we estimate 91 (up). We have for every § < p/(4,/mg), and p
satisfying (26)

25 4 25/mg \?
IBa(wo)l| < 3 coon (242) < cay (2472)
q2p+1 P P

< 2ee (3)"

)
< 2ceo1 (%)(251{)17

__In2
< 2ccpre (28K

Step 2. For estimating PRa(ug) we have for § < p/(4,/mo)

Batualll < cen 30 tonyama (2L

2<U<p, ¢=p+1

cco Z €¢ZM5Z—1 <L\;m_0>17

2<0<p

IN

15



Now, for p satisfying (26)

> lgedtt < T mg(K8) n(nh)T
2<U<p 2<n<p
< > mop(KoptT
2<n<p
< 247 < < v
< Vmo2Kdp _\/mop_(%K)b

Hence, for 6 < 61 = min{p/(4\/myg), W} an using that that for z > 2,

Inz < :L'lnT2, we get that

CCp1MQ 20 mo p
R <
Ia(uo)l] < oo (270
< 2ccormo ((1\PT
S @Ky \2
: 2(626(]1(1320'{(23?%

__In2

< 2ceqrmope 29807 (28)

Step 3. We now estimate Rz (uo) :

q
1983 (uo) || < ccon > (va0> (SR (k)7 (k)T
2<q<p, 1<k;<p p
p+1<ki+-+kq=n<gp

and from (24) we have \/I?L? =7 < 1/9 and from (26) we have K¢ < ——.

2p1+7'/
Hence,

[[R3(uo)|| < ccon Z Tqﬁ(ﬁ) i '--(quq) o
2<q<p, 1<k;<p
p+1<ki+-+kq=n<gp

~ oo ¢ G\
= optl Z " Z I

2<q<p 1<5<p

Moreover, we have

-\ 1-‘1—7”
N CA RPN S N
pJ pl—i-T’ p1+'r’ pT’ )

2<5<p



hence, since = <r <1/9

P
q
CCo1 r
[[Rs(uo)|| < ot <p7'>
2<q<p
< ccot ccpp ——n2

o = (29)

Step 4. Finally, for the estimate of 24 (ug) we have by the same way

1+7/ | | |

m 1l kq! k!

||%4(u0)|| < CC01% Z TQE(_Z)H-T’(_]11)1+T"“(_];]q)1+7—’
2<t<p, q<p, 1<k;i<p L p p
ltk1+-+kg=n+1>p+2

1+7/ | N\ 147
mop ape Pt J!
S 01 TorT > Tg(pe) > "
2<q<p, 2<4<p 1<5<p
147/ q
mop r p
< g D <prf> o
2<q<p
< o mop?1=7)
- 72 opt+l
CCOl 2(1_7_/) __In2 -
< —m e (26K)
S op
ccormo — 1“2b
< ————e 2AVK) 30 estimR_4
< =5 ! (30)

provided that § < §yp = min{dy, d2} where d3 is small enough, such that
4(1 — ) 1In(2K63) 7" < (2K682)*1In 2,

this condition being empty for 7/ > 1. =
Now collecting estimates (27), (28), (29), (30), proves Theorem 1.

4 Analytic center manifolds up to Exponentially
small terms

4.1 Finite dimensional case. Proof of theorem 5

This subsection is entirely devoted to the proof of Theorem 5 which ensures
the existence of analytic center manifolds up to Exponentially small terms.
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We notice that the diophantine condition (4) is automatically satisfied,
since
(a, \O) e iR,
and

o XO) =20 >4

for all & € N0\ {0} and all eigenvalues )\gl) of Ly. Hence Theorem 1 applies
directly, ensuring that there exists a polynomial ® : £y — F; such that the
change of variable in E

Uy = v1 + q’(u())

transforms the system (1) into the following system in Ey X Fj

du

W~ (@) + (i), @1

where u = (ug,v1) € Ep x Eq and
— { Louo + RO (ug, vy) o 0
F(u) = < Lyv; _’_R(1)(UO71)1) , p(u) = P(UO)

sup |[p(uo)|| < Me™5.
luoll<5

with

For p = 0, the truncated system

Ji
d_?: =F(u), (32) ‘TruncatedSyst

admits the invariant manifold
MVIO = {ﬂ = (UO,Ul) € E(] X El/’Ul = 0}

which appears to be an analytic center manifold (see [8], or [19] and refer-
ences therein) . In original coordinates this manifold reads

MG ={u € R"™/u = ug+ ®(up)}

which is analytic since ® is polynomial.

Our aim is now to prove that for the full system (1), i.e. when p # 0,
this manifold is close to any center manifold up to an exponentially small
term. For that purpose we see the full system in new coordinates (31) as a
perturbation of the truncated system (32) by the exponentially small term

p(u).

18
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We introduce three scalar parameters (C,¢,v) € [0,1]% and consider the
analytic vector field

~ <
B (6,0, 0) = Lo+ LR(D) + 2 p(ep). (33)
dt € €

For v = 0, (33) admits an analytic center manifold M, obtained from M
by the scaling u = £v.

Since for every (C,e,v) € [0,1]® and every v € Ey x E; satisfying ||9]| <
do = %7

C

RSN C—w/é _
v )| < Lo i < Ze
g g g

<mrv < oo

where m := sup(ze™7), we know (see [19]) that there is a family of center
x>0

manifolds M, , for ||v]| + ¢ + |v| + C < r with r < 1 which holds for

og0§g and HﬁHJrerMgg.

Since we can choose C < min(%, 47w> such that for every v € [0,r/4] and

every U € Ey x Ey and ¢ €]0, 1] satisfying ||[9]| +¢ < 7,

C

1 Cyx—4w/r

65* ~
—lp(ev)ll = —em = < e <00

the value v = e~ % is eligible for a center manifold which corresponds to the
original system rescaled. The regularity results on center manifolds allow to
claim that the graph satisfies

u = ug + P(up) + ¥(up),
with constants M and C’ such that
1 (uo)|| < Me™ 5, for ||ug|| < 6.

Notice that we loose analyticity only in the term W which is exponentially
small.

4.2 Infinite dimensional case

The above result extends to the infinite dimensional case in the following
way which needs an adapted assumption to replace Lemma 11. Indeed, still

19
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in R™, and assuming that Lg is diagonal in Ey where the norm is such that
elol is an isometry, we can solve the homological equation (14) in H,, in
setting

v(t) = &, [(elug) ™) € H,y,
then

dv(t)

dt
and it is easy to see that the unique solution which is allowed to possibly
grow as el!l as t — oo, with € [0, 7], is given by

— Lyv(t) + Fy[(20'up) ™), (34)

t _ [e§)
v(t) :/ el (t_s)P_Fn[(eLosuo)(")]ds—/ eLr(t_s)PJan[(eLOsuo)(")]ds,

¢

(35)
where the linear operators Py are the projections commuting with Lj, cor-
responding to the separation of its spectrum into eigenvalues with positive or
negative real parts, and Lf = PL;. Moreover v(t) is smooth and bounded
for t € R, and t = 0 gives

(o)) = [

—00 0

0

(36)
and there if a constant a depending only on the bounds of e™1 % for s < 0
and of e 1% for s > 0 such that

(bn S a’Fn’Zn'

Formula (35) which is valid in the finite dimensional space F; leads to a basic
assumption for the center manifold theorem as formulated in [21], which is
verified in many cases of physical interest (see examples in [21]).

Let X, Y, Z be (real or complex) Banach spaces such that

V= Z—= X,

with continuous embeddings. We consider a differential equation in X', of

the form p
d—j = Lu + R(u), (37)

in which we assume that the following holds.

Hypothesis 17 We assume that L and R in (37) have the following prop-
erties:

20
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(a) Le L, X);

(b) There exists p > 0 such that R : Y — Z is analytic in the ball ||u||y <
p and satisfies (2) and (3).

Besides the Hypothesis 17, we make two further assumptions on the
linear operator L, which are essential for the center manifold theorem.

Hypothesis 18 (Spectral decomposition) Consider the spectrum o of
L, and write
o=o0c4rUogUo_

in which
or={A€o; ReA>0}, ogp={A€0o;ReA=0}, o_={A€o; Re <0}.
We assume that

(a) there exists a positive constant v > 0 such that

inf (ReA\) >~, sup (Re\) < —v;
)\EO’Jr \co_

(b) the set og consists of a finite number of eigenvalues with finite algebraic
multiplicities and geometric multiplicity one.

This decomposition of the spectrum allows to define a projection Py €
L(X, Ey) on the finite-dimensional invariant ”central” space Ey, which com-
mutes with L. The complementary projection Py, =1 — Py is also a projec-
tion commuting with L, bounded in &}, = P, X as well as in ), = P,) and
Z, = PpZ. The restriction of L to ), is denoted by Ly,.

Hypothesis 19 (Linear equation) For any n € [0,7] and any

feCy(R, 2,) = { € C°®, Zu); |lvlle, = sup (M fu(b)]]z, ) < oo} ,
€

the linear problem

duy,

— =L t

p nun + f(t),
has a unique solution up, = Ky f € Cy(R,Vy). Furthermore, the linear map
K, belongs to L(Cy(R, Z},),Cy(R, V), and there exists a continuous map

C :[0,7] — R such that

1Knll 2, @ 20).00R ) < CO).
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Then, we have the following theorem, which extends Theorem 5 to infi-
nite dimensional cases:

Theorem 20 (Center manifold analytic up to exp. small term)

Assume that the Hypotheses 17, 18, and 19 hold. Then for any k > 2,
there exists a polynomial ® : Ey — E}, of degree O(1/9), with ®(0) = 0,
D®(0) = 0, a neighborhood O of 0 in Y, and a map ¥ € C*(Ey, V) which
is O(e_%) for luwol|lg, < & and a certain constant C > 0, such that the
manifold

Moy = {U() + <I>(uo) + ‘I’(u()) ; Ug € E()} cy (38)

has the following properties.

(a) My is locally invariant, i.e., if u is a solution of (37) satisfying u(0) €
MoNO andu(t) € O forallt € [0,T], thenu(t) € My for allt € [0,T].

(b) My contains the set of bounded solutions of (37) staying in O for all
t € R, i.e., if u is a solution of (37) satisfying u(t) € O for allt € R,
then u(0) € Mo.

Proof. We use the result proved in [21], complemented by the proof of
Theorem 5, for which we need to use Hypothesis 19 to solve the homological
equation (14), as in (36), by

®,[u"] = KpFal(%ug) ™o,
and to obtain the basic estimate

¢n < a|Fn|2,n'

5 Case of Elliptic vector fields

Consider now the system (1) in R™ when both spectra of Ly and L; lie
on the imaginary axis. This is the natural situation for nonlinear vibrating
systems, typically with a large number of coupled nonlinear oscillators. This
section is devoted to the proof of theorem 8.

Theorem 1 applies and it results that the manifold M, defined by

u = ug + ®(up),

22



A

endixA
emAca

which has the dimension of Fy and is tangent to Ey in 0, is "nearly” invari-
ant. More precisely, assume that the initial condition at ¢ = 0 is such that
vili=0 = 0, i.e. ul=o € M. Then consider the second component of the
vector field (6). If the remainder p(up) would be identically 0, the manifold
M, would be an invariant manifold, since v;(¢t) = 0 would be the unique
solution of the initial value problem. Now assume v1(0) = 0 and that ug(t)
satisfies for ¢ € [0, T
[luo(®)]] < 6.

Then (6) and the estimate for R™) gives as soon as |Jv1(t)|| < 6 for t € [0, T]
t w
[l ()] < 65/ 1™ = [[[or(5)[|ds + Mte™ o
0
For any & > 0, there exists C' = ﬂ(u)f_(” —1 where v is the maximal index
of eigenvalues of L1, such that for any ¢t € R
bt < cefl,

then by Gronwall Lemma we get

_w cCd
DI < Me a8 4 2= (cCo+8)t
H'Ul( )H — € 9 { + (605—1—6)26 )

and in choosing ¢ = (¢3)/"

[lo1(t)|| < Me b {t + Weﬂ(cﬁé)l/u} (39)
which shows that ||vi(t)|| stays smaller than Mye 26 for t = O (5~ 1+1/v],
This means that the trajectory stays exponentially close to the manifold
Mj, for a very long time of order O(6~+1/¥1) and it achieves the proof of
theorem 8.

A Norm of the inverse of the homological operator

Lemma 21 Let L be a linear operator in C™ and assume that the linear
operator L is the direct sum of two linear operators Ly on Ey (dim my),
and Ly on Ey (dim my), such that Lo is diagonalizable with eigenvalues

)\go),--- ,A,(gg and that there exist constants 0 < v < 1,7 > 0 such that
Agj = (o, \O) — )\gl) satisfies
Y
’Am ‘ =
77 al

23
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for any o € N™\{0}, and any eigenvalue )\§-1) of L.
Let (er)1<k<m be the canonical basis of C™. We assume that (er)1<k<my
is a basis of eigenvectors of Ly :

Lyey, = )\S-O)ek.

Moreover we also assume that f; = epoy; with 1 < j < mq, is a basis of
generalized eigenvectors in which Ly is under Jordan complex normal form,
i.e.

Lif; = A§1)fj +dj-1fj-1
where 09 = 0 and where 0; = 0 if )\§-1) # /\g-l_)l and 0; = 0 or 1 otherwise.

Let 'H be the set of all polynomials from Ey to E1 and let 'H, be the
subset of homogeneous polynomials of degree m. Finally let us denote by
A H — H the homological operator defined by

(.A‘I’)(UO) = D‘I’(’LL(])L()UO — Ll(I’(’LL(])
Then,

(a) A maps Hy, into Hy, and the spectrum of its restriction to Hy,, Al,, ,
s given by

0(Aly,) = {Aay = (@, X0 =AY/ a e N™ Ja| =n, 1 <j<my).
(b) Al,,, is invertible in the subspace H, and

AL, == sup Al @) <v ™" n™,
|®|2=1

Proof of (a). Let us denote by P, j with @ € N™ |a| =nand1 < j <my
be the basis of H,, given by

P, j(uo) = (u0,1)™ -+ (u0,me) "™ f;

mg
where ug = . ugj ex. Then we check that
k=1

A”Hn Pyj=Aa;j Poj—0j-1Paj-1. (41)

Let us order this basis by lexicographical order, i.e. P, ; < Pgy if the first
non zero integer 1 — a1, -, Bmy — Qmy,¢ — 7 is positive. Within this
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order, the matrix M Al of A]Hn in the basis P, ; is upper triangular. More
precisely, it is the direct sum of mq x mq matrices M,

Aar & 0 0

0 0
MA‘Hn - @ Ma, Mo =

aeN™0 |a|=mg 0 0 i 5m1

(2

Hence the spectrum of Al,, is given by
o(Al,,) = {Aay = (@A) =AY/ a e N™  Jao| =n, 1 <j <m}.

Proof of (b). Since by hypothesis, for every o € N™0 and every 1 < j < my,
|Aa,j| > = >0, A],, is invertible and (42) ensures that

o™
a1 -1
Mg <5, - ®
aeN™0 ,|a|=mg
Moreover M, is block diagonal
Ao 1 0 0
q . .

Mo =@ By, with Bj,= o0

r=1 0 0 1
0 0 0 Asjip

where 1 < j,, < mq and 0 < p, < v where v is the maximal index of the
eigenvalues of Lq. For a polynomial ® € H,,, we can write

my q Jrtpr
D= > Do Paj=> > > ®ua;Pay
|o¢‘:n‘]:1 |o¢‘:n r=1 ]:]7‘

Then for ¥ € H,,, A® = ¥ if and only if, for every a € N™ with |a] = n
and every 1 <r <gq

— AL .
CPOCJT-"FPT' - Aa,jr—l—pr \IIOCJT""PT
— AL -1
(I)a,jr-i-pr—l - Aa,jr+pr—1\:[/ayjr'+177"_1 - (Aa7jr+pT-Aa,jr-+pr—l) \IlOHj'r"l‘pr'
— AL -1
(payjr - Aa,jr\Ilavjr'f‘pr'_l - (Aa,jT-Aa,jr-‘rl) \I/ayjr"f‘l
-1 -1
ot (_1)177" (Aayjr e Aa,jr‘i’pr) \Pavjr'i‘pr
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Then observe that for every a € N with |o| = n,

max (Mg - thg)_l <AV M.
1<r<gq
Jr<J<E<jr+pr
Thus, for every a € N with |a| = n, every 1 < r < ¢ and every j, < j <
Jr + Dr,
‘q)017j’ S ,-Y_VnTV(’\I/jT.’ + e + ‘\:[er"l‘pr"'
Hence, since (P, j, P3¢)n = 0 for (4, ) # (¢, 3) and since |Pj 4|2 = |Pral2 =

a!, we have

@[3 =[AT®[3

q Jjrtpr 9 9
= 2. 2 > |Payl” [Pals

lal=nr=1 j=jr

IN

N q Jr+pr [ Jrtpr 2 9
(e )= 30 2 > | X Wael | [Pala
la|=nr=1 j=jr \ £=jr

N q  Jr+pr Jr+pr 9 9
Sv(y )R 30 2 X X [Waul® [Pagl

‘a|:n r=1 j:jr Z:]r

2 2 g Jrdpr 2 2
<vi(yr ) 30 30 Y [Wael® [Pals
la|=nr=1 =},

= (" P

Hence, [A™'®¥|y < vy n’"|¥]. =
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